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ANTI-INVARIANT SUBMANIFOLDS OF
SASAKIAN SPACE FORMS II

By KENTARO YANO AND MASAHIRO KON

Introduction

In a previous paper [l6] the present authors studied antI-mvariant submanifolds of
:almost contact metric manifolds, especially those of Sasakian manifolds (see also [1J,
[7J, [9J, [llJ and [12J).

Let M be a (2m + 1) -dimensional almost contact metric manifold with structure tensors
(1), i;, 1j, g). An n-dimensional Riemannian manifold M isometrically immersed in M is
said to be anti-invariant in M if TAM) l-1>Tx(M) for each xEM, where TAM)

·denotes the tangent space to M at x. If XETx(M), then <jJX is normal to M. Thus we
see that, 1> being of rank 2m, n~m+ 1. In [16] we studied the case n=m+ 1. In this

-case the vector field i; is tangent to M.
The purpose of the present paper is to study n-dimensional anti-invariant submanifolds

M normal to the structure vector field i; of a (2m+ 1) -dimensional almost contact metric
manifold M. When the ambient manifold M is a Sasakian manifold, if a submanifold
M of M is normal to the structure vector field 1;, then, as we shall see from Lemma
1. 1, M is anti-invariant in M. So, in this paper, we mean, by an anti-invariant
submanifold M of a Sasakian manifold M, a submanifold M normal to the structure
vector field i; of a Sasakian manifold M.

In § 1 we recall definitions and some properties of almost contact metric manifolds,
especially those of Sasakian manifolds and prove some fundamental properties of anti-in
variant submanifolds. In § 2 we study n-dimensional anti-invariant submanifolds of a
Sasakian space form M (k) of dimension 2n + 1 and of constant ~-sectional curvature k.
Computing the Laplacian of the square of the length of the second fundamental form,
we obtain some integral formulas and then using those we prove a pinching theorem,
for compact and orientable anti-invariant submanifolds, with respect to the square of the
length of the second fundamental form. Moreover we give an example of an anti-invari
ant surface in Ss. In the last section we study problems for anti-invariant submanifolds
of Sasakian space forms similar to those for totally real submanifolds of complex space
forms, which we studied in [14].

§ 1. Anti-invariant submanifolds

Let M be a (2m+I)-dimensional almost contact metric manifold. We denote by (1),1;,
1j, g) the structure tensors of M, where 1>,1;, 1j denote a tensor field of type (1,1), a
vector field, a I-form on M respectively, and g the Riemannian metric tensor field of
M. Then the structure tensors satisfy the following equations:
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1>1;=0, 1j(1)X) =0, 1j(i;) =1,
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g(if>X, if>Y) =g(X, Y) -7}(X)7}(Y) , 7}(X) =g(X,~)

for any vector fields X and Y on M.
An n-dimensional Riemannian manifold M isometrically immersed in a (2m +1) -dim-.

ensional almost contact metric manifold M is called an anti-invariant submanifold if
Tx(M) .Lif>Tx(M) for each xEM where Tx(M) denotes the tangent space to M at x
EM. Here we have identified TAM) with its image under the differential of the imme
rsion because our computation is local. By the definition, if X is a tangent vector to M,
then if>X is normal to M. Since the rank of if> is 2m, we have n -1::::; (2m +1) - n, from
which n<m+ 1. In [16J we studied the case n=m+1. In this case the vector field t; is
tangent to 1\1. We now study anti-invariant submanifolds of an almost contact metric ma
nifold M such that the vector field t; is normal to M.

Let g be the induced metric tensor field of M. We denote by V(resp. /7) the operator
of covariant differentiation with respect to it (resp. g). Then the Gauss and Weingarten
formulas are given respectively by

VxY=/7x Y +B(X, Y) and

for any vector fields X, Y tangent to M and any vector field N normal to M, where D
is the operator of covariant differentiation with respect to the linear connection induced
in the normal bundle. We call both A and B the second fundamental forms of M.
They satisfy it(B(X, Y), N) =g(ANX, Y).

In the sequel, we assume that the ambient manifold M is a (2m +I)-dimensional
Sasakian manifold. Then we have

for any vector fields X and Y on M.
First of all, we prove

LEMMA 1.1. ([1, 9J). Let M be an n-dimensional submanifold of a (2m+ I)-dimens
ional Sasakian manifold M. If the vector field t; is normal to M, then M is an anti
invariant submanifold of M and n~m.

