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Abstract: In this paper, we establish a new robust H∞ performance condition for uncertain discrete-time
systems with convex polytopic uncertainties. We express the condition as a set of linear matrix inequalities
(LMIs), which are used to check stability and H∞ disturbance attenuation level by a parameter-dependent
Lyapunov matrix. We show that the new condition provides less conservative result than the existing ones
which use single Lyapunov matrix. We also show that the robust H∞ state feedback design problem for such
uncertain discrete-time systems can be easily dealt with using the approach. The key point in this paper is to
propose a kind of decoupling between the Lyapunov matrix and the system matrices in the parameter-dependent
matrix inequality by introducing one new matrix variable.
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1. Introduction

Robust analysis and robust controller synthesis for
uncertain systems has been a very hot field in control
theory and has been investigated thoroughtly using vari-
ous approach. For general introduction and results, refer
to Refs. [1]-[6] and the references cited therein. However,
there are still many open problems in this field; see Ref.
[7] for details. Among the problems mentioned in [7],
we focus our attention on the robust analysis problem
attempting to answer the following question: “Given a
set of uncertain systems with disturbance input and con-
trolled output, and with the system matrices belonging
to convex polytopic sets, decide for a given positive scalar
γ whether each system of this set has robust H∞ perfor-
mance γ (i.e., is asymptotically stable and has H∞ dis-
turbance attenuation level less than γ) or not.” Although
this problem has been studied by using a quadratic Lya-
punov function, the existing results in that context are
quite conservative. There have been also a few attempts
to consider parameter-dependent Lyapunov matrices so
as to reduce such conservativeness [8, 9], but most of
them are in the continuous-time domain. Our objective
here is to seek less conservative solutions for this prob-

lem in the case of uncertain discrete-time systems. It is
noted that the motivation of this paper and the above
question originate from Ref. [10]. In that context, the
robust stability analysis problem was dealt with, and a
new condition involving parameter-dependent Lyapunov
matrices was proposed by introducing a new matrix vari-
able and decoupling the product between the Lyapunov
matrix and the system matrices.

Encouraged by Ref. [10], we in this paper extend the
result of [10] to the case of robust H∞ performance anal-
ysis for uncertain discrete-time systems whose matrices
are known to be in convex polytopic sets. It is known
that the condition for such analysis problem is expressed
as a matrix inequality with respect to the Lyapunov ma-
trix. Instead of using parameter-independent Lyapunov
matrices, we use a parameter-dependent Lyapunov ma-
trix in order to obtain less conservative result. Then,
the robust H∞ performance analysis problem is reduced
to solving the matrix inequality that include the prod-
ucts of the Lyapunov matrix and the system matrices.
Since both the Lyapunov matrix and the system matri-
ces are dependent on polytopic parameters, it is difficult
to obtain LMI(s) from the matrix inequality. To over-
come this difficulty, we modify the approach in [10] to



deal with our matrix inequality. More precisely, we in-
troduce one new matrix variable so that our matrix in-
equality will not involve the products of the Lyapunov
matrix and the system matrices. Due to this decoupling,
we can check the existence and compute the parameter-
dependent Lyapunov matrix by dealing with a family
of LMIs for the vertix matrices of the polytopes. More
importantly, we claim that many synthesis problem can
be dealt with by using our new condition. We will give
an example of using the condition for robust H∞ state
feedback design of uncertain discrete-time systems.

This paper is organized as follows. In Section 2, we
first describe the uncertain discrete-time system under
consideration of analysis, where uncertainties of poly-
topic type are assumed to exist in all system matrices.
Then, by introducing a new matrix variable, we propose
a new condition in LMI form for the robust H∞ per-
formance analysis of the uncertain system on hand. In
Section 3, we adopt the new condition to solve the ro-
bust H∞ state feedback design problem. A numerical
example is used to demonstrate the effectiveness of the
result. Finally, Section 4 concludes the paper.

