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Abstract: In this paper we deal with visual servoing that can control a robot arm with a camera using information of 
images only, without estimating 3D position and rotation of the robot arm. Here it is assumed that the robot arm is calibrated 
and the camera is uncalibrated. We use a pinhole camera model as the camera one. The essential notion can be show, that is, 
epipolar geometry, epipole, epipolar equation, and epipolar constrain. These play an important role in designing visual servoing. 
For easy understanding of the proposed method we first show a design in case of the calibrated camera. The design is 
constructed by 4 steps and the directional motion of the robot arm is fixed only to a constant direction. This means that an 
estimated epipole denotes the direction, to which the robot arm translates in 3D space, on the image plane. 
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1. Introduction 
In this paper we consider problem about visual 

servoing[1]-[3] that can control a robot arm with a camera 
using information of images only, without estimating 3D 
position and rotation of the robot arm[4]-[8]. We propose a 
method of visual servoing. Here it is assumed that the robot 
arm is calibrated and the camera is uncalibrated and 
positions used here are expressed in two coordinate systems, 
the world coordinate system and the camera coordinate one, 
and a pinhole camera model is used as the camera one. 

 

2. Models of Camera and Robot 
2.1. Camera Model 

Now consider a point Τ],,[X ZYX=  and a camera 
C  in the world coordinate system. C  means  either 
camera name or camera position in this paper. The camera 
coordinate system of C  is obtained by rotating and 
translating the world coordinate system by R̂  and T̂ , 
respectively. A point Xc  describes camera coordinates of 
X . The relation between X  and Xc  can be defined by 

TXRX ˆˆ += c ,    (1) 

where R̂  and T̂  are called the extrinsic parameters of 
the camera. 

Furthermore suppose Xc  is projected onto a point 
Τ],[m vu=  on the image plane by the pinhole camera. It 

follows that 

XAm~ c= ,    (2) 

where A  is a 3x3 upper triangular matrix with scale factor 
and the coordinates of the image center. This is called the 
intrinsic parameter matrix. And Τ],,[m~ 321 mmm=  in 
homogeneous coordinates describes m , That is, 

31 mmu /= , 32 mmv /= , but 3m  is an arbitrary 
nonzero scalar. 

As mentioned above, X  is also projected onto a point 
m  and we have 

XPm ~~ =λ ,    (3) 

where  

T]RA[P = ,   Τ= RR ˆ ,   TRT Τ ˆˆ−= .  

Here X~  in homogeneous coordinates describes X , and 
λ  is an arbitrary nonzero scalar. We call Eq.(3) the 
perspective camera model, and the 3x4 matrix P  is called 
the perspective camera matrix. The camera is calibrated if 
P is known, and this camera is called the calibrated camera. 
2.1.1. Epipolar Geometry 

Now consider two pinhole cameras C  and C ′ , and a 
point 1X  in the world coordinates shown in Fig.1. 

1Σ  is a plane formed by three points, C , C ′ , and 
X , and is called the epipolar plane. 1X  is projected onto 
points, m , m′  on the image planes by C  and C ′ , 
respectively. It follows from Eq.(3) that 

X~Pm~ =λ     (4) 

X~Pm~' ′=′λ ,    (5) 

where P  and P′  are the perspective camera matrix of 



C  and C ′ , respectively. 1l  and 1l′  are called the 
epipolar line. All epipolar lines cross at a certain point e  
called the epipole. It is easy to know form Fig.1 that C ′  
and C  are projected onto the epipole e , and e′ , 
respectively. Applying the generalized inverse in Eq.(4), the 
following equation can be obtained. 

0~~ =′Τ′ mFm cc     (6) 

[ ] −
× ′′= PPdPF ,   (7) 

where 
1)( −ΤΤ− = PPPP    0=Pd , 

F  is the skewed symmetry matrix so that the rank of F  is 
2. Eq.(6) is called the epipolar equation and F  is called a 
fundamental matrix. The constrain Eq.(6) between m  and 
m′  is called the epipolar constraint. 
 

 
Fig.1 : Epipolar Geometry 

 
2.2. Robot Model 

 Fig2 : PA-10A-ARM 

 
In this paper, suppose the calibrated robot is MITUBISHI 

PA-10A-ARM. Consequently, The robot arm performs 
rotation and translation by using the following[4]:  
 
 
 
 
 
 
 
 
 
 
 

Where, parameters, “dYaw”, “dPitch”, and “dRoll” (in 
radians), are a rotation difference of a hand coordinate 
system with respect to the world coordinate system. 

Another parameters, “dX”, “dY”, and “dZ” (in pixels), 
are a translation difference of an origin of the hand 
coordinate system with respect to the hand coordinate 
system. “armno” is ID of arm. “func” is the judgment of 
whether to wait until arm motions finishes. 

In this paper, these functions only can be used to control 
the robot arm. Hence in designing visual servoing, it is not 
necessary to consider how to control the robot arm in details. 
 