Proof. Since the vector field ~ is normal to M, we have

g(if>X, Y)=g(Vxt;, Y)=g(-A~X,Y)+it(Dxt;, Y)=-g(A~X,Y),

for any vector fields X and Y tangent to M. Since Ae is symmetric and if> is anti-sym
metric, we have A,=O and if>X is normal to M. Thus M is anti-invariant and n~m.

Throughout this paper, by an anti-invariant submanifold M of a Sasakian manifold
M, we mean a submanifold M normal to the structure vector field t; of a Sasakian ma
nifold M.

In the sequel we study the case n=m. For this, we prepare some local formulas for·
n-dimensional anti-invariant submanifolds of a (2n +1) -dimensional Sasakian manifold
M.

We choose a local field of orthonormal frames eh"', en; eo*=t;, el*=if>eh""
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en*=t/>en in M in such a way that, restricted to M, eh"', ?n are tangent to A1 and
hence eo*, el*,···, en* are normal to M. With respect to this frame field of M, let wl,
.. " w n ; w O*, w1*, ... , w n* be the £eld of dual frames. Unless otherwise stated we use
the conventions that the ranges of indices are respectively:

A, B, C, D=l, "',n, 0*,1*, ···,n*,

t, s, i, j, k,l=l, "',n,

a, b, c, d=O*, 1*, "', n*,

and that when an index appears twice in any term as a subscript and a superscript, it is
understood that this index is summed over its range. Then the structure equations of M
are given by

(1. 1)

(1. 2)

dwA=-WAB!\WB, WAB+wBA=O,

dWAB= -WAC!\WCB+qJAB, qJAB= ~ KABCDWC!\wD.

When we restrict these forms to AI, we have

(1. 3)

Since O=dwa= -Wai!\Wi, by Cartan's lemma, we may write

(1. 4)

From these formulas we have

(1. 5)

(1. 6)

(1. 7)

(1. 8)

(1. 9)

(1. 10)

Rabkl=Kabkl+ I: (haikhbu- hauhbik)',

From (1. 4) and (1. 10) we have

(1. 11)

where we have written hOij, h ijk instead of hO*ij, hi*jk to simplify the notation.
The form (wij) de£nes the Riemannian connection of M. The form (Wab) defines a

connection induced in the normal bundle of M from that of M. The second fundamental
form of M is represented by haijWiwjea and is sometimes denoted by its components haij.

If the second fundamental form of M is identically zero, then M is said to be totally
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geode~ic. If the Eecond fundamental form is of the form oij CL:,houeo) / n, then M is said
"io be totally umbilical, where Oij denotes the Kronecker delta. We call (l:,hokfl!o)/n the

"mean curvature vector of M and M is mid to be minimal if its mean curvature vector
vanishes identically, i. e., L:,hou=O for all a. We define the covariant derivative haijk

".of hOij by putting

(1. 12)

If haijk=O for all a, i, j and k, the second fundamental form of M is said to be paral
lel. If the second fundamental form of M is parallel, then (1. 11) and (1. 12) imply
that hOijk= -hkij=O, which means that M is totally geodesic. Thus we have

LEMMA 1. 2. ([9J). Let M be an n-dimensional anti-invariant submanifold of a (2n+
1) -dimensional Sasakian manifold M. If the second fundamental form of M is Parallel,
than M is totally geodesic.

We define the covariant derivative hOijk! of hOijk by putting

(1. 13)

Then the Laplacian LlhOij of hOij is defined by

(1. 14)

By Lemma 1. 2, if the Eecond fundamental form of M is parallel, M is totally geode
sic. Thus we need the following notion. The Eecond fundamental form of M is said to
be 7)-parallel if htijk=O for all t, i, j and k. If the mean curvature vector of M is pa
rallel with respect to the connection in the normal bundle, then the mean curvature ve
ctor of M is said to be parallel. If the mean curvature vector of M is parallel, then (1.
11) and (1. 12) imply that

L:,hOiij= - L:,hiii=O for all j,
i i

which shows that M is minimal. Thus we have

THEOREM 1. 1. Let M be an n-dimensional anti-im:ariant submanifold of a (2n+ 1)
dimensional Sasakian manifold M. If the mean CUT'vature vector of M is parallel, then
M is minimal.