2. Robust H∞ Performance

Analysis

We consider the uncertain linear discrete-time system{
x[k + 1] = A(α)x[k] +B(ζ)w[k]

z[k] = C(ρ)x[k] +D(ψ)w[k]
(1)

where x[k] ∈ �n is the state, w[k] ∈ �m is the distur-
bance input, z[k] ∈ �p is the controlled output. The ma-
trices A(α), B(ζ), C(ρ),D(ψ) are uncertain and assumed
to belong to the convex polytopic sets defined as

A �
=

{
A(α) : A(α) =

NA∑
i=1

αiAi ,

NA∑
i=1

αi = 1 , αi ≥ 0

}

B �
=

{
B(ζ) : B(ζ) =

NB∑
j=1

ζjBj ,

NB∑
j=1

ζj = 1 , ζj ≥ 0

}

C �
=

{
C(ρ) : C(ρ) =

NC∑
k=1

ρkCk ,

NC∑
k=1

ρk = 1 , ρk ≥ 0

}

D �
=

{
D(ψ) : D(ψ) =

ND∑
l=1

ψlDl ,

ND∑
l=1

ψl = 1 , ψl ≥ 0

}
(2)

where Ai, Bj , Ck, Dl are constant matrices denoting the
extreme points of the polytopes.

Definition 1. The system (1) is said to have robust
H∞ performance γ with respect to the uncertain sets

(2) if for any A(α), B(ζ), C(ρ), D(ψ) belonging to (2),
all eigenvalues of A(α) have magnitude less than one and
the H∞ norm of the transfer function from w to z in (1)
is less than γ. �

The following result is well known for robust H∞ per-
formance of discrete-time systems.

Lemma 1.[6] The system (1) has robust H∞ perfor-
mance γ with respect to the uncertain sets (2) if and
only if there exists a positive definite matrix P (α, ζ, ρ, ψ)
(abbreviated as Pαζρψ) such that


−Pαζρψ PαζρψA(α) PαζρψB(ζ) 0

AT (α)Pαζρψ −Pαζρψ 0 CT (ρ)

BT (ζ)Pαζρψ 0 −γI DT (ψ)

0 C(ρ) D(ψ) −γI


 < 0

(3)
or equivalently,

Pαζρψ −AT (α)PαζρψA(α)

−BT (ζ)PαζρψA(α)

C(ρ)

−AT (α)PαζρψB(ζ) CT (ρ)

−BT (ζ)PαζρψB(ζ) + γI DT (ψ)

D(ψ) γI


 > 0 (4)

holds for all α, ζ, ρ and ψ in (2). �

According to Lemma 1, the robust H∞ performance
analysis problem for (1) is expressed as the problem
of solving (3) or (4) with respect to Pαζρψ. However,
there is no general and systemic way to formally de-
termine Pαζρψ as a function of the uncertain parameters
α, ζ, ρ, ψ. Such kind of matrix P (·) is called a parameter-
dependent Lyapunov matrix for robust H∞ performance
analysis. One way of addressing this problem is to look
for a single Lyapunov matrix Pαζρψ = P which solves (3)
or (4). However, this approach obviously leads to quite
conservative results. For comparison, we state the exist-
ing result using single Lyapunov matrix in the following,
which is quite straightforward from (3).

Lemma 2. The system (1) has robust H∞ performance
γ with respect to the uncertain sets (2) if there exists a
positive definite matrix P such that the LMI



−P PAi PBj 0

ATi P −P 0 CTk

BTj P 0 −γI DT
l

0 Ck Dl −γI


 < 0 (5)

holds for all i = 1, · · · , NA; j = 1, · · · , NB; k = 1, · · · , NC
and l = 1, · · · , ND . �



Rather than a single (or common) Lyapunov matrix,
we propose solving the matrix inequality (3) or (4) with
respect to Pαζρψ directly in order to obtain better result
than Lemma 2. It is easy to observe that the difficulty
is in the existence of the products between A(α) (B(ζ))
and Pαζρψ in (3) and (4), and such a difficulty does not
disappear no matter what kind of equivalent transfor-
mation we make by using Schur Complement Method.

To overcome this difficulty, we modify the idea pro-
posed in [10] to introduce a new matrix variable in (3)
or (4) so that we can decouple the products between
A(α) (B(ζ)) and Pαζρψ. To proceed, we first prove the
following important result.

