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Zernike circle polynomials are in widespread use for wavefront analysis in optical design and testing because

they are orthogonal over a unit circle and represent balanced aberrations of systems with circular pupils.(1-5)

Since the circle polynomials form a complete set, any wavefront, regardless of the shape of the pupil

(which defines the perimeter of the wavefront) can be expanded in terms of them. However, unless the pupil

is circular, advantages of orthogonality and aberration balancing are lost, and the value of a Zernike

coefficient changes as the number of polynomials used in the expansion changes. Hence, the circle

polynomials are not suitable for wavefront analysis of noncircular pupils.

The Zernike circle polynomials and the corresponding orthonormal polynomials representing a balanced

Seidel aberration for unit circular and annular(6) pupils are given in Table 1. The correspodning polynomials

for unit hexagonal and square pupils(7) are given in Table 2. The Seidel astigmatism ρ θ2 2cos  and spherical

aberration ρ4  are balanced with defocus ρ2 , and coma ρ θ3 cos  is balanced with tilt ρ θcos . It is seen that

whereas the balancing defocus for astigmatism for these noncircular pupils is the same as for a circular

pupil, its value for spherical aberration is different. Similarly, the balancing tilt in the case of coma is also

different. We will discuss the Zernike circle polynomials and their disadvantages for analyzing non-circular

wavefronts, such as annular wavefronts in astronomical telescopes or ocular wavefronts over elliptical

pupils. Numerical examples will be given to illustrate the use of orthonormal polynomials for noncircular

pupils such as hexagonal, annular, elliptical, and square.(7-9)

*The author is also an adjunct professor at the College of Optical Sciences, University of Arizona, Tucson,
AZ 85721.
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Table 1. Zernike circle polynomials and corresponding orthonormal polynomials for an
annular pupil with an obscuration ratio of   �, where ρ θ,( )  are the polar coordinates of a
point in a unit pupil.

Aberration Circle Annular

Astigmatism 6 22ρ θcos 6
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Spherical aberration 5 6 6 14 2ρ ρ− +( )   
5 6 6 1 1 4 14 2 2 2 4 2 2

ρ ρ− +( ) + + +[ ] −( )� � � �

Table 2. Orthonormal hexagonal and square polynomials, where ρ θ,( )  are the polar
coordinates of a point in a unit pupil.

Aberration Hexagonal Square

Astigmatism 2
15

7
22ρ θcos 3

5

2
22ρ θcos

Coma 4
42

3685
25 143ρ ρ θ−( ) cos

21

31
15 73ρ ρ θ−( ) cos

Spherical aberration
3

1072205
6020 5140 7374 2( – )ρ ρ +

1

2 67
315 240 314 2( )ρ ρ− +
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