From this we Eee that the notion of parallel mean curvature vector is not essential for
anti-invariant submanifolds. Therefore we need the following notion. If I: htiik=O for

i

all t and k, then we say that M has the 7)-parallel mean curvature vector.

§ 2. Anti-invariant suhwanifolds with raraIIeI mean curvature vector

Let M be an n-dimensional anti-invariant submanifold of a (2n+ I)-dimensional Sam
kian manifold M. In this Eection we as~ume that M is of constant .p-sectionaI curvature
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k. Then M is called a Sasakian space form and is denoted by M2.+1 (k). In this case we
have

(2.1)

Since the second fundamental form of M satisfies the Codazzi equation haijk=ha;kj, by a
straightforward computation, we have

Here we notice that g(Aae;, ej) =haij where Aa=Aea• Thus Aa is represented in a matrix
form Aa= (ha;j) , which is a symmetric (n, n)-matrix. Thus we have

(2.2)

- ~ (k+1) (TrAa)2} +a!t {Tr (AaAb-AbAa) 2

-[Tr(AaAb)J2+ TrAbTr(AaA~a)}'

Now we put

then S is the square of the length of the second fundamental form. From (L 11) and
(1. 12) we obtain

(2.3)

From (L 11) we see that SOb=Ao=O and (2.. 2) and (2.3) imply the following

LEMMA 2. 1. Let M be an on-dimensional anti-invariant submanifold of a Sasakian
space form M2n+1 (k). Then we have

(2.4)
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- ~ (H 1) 1; (TrA,) 2+ H(Tr(AtA,- A,At) 2

-[Tr(A,A,) J2+TrA,Tr(A,A,A,)}.

Since St, is a symmetric (n, n)-matrix, we can assume that St, is diagonal by a suitable
choice of el*, .. " en*· If the mean curvature vector of M is parallel, by Theorem 1. 1,
equation (2.4) can be rewritten as (2.5) below. Thus we have

LLDl),lA 2. 2. Let M be an n-dimensional anti-invariant submanifold of a Sasakian
space form M2n+l (k). If the mean curvature vector of M is parallel, then

(2.5)

+ :ETr (AtA,-A,At) 2.
t, S

In the sequel, we need the following lemma.

LEW,IA 2.3. ([3J). Let A and B be symmetric (n, n)-matrices. Then

- Tr(AB- BA) 2~2TrA2TrB2,

and the equality holds for non-zero matrices A and B if and only if A and B can be
transformed simultaneously by an orthogonal matrix into scalar multiples of A. and 13
respectively, where

o 1 1 0:o (0
A.=_1 O· . :8= 0 -I,

. 0 0' . 0 .0

?vJoreo'ver, if Ab A 2, A 3 are symmetric (n, n)-matrices such that

then at least one of the matrices Aa must be zero.

From Lemma 2. 3, we have

(2.6)

=[(2- n1 )5--
4
1 (n+ 1) (k+3)JS- l r; (S,-sy.

n t >$

From (2. 5) and (2. 6) we have

(2.7)
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If M is compact and orientable, (2. 7) implies the following

7

THEOREM 2.1. Let Af be an n-dimensional compact orientable anti-invariant submani

fold of a Sasakian space form M2n+1(k). If the mean curvature vector of M is parallel,
then

(2.8) f [(2- ;)S-l(n+1)(k+3)JS*1~f I.;(htjjk)2*l~O.
M 4 Mt",).'

, COROLLARY 2. 1. Let M be an n-dimensional compact orientable anti-invariant subma

nifold of a Sasakian space form M2n+1(k) with parallel mean curvature vector. Then
either M is totally geodesic, or S=n(n+1) (k+3)/4(2n-l), or at some point .rEM,
S(x»n(n+l) (k+3)/4(2n-1).

Proof. Suppose S~n(n+1)(k+3)/4(2n-l) everywhere on M. Then (2.8) shows
that the second fundamental form of M is 7)-paralleI and hence S is a constant. Thus
either S=O, i. e., M is totally geodesic or S=n(n+ 1) (k+3) /4(2n-l). Except for these
possibilities, S(x»n(n+l) (k+3)/4(2n-1) at some xEM.