Theorem 1. The following statements are equivalent:

(i) There exists a positive definite matrix P such that

P −ATPA −ATPB CT

−BTPA −BTPB + γI DT

C D γI


 > 0 . (6)

(ii) There exist a positive definite matrix P and a matrix
G such that



P ATGT 0 CT

GA G+GT − P GB 0

0 BTGT γI DT

C 0 D γI


 > 0 . (7)

Proof. (i)→(ii): According to Lemma 1, (6) is equiv-
alent to 



−P PA PB 0

ATP −P 0 CT

BTP 0 −γI DT

0 C D −γI


 < 0 (8)

or 


P −PA −PB 0

−ATP P 0 −CT
−BTP 0 γI −DT

0 −C −D γI


 > 0 . (9)

Exchanging the first and the second rows and columns
in the above inequality leads to



P −ATP 0 −CT
−PA P −PB 0

0 −BTP γI −DT

−C 0 −D γI


 > 0 . (10)

Then, we pre- and post-multiply the above inequality by
diag{I,−I, I,−I} to obtain



P ATP 0 CT

PA P PB 0

0 BTP γI DT

C 0 D γI


 > 0 . (11)

This implies that (7) holds with G = GT = P .

(ii)→(i): Pre- and post-multiplying (7) respectively
by the row full rank matrix


I −AT 0 0

0 −BT I 0

0 0 0 I


 (12)

and its transpose, we obtain (6) immediately. This com-
pletes the proof. �

Based on Lemma 1 and Theorem 1, we obtain the
following result.

Theorem 2. The system (1) has robust H∞ perfor-
mance γ with respect to the uncertain sets (2) if there
exist a positive definite matrix Pαζρψ and a matrix G
such that


Pαζρψ AT (α)GT 0 CT (ρ)

GA(α) G+GT − Pαζρψ GB(ζ) 0

0 BT (ζ)GT γI DT (ψ)

C(ρ) 0 D(ψ) γI


 > 0

(13)

holds for all α, ζ, ρ and ψ in (2). �

We notice that the products between A(α) (B(ζ)) and
Pαζρψ do not exist any more in Theorem 2. Hence, from
Theorem 2 and the convexity of A(α), B(ζ), C(ρ) and
D(ψ) in (2), we obtain the following new condition for
robust H∞ performance analysis of the system (1).

Theorem 3. The system (1) has robust H∞ perfor-
mance γ with respect to the uncertain sets (2) if there
exist positive definite matrices Pijkl and a matrix G such
that the LMI



Pijkl ATi G
T 0 CTk

GAi G+GT − Pijkl GBj 0

0 BTj G
T γI DT

l

Ck 0 Dl γI


 > 0 (14)

holds all i = 1, · · · , NA ; j = 1, · · · , NB ; k = 1, · · · , NC
and l = 1, · · · , ND . If this is the case, one parameter-
dependent Lyapunov matrix is given by

P (α, ζ, ρ, ψ) =
NA∑
i=1

NB∑
j=1

NC∑
k=1

ND∑
l=1

αiζjρkψlPijkl . (15)



Remark 1. Since Lemma 2 is a special case of Theorem
3 by setting Pijkl = G = P in (14), we claim that The-
orem 3 is a better result than the existing result using
single Lyapunov matrix. �

3. Robust State Feedback Design

In this section, we consider the state feedback design
problem for the uncertain linear discrete-time system{

x[k + 1] = A(α)x[k] +B(ζ)w[k] +B2(β)u[k]

z[k] = C(ρ)x[k] +D(ψ)w[k]
(16)

where, in addition to the notations we have described
in Section 2, u[k] is the control input and B2(β) is as-
sumbed to be in the convex polytopic set

B2
�
=

{
B2(β) : B2(β) =

M∑
m=1

βmB2m ,

M∑
m=1

βm = 1 , βm ≥ 0

}
. (17)

Then, the control problem is to find a state feedback
gain K such that the closed-loop uncertain system has
robust H∞ performance γ with respect to the uncertain
sets (2) and (17).

