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Abstract 

 
Knowledge of dynamic characteristics of structural elements often can make difference between success and failure in the 
design of structure due to resonance effect. In this paper an analytical model of a cantilever beam having midpoint load is 
considered for structural optimization. This involves creating the geometry which allows parametric study of all design 
variables. For that purpose optimization of cantilever beam is elaborated in order to find the optimum geometry which 
minimizes its volume eventually for minimum weight using ANSYS. But such geometry could be obtained by different 
combinations of width and height, so that it may have the same cross sectional area yet different dynamic behavior. So for 
optimum safe design, besides minimum volume it should have minimum vibration as well. In order to predict vibration 
different dynamic analyses are performed simultaneously to solve the eigenvalues problem assuming no damping initially 
through MATLAB simulations using state space form for modal analysis, which identifies the resonant frequencies and mode 
shapes belonging to the lowest three modes of vibration. And next by introducing damping effects tip displacement, bending 
stress and the vertical reaction force at the fixed end is evaluated under some dynamic load of varying frequency, and finally it 
is discussed how resonance can be avoided for particular design. Investigation of results clearly shows that only structural 
analysis is not enough to predict the optimum values of dimension for safe design. Potentially this technique will meet 
maintenance and cost goals of many organizations particularly for the application where dynamic loading is invertible and 
helps a lot ensuring that the proposed design will be safe for both static and dynamic conditions. 
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1. INTRODUCTION 
 

As structures become more advanced, our requirements 
more ambitious, and operating environments more uncertain, 
it is increasingly important to rigorously account for 
variability in the design process by considering each and 
every aspect of design either static or dynamic [2]. This 
paper develops such a methodology for three dimensional 
reliability-based optimization using ANSYS by defining 
design, state and objective variables [7]. Once the 
optimization is done one may starts structural frequency  

 
Fig. 1: Optimization algorithm 
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response testing or modal analysis for prediction of 
resonance and tip vibration [4]. The whole scheme follows 
the algorithm described in Fig 1. 

The above algorithm clearly demonstrates how the 
complete structural optimization is done. The optimization 
program, based on the method presented in this paper, runs 
iteratively in the steps described in Fig. l. [5] first, a finite 
element model is formed for the initial rough dimensions. 
Then finite element solver solves for state variable (working 
Stress), whereas the local von Mises stress distribution is 
used as information to adjust the dimensions until it brings 
working stress less than allowable stress. After the 
adjustment, a new finite element model is created and the 
process repeats [1], in this phase it tries to reduce volume 
without exceeding the stress which is called optimization for 
volume. Getting minimum volume is one objective then we 
take different combinations of width and height which 
produce the same volume and do vibration analysis for each 
set to find the best dimensional set of minimum volume as 
well as minimum vibration. 

2. OPTIMIZATION APPROACH 
 

The purpose of this optimization is to minimize the weight 
of the beam without exceeding the allowable stress [7]. An 
aluminum cantilever beam is taken having Modules of 
Elasticity E = 68GPa. Density=2698.9Kg/m3 and Poisson 
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ratio of 0.35. Beam is subjected to a force of 1000 N applied 
at middle of the beam in the direction shown in Fig 2. It is 
necessary to find the cross sectional dimensions of beam in 
order to minimize the weight. However it is assumed that the 
width and height of beam can not be smaller than 10 mm and 
for the whole analysis length of the beam will be fixed 1000 
mm. Besides, the allowable stress caused by static load ‘F’, 
anywhere in the beam can not exceed 100 MPa. We started 
optimization with some arbitrary values of height and width 
[5]. 

 
Fig 2: Cantilever beam used for analysis 

 
H: Height of the beam    
L: Length of the beam    
W: Width of the beam   
F: Force of 1000 N acting at L/2   
 

From beam theory [1], major contribution to the element's 
von Mises stress comes from bending stress, although 
transverses shears stress exists. The bending stress at any 
element of beam is a function of bending moment, ‘M’, the 
transverse location from the neutral axis ‘y’, and the beam's 
sectional moment of inertia ‘I’ as shown in Eq. (1).  
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3. OPTIMIZATION RESULTS 
 

ANSYS needs to know which variables are critical for 
optimization by defining design [7], state and objective 
variables. So in this analysis width and height are defined as 
design variables which are independent variables and directly 
affects solution of problem. State variable is the first 
dependent variable, and so in this analysis maximum stress is 
defined as state variable which acts as a constraint for the 
problem. Since the primary objective is to reduce volume 
without exceeding the stress in the beam more than allowable, 
volume is defined as objective variable. This is the one 
variable in the optimization which needs to be minimized. 
Staring with taking the rough values of height and width of 
25mm we have stress more than allowable so this result is 
infeasible, iteration continued until optimized results 
achieved as shown in Fig 3 and Fig 4.  