THEORE'vl 2. 2. Let 11d be an n-dimensional anti-invariant submanifold of a Sasakian
space form ~J2n+l(k) (n>!) with parallel mean curvature ·vector. If k=l,that is, M is
of constant curvature 1, and if S=n(n+1)/(2n-1), then n=2 and M is a fiat surface
of 1H5 (1). With respect to an adapted dual orthonormal frame field w\ w2, wO*= 7),
w l *, w 2*, the connection form (WAB) of 1'.15 (1), restricted to M, is giun by

0 0 0 -ilw2 -ilWl

0 0 0 -ilwl ilw2

0 0 0 -wl -w2 _ 1
il- .vZ'

ilw2 ilw l wl 0 0

ilw l -ilw2 w2 0 0

Proof. From the assumption and Theorem 1. 1, M is minimal. Since S is a constant,
by (2.7), we see that the second fundamental form of M is 7)-parallel, i. e., htjjk=O.
From (2. 6) and (2. 7) we have

(2.9)

(2. 10)

for any t and s, and hence St=Ss for all t and s and we may assume that At=O for
t=3, "', n. Therefore we must have n=2 and we obtain

(2.11) Ao=O, _ (1 0)A2-il 0 -1 '

by using hl
12 =il=h2

11• Since htjik=O, (1.12) implies that

((2. 12)
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Putting t=l, i=l and j=2, we have d.:l.=O, which means that .:I. is a constant. Since'
S=2, we have 2.:1.2=1. Thus we may assume that .:1.=1/ v'2. Moreover (1.4) and (2.
11) imply the following:

On the other hand, by (1. 10) and (2. 12), we have 0=dh1
U =3.:1.w21' Since .:I.~O, we

see that

From (1. 10) we also have

From the Gauss equation (1. 7) and (2. 11) we easily see that M is flat. From these
considerations we have our assertion.

EXAMPLE. Let J be the almost complex structure of C3=E6 given by

/0
-~ I1

0 -1
J=

01

Let S5 be a 5-dimensional unit sphere in C3. Then S5 has the standard Sasakian struc
ture. For any zES5, put ~=Jz, and consider the orthogonal projection

Putting c/>=1CoJ, we have a Sasakian structure (c/>,~, Tj, it) on S5, where Tj is a I-form
dual to ~ and it the standard metric tensor field on S5.

Let T=SlXS1 be a torus. Then we can construct an isometric minimal immersion of
T into S5 which is anti-invariant. Let X: T~S5 be a minimal immersion representedl
by

X= J3(cosfJ, sinO, COS'l:", SID'I:", cosr, sinr) ,

where we have put r= - (8+'1:"). Then we may consider X as a position vector ID S5~

The vector field ~ on S5 is given by

~=JX= J3(-sinO, cosO, -sin'l:", COS'l:", -sinr, cosr).
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Moreover we have

xo=ax/ao= J3(-sinO, cosf), 0, 0, sinr, -cosr),

x~=ax/(Jr,= )3(0, 0, -sin!", cosr, sinr, -cosr).

9

Thus Xo and X~ are linearly independent and rj(Xo) =rj(X~) =0, whcih shows that the
immersion X is anti-invaiarnt. Let

Then M3 is an anti-invariant submanifold tangent to the structure vector field ~ of S5.
By the definition of the immersion X, T is immersed in M3 as a totally geodesic surface.
Thus T is an anti-invariant flat minimal surface of S5 by the immersion X. Moreover
we see that the square of the length of the second fundamental form of T in S5 is 2,
that is, S=2.

From these considerations and Theorem 2.2, we have the following

THEOREM 2.3. Let M be an n-dimensional compact orientahle anti-invariant submani
fold of S2n+1 (n>l) with parallel mean curvature vector. If S=n(n+l)/(2n-l), then:
M is SIX SI.

§ 3. Anti-invariant submanifolds with constant curvature

Let M be an n-dimensional anti-invariant submanifold of a (2n+ I)-dimensional Sasa
kian manifold M. If AaAb=A~a for all a and b, then the second fundamental form of
M is said to be commutative, which is equivalent to that ~haijhbjk=L;,hajkhbij for all a,

J J

b, i and k.