3. Statement of the Problem 
Now consider the following two a priori images. 

 
 

 
      (1)  Current Image   (2)  Final Image 

Fig.3 A priori Images 
Here, Fig.3(1) and Fig3(2) are images taken with position 

finalX  and finalR , and with nowX  and nowR , 
respectively. Here we suppose the following assumptions. 
<Assumptions> 

(1) nowX , nowR , finalX  and finalR  are  
    unknown, 

     (2) Robot moves in the 3D space,  
     (3) Robot is calibrated, and 

ERR pa_mov_YPR(ARM armno,  
   REAL32 dYaw, 
   REAL32 dPitch, 
   REAL32 dRoll, 
   WFP func ); 
ERR pa_mov_xyz( ARM armno,  
   REAL32 dX, 
   REAL32 dY,  
   REAL32 dZ, 
   WFP func ); 



     (4) Camera is uncalibrated. 
  Our aim of this study is to design Visual Servoing which 
satisfies the following equations. 

      finalnow XX → ,   finalnow RR →  . 

Here Visual Servoing means to design a system to satisfy the 
above equations without estimating 3D information about 
the robot and the camera. 
 

4. Design of Visual Servoing in case of the 

Calibrated Camera 

   Now using R̂ , T̂ , R̂′ , T̂′ , A  and A′ , −′PP  
and dP′  in Eq.(7) can be described by 

( ) 1−− ′=′ ΤPPPPPP  

( )( ) 11 −−
+′+′′= RATTITTIRA ΤΤΤ , 

and we define as  

TTQ −′= , 

then the following equations can be obtained. 

( ) 1−− +′′=′ RAQTIRAPP ΤΤ , 

[ ] [ ]( )dQTIRAdP Τ −+−′′=′ 0 . 

As d  is a 4x1 vector and, the rank of A  and R  are 
full, d  can satisfy the following equation. 

[ ] 0=− dTI . 

Using the above equation, dP′  can be rewritten as 

QRAdP Τ′′=′ 4d .  (8) 

From the above result, it follows that 

( ) m~RAQTIRAm~ ΤΤ 1−+′′=′′ λλ  

QRA Τ′′− 4d . 

Moreover we multiply the above equation by 1−′′AR  

from the left, 

( ) Qm~RAQTIm~AR Τ
4

11 d−+=′′′′ −− λλ  

can be obtained, and then we have 

[ ] ( ) 1−
×

− +′′= RAQTIQRAF ΤΤΤ . 

Hence from the fact that outer product of Q  and itself is 

equal to zero, the following equation can be obtained. 

[ ] 1−
×

− ′′= RAQRAF ΤΤ .     (9) 

 
Fig.4 Outline figure of the proposed method  

Step 1: Estimation of the Direction, to which the  
     Robot Arm translates, on the Image Plane 
   In this study, the directional motion of the robot arm is 
fixed only to a constant direction. that is, it is the Z-axis here. 
This means that an estimated epipole is the direction, to 
which the robot arm translates in 3D space, on the image 
plane. This restriction can be easily controlled by using the 
function ERR pa_mov_xyz() of the robot arm. Under this 
restriction it is assumed that the camera translates form C to 
C’, and its fundamental matrix is defined as 1F . 
  Now since 0=S , 1F  can be obtained as 

( ) [ ] 11
1

ˆ −
×

ΤΤ−′= AQRAF .   (10) 

Since ( ) 1
1

1 −Τ−′ AFA  is the skewed symmetrical 
matrix, the following relation can be gained. 

11 FF −=Τ ,    (11) 

where the epipoles, 1e  and 1e′ , satisfy the following 
relation from the definition. 

0~
11 =eF     (12) 

0~
11 =′ΤeF     (13) 

Here the epipole 1e  = 1e′  is defined as vm . Thus the 
estimated epipole vm  on the image plane is the direction 
to which the robot arm translates in 3D space. 
 
Step 2: Rotating to the Direction of the Final  

Position finalX  
   Here we attempt to control the camera in the direction of 
the final position finalX by rotating the robot arm at the 

Step1:Translation
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Step3:Translation 
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Rotation 
Step4:

Camera
Robot



position C’. For this reason, the motion of the robot arm is 
restricted only to its rotation at C’. Several images can be 
taken during rotating the robot arm, and it is assumed that 

2F  is the fundamental matrix obtained from each image of 
them and the final image. By using 2F , the epipole 2e can 
be calculated as before. 

Now the difference m∆  between 2e  and vm  is 
defined by 

22 )()( vvuu memem −+−=∆ .  (14) 

It is clear that if our aim of this step is acquired, then 
0=∆m . Hence we can use this m∆  as the 

performance criteria to control the rotation of the robot arm.  
 
Step 3: Guiding to the final position finalX  

We could rotate the robot arm to the final position in step 
2. Hence our aim of this step is that the robot arm is 
translated to the final position keeping the rotation fixed in 
step 2. 
   Now consider the case that the robot arm arrives at the 
final position, that is, 0=Q  and  

mHm ~~
3

cc λλ =′′ ′    (15) 

1ˆˆ −Τ′′= ARRAH ,   (16) 

where H  is called the planar projective transformation 
matrix. 