The 25th set number is the optimum results having volume 
of 600100mm3; Modal analysis will be done using this 
optimum as initial point. Method of “First order” is selected 
for optimization which quickly converge the solution to 
optimum results [7].  
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Fig 3: Height and Width by Optimization through ANSYS 
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Fig 4: Volume by Optimization through ANSYS 
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Fig 5: Working Stress during optimization through ANSYS 

 
Starting from the rough values, initially both the width 

and height increase to bring the stress lower than allowable, 
and therefore decrease the volume for reducing weight 
without exceeding the stress in the beam as shown in Fig 4 
and Fig 5. 

As mentioned earlier at first optimization brings stresses 
down, and then reduces volume without exceeding the stress 
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as shown in Fig 5. During optimization stress are within the 
range of 95 to 100 MPa. 

4. SELECTED DIMENSIONS FOR DYNAMIC 
ANALYSIS 

 
By selecting the 25th iteration we have optimum volume of 

600100mm3, height 50.000mm, width 12.002 mm, but this 
volume can also be obtained by using the dimensions listed 
in Table 1. The 3rd set number is the optimum value obtained 
through ANSYS then by changing the dimension keeping the 
same volume the dynamic analysis is done for the dimension 
with minimum vibration as listed in Table1. Although the 4th 
and 5th produce the optimum volume they can not be used for 
analysis because they are infeasible as far as allowable stress 
is concerned.  

 
Table 1: Dimensions Selected For Further Dynamic Analysis 

Set 
No 

Width 
(mm) 

Height 
(mm) 

Volume 
(mm3) 

Max Stress 
(MPa) 

Status

1 10.000 60.010 600100 83.305 F 
2 11.000 54.555 600105 91.635 F 
3 12.002 50.000 600100 99.983 F 
4 13.000 46.162 600106 108.29 N 
5 14.000 42.865 600110 116.62 N 

F: Feasible  N: Infeasible 

5.     MODAL ANALYSIS 
 
5.1:  State Space Equation of Motion; 

For n degrees of freedom systems equations, in order to 
develop MATLAB model, it is desirable to convert “n” 
number of second order differential equation to “2n” number 
of first order differential equations. This form of “2n” 
number of first order differential equations is called “State 
Space Form” [3]. After development of state space form, 
modes are evaluated through MATLAB model which 
evaluated the resonant frequencies for each Mode and the tip 
displacement. The modal analysis is done through the state 
space form which is given as, 

 
5.2: Input Matrix Form: 
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u: Scalar input 
ω: Natural Frequency 
ζ: Damping Factor 
 
5.3: Output Matrix Form: 

This is used where the desired output is not just a state 
but is some linear combination of the states. 

C Dy x u= +  
A: system Matrix 
B: Input Matrix 

C: Output Matrix 
D: Direct Transmission Matrix  
x: State of the System 
 
Assuming no direct transmission 
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The whole simulation is developed on MATLAB using 
the concept of state space block diagram in Fig 6, and the 
natural frequencies of each mode are evaluated for all three 
set numbers [3]. 

 
Fig 6: State space system block diagram 

 
Natural Frequencies in Hz for three modes by choosing 

four elements beam model obtained as in Table 2. It is 
difficult to decide on the basis of natural frequencies that 
which set number is a final optimum for the design 
because there is not a big difference in the natural 
frequencies. So the tip displacement for each set number 
are evaluated by doing the transient analysis, in which a 
time varying load is to be imposed [7]. For this type of 
analysis the inertia or damping effect of structure are 
included, the damping factor is 5% of the critical, i.e. 
ζ=0.05.  