LEMMA 3. 1. Let M be an n-dimensional anti-invariant submanifold of a (2n +1) -dim
ensional Sasakian manifold M. Then the second fundamental form of M is commutative'
if and only if we can choose an orthonormal frame for which htij=O unless t=i=j, l.

e., A t = (ht
ij ) is of the form

(0

I
At=!

0
At

I °
l

I
I

t, t=l, '.', n.

0)

Proof. Assume that the second fundamental form of M is commutative, that is, Mu
=A~a, a,b=n+l, ···,2n+1. Then we can choose an orthonormal frame er. ···,en for
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.Tx(M) in such a way that all Aa are simultaneously diagonal, i. e., haij=O when i "'e j,

:that is, htij=O when i"'ej. From (1.11) we see that htij=O unless t=i=j. It is easy to
see that the converse is also true.

COROLLARY 3. 1. Let M be an n-dimensional anti-invariant submanifold of a (2n +1)
-dimensional Sasakian manifold M with Parallel mean curvature vector. If the second
fundamental form of M is commutative, then M is totally geodesic.

Proof. From Theorem 1.1, M is minimal. Thus we have TrAt=O for all t, and he
nce At=O by Lemma 3.1. Since Ao=O, M is totally geodesic.

COROLLARY 3.2. Let M be an n-dimensional (n>l) anti-invariant submanifold of a
(2n+l)-dimensional Sasakian manifold M. If M is totally umbilical, then M is totally
geodesic.

Proof. Since M is umbilical, we have ht;j=oij(TrA,) In and Ao=O. Therefore the
second fundamental form of M is commutative. Thus Lemma 3.1 implies that htij=O
unless t=i=j. On the other hand, we have htij=},toi)n. Putting i=j"'et, we have A,=

,0 and hence M is totally geodesic.

Let M be an n-dimensional anti-invariant submanifold of a Sasakian space form M2n+I
,(k). Then (1. 7) and (2. 1) imply that

(3. 1)

If M is totally geodesic, then M is of constant curvature Hk+3). From this, Corollary
3. 1 and 3. 2 we have

COROLLARY 3. 3. Let M be an n-dimensional anti-invariant submanifold of a Sasakian
.space form M2n+1(k) with parallel mean curvature vector. If the second fundamental
form of M is commutative, then M is of constant curvature Hk+3).

COROLLARY 3.4. Let M be an n-dimensional (n>l) anti-invariant and totally umbilical
.submanifold of a Sasakian space form M2n+l(k). Then M is of constant curvature t(k+

3).

LEMMA 3.2. Let M be an n-dimensional anti-invariant submanifold of a Sasakian
space form M2n+1(k). Then M is of constant curvature Hk+3) if and only if M has
the commutative second fundamental form.

Proof. From (1. 7), (1. 11) and (3. 1) we have

(3.2)

-which proves our assertion.
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LEMMA 3.3. Let M be an n-dimensional anti-invariant submanifold of a (2n +1) -dim
.ensional Sasakian manifold M. Then

(3.3) L::TrAt2A/=:E (TrAtA.)2.
t,s t,s

LEMMA 3.4. Let M be an n-dimensional anti-invariant submanifold with constant cur
-vature c of a Sasakian space form M2n+1 (k). Then we have

(3.4) CHk+3) -cJ:ECTrA/- (TrAt)2J= r;[TrA/A,LTr(AtA,)2}
t t,$

Proof. From the assumption and (3.2) we have

(3.5)

Multiplying both sides of (3.5) by

:and I, we have (3. 4) by (3. 3).

:EhSi/h'jk and summing up with respect to i, J, k,

LHIMA 3. 5. Let M be an n-dimensional anti-invariant submanifold with constant curv
ature c of a Sasakian space form M2n+l(k). Then we have

(3. 6) (n~1)D(k+3) -cJ:ETrAt2= :ECTrAt2A,2-TrAsTr(A,AsA t)].
tt,s

Proof. From (3. 5) we obtain

(3.7)

Multiplying both sides of (3.7) by J;h'j~'kl and summing up with respect to i, k and

I we have (3. 6).