The relation (15) can be used to check where the robot 
arm is on the final position or not. It is assumed that the 
feature points ),,,(X nii L21=  is  projected onto im  
of the image plane 1C  and onto im′  of  the final image 
plane, and im̂′  are points estimated using Eq.(15). 
   Hence the following difference H∆  can be used as 
the performance criteria. 

∑
=

′−′+′−′=
n

i
iiii vvuuH

1

22 )ˆ()ˆ(∆ ,  (17) 

that is, if 0=H∆ , then we stop translating the robot arm 
and it means that our aim can be obtained. 
 
Step 4: Rotating to the final rotation finalR . 

Here we attempt to control the camera to have the final 
rotation finalR  by rotating the robot arm at finalX  in 
such a way that can be done in step2.. 

In this case the epipole is trivial and we can’t define 
m∆  as the performance criteria. If the current rotation 

coincides with finalR , then the planar projective 
transformation matrix H  becomes identity matrix I . 

The following difference I∆  between H  and I  
can be used as the performance criteria. 

∑∑
= =

−=
3

1

3

1

2

i j
ijij hI )(δ∆    (18) 

It is clear that 0=I∆  means to establish our aim. 
 
5. Design of Visual Servoing in case of the 
 Uncalibrated Camera 

As the camera is uncalibrated, we can’t use straightly the 
previous method. To use the previous method needs to 
estimate F  and H . So we will show how to estimate 
these matrixes below.  
 
5.1 Estimation of the Fundamental Matrix F 

The epipolar equation (6) can be written in the following 
vector form. 

011 =fTω     (19) 

where 

)(

)1(

3332312322211312111

1

ffffffffff

vuvvvvuuuvuu
T

T

=

′′′′′′=ω
 

Here we estimate F with 121 =f . Therefore, the 

above equation (19) can be rewritten as 

'),( uvfvuT −=ω    (20) 

where 

)(

)1(),(

3332312322131211 fffffffff

vuvvvuuvuuvu
T

T

=

′′′′′=ω
. 

Suppose that 8),,,2,1(, ≥= nnivu ii L  are 

observed on the image plane as the feature points. Then 
Eq.(20) can be described as follows. 

gf −=Ω     (21) 

where 

)vuvuvu(g

)ffffffff(f

))v,u()v,u()v,u((

,
nn

,,T

T

nn
T

L

L

2211

3332312322131211

2211

=

=

= ωωωΩ

 

If 0≠ΩΩTdet , f  can be determined uniquely by 



g)(f 1−−= ΩΩT .   (22) 

Thus we can estimate F . 
 
5.2.Estiomation of the Planar Projective  
  Transformation Matrix H 
 

Eq.(15) can be written by 

31321211111 mhmhmhm ++=′λ  

32322212122 mhmhmhm ++=′λ  

33323213133 mhmhmhm ++=′λ . 

Here ),,(),,( 1321 vummm →  in form of 

homogeneous coordinate, then 

131211333231 )( hvhuhhvhuhu ++=++′λ  

232221333231 )( hvhuhhvhuhv ++=++′λ  

can be obtained. Furthermore, this equations can be 
written as 

011 =hσ     (23) 

where 

)(

'''
'''

3332312322211312111

1 1000
0001

hhhhhhhhhh

vvvuvvu
uvuuuvu

T =









−−−
−−−

=σ  

Here we estimate H with 133 =h . Suppose that 

421 ≥= nnivu ii ),,,,(, L  are observed on the 

image plane as the feature points. Then Eq.(23) can be 
described as follows 
 

'gh =Σ     (24) 

where 
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If 0≠ΣΣTdet , h  can be determined uniquely by 

')( gh T 1−= ΣΣ . 

Thus we can estimate h . 
 
6.  Numerical Simulation 

Simulation Condition: 

0C : the current image 
   000 ZYX ,,RR̂ =  [ ]Τ80600 −=T̂ . 

5C ;the final image 
   02020 ZYX ,,RR̂ =′  [ ]Τ303040=′T̂ . 

. 
Step 1: 

The epipole vm  was obtained as 









=

000
000
.
.

m v . 

Step 2: 
The responses of the performance criteria m∆  are 

shown inFig.5 (1). The error about m∆  is 0.32 pixel. 
Step 3: 

The error about H∆  is 0.01 pixel. 

 
(1) m∆    (2) I∆  

   Fig.5 Simulation results:  
STEP-4: 

The responses of the performance criteria I∆  are 
shown in Fig.5 (2). The error about I∆  is 0.02 pixel. 

The result of the simulation is as follows. 

150120220 .,.,.RR̂ ZYX=  
[ ]Τ682987307438 ...T̂ =  

It is obvious that the results of the numerical simulation 
can be satisfied. 
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