 
Table 2: Natural Frequencies of Each Mode 

Mode Set Number 1 
(Hz) 

Set Number 2 
(Hz) 

Set Number 3
(Hz) 

1 1.5377 1.3981 1.2815 
2 9.6076 8.7416 8.0168 
3 26.896 24.500 22.489 
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Fig 7: Tip Displacement for three set number for damping 5% of critical 
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 Fig 7 shows the cantilever tip displacement vibration for 
all three sets of dimension, set number 3 is the one given by 
ANSYS and the other two are obtained on the basis of 
number 3, but both have vibration lower than set number 3, 
Moreover set number 1 gives bending stress much smaller 
than set number 3 as compared in Table 1. So this can be the 
final optimum dimensions which should be used for safe 
design. 

6.     HARMONIC  ANALYSIS 
 
In order to strengthen the claim made in the modal 

analysis harmonic analysis is additionally done. The 
methods used for this structure is “Full” because it is simple 
and easy to use as compare to “Reduced” and 
“superposition” methods. However this method makes use 
of full stiffness and mass matrices and thus it is slower and 
costlier option [7]. For harmonic analysis we apply the 
dynamic load on the beam varying frequency from 1 to 
40Hz of amplitude 1000N. In this analysis we will compare 
the value of stresses for all three cases rather to limit them at 
100 MPa which was defined as maximum for static load 
condition because now we are dealing with dynamic load.  
At their first resonance frequencies set number 1 has 
relatively small amplitude. On the other hand the dimension 
obtained from ANSYS has much higher peak of resonance 
than the other two as shown in Fig 8.  
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Fig 8: Tip Displacement harmonic response 
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Fig 9: Reaction forces at fixed end due to harmonic load 

Then the vertical reaction force at the fixed end and 
bending stress due to dynamic load are evaluated as shown 
in Fig 9 and 10. The dimension obtained from ANSYS 
undergoes the maximum reaction force and the bending 
stress at fixed end much higher than allowable. 
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Fig 10: Working bending stress at fixed end 

 
In Fig 10, it is difficult to compare numerical values for 

all design so in order to have a more clear idea about the 
best design we put a stress limit in Fig 10 and had it 
enlarged in Fig 11. 
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Fig 11: Working bending stress at fixed end (Expanded magnitude 

scale) 
 

In Fig 11, it is much clear which design is suitable for 
some particular frequency as far as maximum amplitude is 
concerned. Set number 1 is the best but there are some cases 
where it can not be used; it has larger magnitude of stresses 
as compared to other two. Detailed analysis is done in the 
next section. 
 

7.      RESONANCE AVOIDANCE 
 
Referring to Table 2 again, given natural frequencies of 

each mode the resonance can be avoided. Depending upon 
dynamic load applied the design criteria may change. So far 
it was claimed that set number 1 is the best optimum design 
but this will not be the case any more see Fig 12 and Fig 13.  
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Fig 12: Tip displacement with respect to excitation frequency 
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Fig 13: Reaction force with respect to excitation frequency 

 
In the above figures it is shown that at a wide range of 

excitation frequency, any set alone can never be a best 
design due to resonance effect. In this case for the specific 
frequency range from 1.5 to 9.7 Hz set number 3 can never 
be the safe design. Instead, set number 1 is the best due to 
smaller amplitude except at its own natural frequencies. 
Similarly for higher frequency range than 9.7 Hz set number 
3 is the best design. 
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Fig 14: Bending stress with respect to excitation frequency 

 
     Fig 14 shows the zoomed view of dynamic bending 
stresses at fixed end, similarly for vertical reaction force, 

now it is much clear that which design is suitable for 
dynamic load conditions. 
 

8.      CONCLUSION 
 
The objective of this paper was to get the optimum 

dimensions of cantilever beam which have minimum weight 
as well as minimum vibration. ANSYS gives us the 
optimum results for dimensions having minimum volume 
but not the exact width and height which have minimum 
vibration though. So a state of the art review of modal and 
harmonic analyses has been presented and results are so 
clear that the beam with width of 10mm and height of 
60.010mm produces the minimum volume rather than the 
dimensions by ANSYS, and vertical reaction force, bending 
stress and tip displacement are smaller under dynamic load 
conditions. Moreover we have found that depending on 
excitation frequency the best design may different due to 
resonance effects. So it is concluded that modal and 
harmonic analyses are indispensable for optimum safe 
design of structure in addition to static analysis. 
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