LEMMA 3. 6. Let Ai be an n-dimensional anti-invariant submanifold of a Sasakian space
form M2n+1 (k) with Yj-parallel mean curvature vector. If the scalar curvature R of M is
constant, then the square of the length of the second fundamental form is constant, i. e.,
S= L::TrA/=consant.

t

Proof. From (3. 2) we have

R=}n(n-l) (k+3) +:E (TrAt)LS,
t

from which we have our assertion since Rand .:E (TrAt) 2 are both constant by the
t

.assumption.
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LEMMA 3.7. Let M be an n-dimensional anti-invariant submanifold of a Sasakian space
form M2n+1(k) with 'Tj-parallel mean curvature vector. If M is of constant curvature c,
then

(3.8)

Proof. Since M has 'Tj-parallel mean curvature vector, by 0.13) we have

- I:.!?-t;/luij= ~ (TrAt) 2. From this and Lemm:l 3.6, equation (2.4) becomes
t".J,i ,

(3.9)

- ~ (Tr(AtAs-AsAt)2_[Tr(AtAs)]2+ TrAsTr(AtAsAt)}.
',s

Substituting (3. 4) and (3. 6) into (3. 9) and using (3.3), we have (3. 8).

Now we have

PROPOSITION 3. 1. Let M be an n-dimensional anti-invariant submanifold of a Sasakian
space form M2n+l(k) with 'Tj-parallel mean cun:ature vector. If kl isjlat, then the second
fundamental form of M is 7j-parallel.

Proof. If M is flat, then by Lemma 3.7, we see that htiik=O and hence the second
fundamental form of M is 'Tj-paralleI.

THEOREM 3. 1. Let M be an n-dimensional (n> 1) anti-invariant submanifold of a
Sasakian space form M2n+l(k) with 'Tj-parallel mean curvature vector and of constant
curvature c. If Hk+3) ~c, then either c;:SO or M is totally geodesic and hence Hk+3) =c.

Proof. From (3.7) we have

[Hk+3) -c]n(n-I) = I;[TrAl- (TrAtFJ.,

By the assumption we obtain

(3.10)

If c>O, then (3.8) implies that

I;TrAt2~L. (TrAt) 2.
, t

0= I; {(n-I)TrA/+2[TrA/- (TrAtP]J,,

which shows that ~TrA/=O and hence M is totally geodesic. Except for this possibility,,
we have c;:SO.

THEOREM 3. 2. Let M be an n-dimensional (n> 1) antz-znvarient submanifold of a
Sasakian space form M2n+1(k) with 7j-parallel second fundamental form and of constant
curvature c. If Hk+3) ~c, then either M is totally geodesic or flat, that is, c=O.
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LEMMA 3. 8. Let M be an n-dimensional anti-invariant submanifold of a Sasakian spa
.ce form M2n+1(k) with parallel mean curvature vector and of constant curvature c. Then
we have

(3.11) L: (ht;jk)2= -c(n+ l)S.
t,i,j,1e

Proof. By the assumption and Theorem 1. 1, M is minimal and hence (3. 8) becomes
(3.11).

COROLLARY 3.5. Let M be an n-dimensional anti-invariant submanifold of a Sasakian
.space form M2n+l (k) with parallel mean curvature vector and of constant curvature c.
Then either c~O or M is totally geodesic.

CoROLLARY 3.6. Let M be an n-dimensional anti-invariant submanifold of a Sasakian
.space form M2n+1(k) with parallel mean curvature vector and of constant curvature c. If
the second fundamental form of M is 1j-parallel, then either M is flat or totally geode
.Stc.

LEMMA 3.9. Let M be an n-dimensional anti-invariant submanifold of a Sasakian space
form M2n+l(k) with 1j-parallel mean curvature vector. If the second fundamental form
.of M is commutative, then we have

{3.12)

Proof. Using Lemma 3. 1 and Lemma 3.2, we can transform (3.8) into (3. 12).

THEOREM 3. 3. Let M be an n-dimensional (n> 1) anti-invariant submanifold of a
Sasakian space form M2n+I(k) with Yj-parallel mean curvature vector and with commutative
.second fundamental form. Then either M is totally geodesic or k-;;;;, -3.

THEOREM 3. 4. Let M be an n-dimensional (n>1) anti-invariant submanifold of a Sa
.sakian space form M2n+l(k) with Yj-Parallel second fundamental form. If the second fu
ndamental form of M is commutative, then M is eicher totally geodesic or fiat.

Proof. By the assumption and Lemma 3.2, M is of constant curvature tCk+3). On
the other hand, by (3.12), M is either totally geodesic or k= -3 in which case M IS

flat.
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