We write the closed-loop uncertain system composed
of (16) and u = Kx as{

x[k + 1] = (A(α) +B2(β)K)x[k] +B(ζ)w[k]

z[k] = C(ρ)x[k] +D(ψ)w[k] .
(18)

The above system has robust H∞ performance γ

with respect to the uncertain sets (2) and (17)
if and only if the dual system, represented by(
(A(α) +B2(β)K)T , CT (ρ), BT (ζ), DT (ψ)

)
, also has

robust H∞ performance γ with respect to the same un-
certain sets. Hence, according to Theorem 3, the closed-
loop uncertain system we obtained has robust H∞ per-
formance γ with respect to (2) if there exist positive
definite matrices Pijkl and a matrix H such that (GT is
replaced by H for simplicity of notation)


Pijkl Aiβ,KH 0 Bj

HTATiβ,K H +HT − Pijkl HTCTk 0

0 CkH γI Dl

BTj 0 DT
l γI


 > 0 (19)

where Aiβ,K = Ai + B2(β)K . Setting KH = L in (19)
and using the convexity of B2(β) in (17), we obtain the
following theorem.

Theorem 4. The system (16) is stabilizable with robust
H∞ performance γ with respect to the uncertain sets (2)
and (17) by state feedback, if there exist positive definite
matrices Pijklm and a matrix H such that the LMI


Pijklm AiH +B2mL

(AiH +B2mL)T H +HT − Pijklm

0 CkH

BTj 0

0 Bj

HTCTk 0
γI Dl

DT
l γI


 > 0 (20)

holds for all i = 1, · · · , NA; j = 1, · · · , NB; k =
1, · · · , NC ; l = 1, · · · , ND; and m = 1, · · · ,M . If this
is the case, one robust H∞ state feedback gain is given
by

K = LH−1 . (21)

Remark 2. The nonsingularity of H in Theorem 4 is
implied by the (2, 2)-th diagonal block of (20) since H +
HT − Pijklm > 0 and Pijklm > 0. �

Finally, we give an example to demonstrate the above
result.

Example. Consider the system (18) where only uncer-
tain A(α) exists while all other matrices are constant
as

A1 =
[

0.3 −0.3
0.6 −0.8

]
, A2 =

[
0.5 0.8

−0.7 −0.1

]

B(ζ) = B2(β) ≡
[

1
0

]
, C(ρ) ≡ [

1 0
]

D(ψ) ≡ 0 .

(22)

Our objective is to design a state feedback u = Kx
such that the closed-loop uncertain system has robust
H∞ performance γ = 1.75. According to Theorem 4, we
solve the following two LMIs (i = 1, 2)


Pi AiH +B2L 0 B

(AiH +B2L)T H +HT − Pi HTCT 0

0 CH γI D

BT 0 DT γI


 > 0

(23)

with respect to P1 > 0 , P2 > 0 and H , L . Using LMI-
Toolbox of MATLAB [11], we obtain

P1 =
[

0.99 0.29
0.29 1.01

]
, P2 =

[
0.94 −0.19

−0.19 1.06

]

H =
[

2.08 0.24
0.06 1.08

]
, L =

[ −0.64 −0.37
]
.

(24)



Thus, the state feedback gain is computed as

K = LH−1 =
[ −0.30 −0.28

]
, (25)

and the parameter-dependent Lyapunov matrix is given
by αP1 + (1 − α)P2, where 0 ≤ α ≤ 1.

However, when we set P1 = P2 = G to solve (23) with
the same γ, which means solving the control problem
by a single Lyapunov matrix, we found that the LMIs
are not feasible. This fact tells us that Theorem 3 and
Theorem 4 provide less conservative conditions than the
existing approach that uses single Lyapunov matrix (or
parameter-independent Lyapunov matrix).

4. Conclusion

In this paper, we have derived a new robust H∞ per-
formance condition for uncertain discrete-time systems
with convex polytopic uncertainties, by using parameter-
dependent Lyapunov matrix approach. The condition is
expressed as a set of LMIs for the vertix matrices of
the polytopes. We have shown that the new condition
provides less conservative result than the existing ones
which use single Lyapunov matrix. We have also shown
that the robust H∞ state feedback design problem for
such uncertain discrete-time systems can be easily dealt
with using the approach. We suggest that the key point
of establishing a kind of decoupling between the Lya-
punov matrix and the system matrices should be effec-
tive for other kind of robust control problems of discrete-
time systems with convex polytopic uncertainties.
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