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ON Q-KILLING TENSORS IN A QUATERNION
KAEHLERIAN MANIFOLD

By SANG-SEUP EUM

§ o. Introduction.

In an n-dimensional Riemannian manifold, a vector field V a is called a Killing vector
if it satisfies the Killing equation:

where f7 denotes the operator of the covariant differentiation with respect to the Riemann
ian connection.

A Killing tensor Vcd is, by definition, a skew symmetric tensor satisfying Killing
Yano's equation:

S. Tachibana [5J defined a conformal Killing teru:or Ucd in a Riemannian manifold by
;the condition:

where Pc is a vector field and gbc the Riemannian metric.
As a generalization of a Killing tensor in a Riemannian manifold, C-H. Chen Cl] de

fined an F-Killing tensor Wba in a Kaehlerian manifold M(F, g) by the condition:

In the present paper we shall define a Q-Killing tensor in a quatemion Kaehlerian ma
nifold as a generalization of the Killing tensor in a Riemannian manifold and the F
Killing tensor in a Kaehlerian manifold, and generalize some results on Killing tensors or
.conformal Killing tensors in a Riemannian manifold and F-KiIling tensors in a Kaehler
ian manifold to those on Q-Killing tensors in a quatemion Kaehlerian manifold.

§ 1. Preliminaries.

Let M be an almost quatemion manifold, that is, a 4n-dimensional differentiable ma
nifold which admits a set of three tensor fields F, G, H of type (1,1) satisfying

F2=-I, G2=-L H2=-L

F=GH=-HG, G=HF=-FH, H=FG=-GF,

J denoting the identity tensor.
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In a previous paper [7J, we proved that there exists a Hermitian metric g for the'
almost quaternion structure F, G, H, that is, a Riemannian metric satisfying

(1. 2)

g(FX, FY)=g(X, Y),

g(GX, GY)=g(X, Y),'

g(HX, BY) =g(X, Y)

for arbitrary vector fields X and Y of M. In this case M is called an almost quaternion- ~

metric manifold.
If an almost quaternion metric manifold M satisfies the condition

(1. 3)

VxF= r(X)G-q(X)H,

VxG= -r(X)F+p(X)H,

VxH= q(X)F-p(X)G,

where V is the operator of covariant differentiation with respect to g, p, q, r certain 1
forms and X an arbitrary vector field of M, then M is called a quaternion Kaehlerian
manifold [4J.

Let {U; x k} be a system of coordinate neighborhoods of M, where, here and in the
sequel, the indices h, i, j, k, ... run over the range {l,2,"', 4n} .

Since a quaternion Kaehlerian manifold is an Einstein space [4J, the Ricci tensor has.
components of the form:

(1. 4)

(1. 5)

where 4n=dim. M. In this case, using the Ricci formula, we obtain from (1.3)

KkjtkF/-Kkj/Ftk=4k(GkjHl-Hk/lik),

KkjtkG/-Kkj/G/=4k(HkjFl-FkjHik) ,

K kjtkH/-Kkj/Htk=4k(FkJGik_GkjFik),

where Kkjtk is the curvature tensor of M.
In a quaternion Kaehlerian manifold M, the following formulas are known [4].

(1. 6)

(1. 7)

KkjtsFts= -8knFkj,

KkjtsGts= -8knGkj, KkjtsHts= -8knHkj,

KktsjFts=4knFkj,

KktsjGts=4knGkj, KktsjHts=4knHkj-

Moreover, S. Ishihara proved the following [4J

THEOREM A. A quaternion Kaehlerian manifold M (dim. M ~ 8) is of constant Q-
sectional curvature 4k if and only if its curvature tensor has components of the form
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where the tensor Qkhji is defined by
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(1. 9)

§ 2. Q-KiIling tensors.

In a 4n-dimensional quatemion Kaehlerian manifold M (n~2), we shall call askew
'symmetric tensor Ujk a Q-Killing tensor if it satisfies the condition

(2.1)

where the tensor Q/kl is defined by (1. 9), that is,

Q/kl= F/Fkl+ G/Gkl+H/Hkl.

We call p'rUrt the associated vector of Uij. If the associated vector of uij vanishes iden
tically, then Uij is a Killing tensor.

Operating P'i to (2. 1) we get

(2.2) P'iP'jUkl+P'iP'kUjl=t(Q/kl+Qljl)Pih

where we have put

(2.3)

By interchanging indices i, j, k as i-+j-+k-+i in this equation we obtain the following
two equations:

(2.4)

(2.5)

If we form (2. 2) + (2. 4) - (2. 5), then it follows that

(2.6)

Transvecting (2.6) with gkl and making use of

(2. 7)

we obtain

(2.8)

Transvecting (2.8) with Qki!, we find
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(2.9)

Sang-Seup Eum

Comparing (2.8) with (2.9), we get

Thus we have the following

THEOREM 1. In a quaternion Kaehlerian manifold, the associated vector of a Q
Killing tensor is a Killing vector.

§ 3. Q-Killing tensors. (continued)

One of the purposes of the present paper is to prove the following

THEOREM 2. In a quaternion Kaehlerian manifold, if there exists (locally) a Q-Killing
tentor Uij satisfying Uij(P)=Cij for any Point P and any constant Cij (=-cji), then
the manifold is of constant Q-sectional curvature.

Proof. we shall deform (2.6) into another form. By a change of indices j---+k---+l->j in
(2. 6), we have

(3.1)

(3.2)

Adding (2.6), (3.1) and (3.2) and taking account of (2.1), we get

(3.3)

By forming (3.3) -3X (2. 6), we obtain

(3.4)

+ (QislPlt-Qa/Pjt) + (Qij/Pkt-Qijlplt)

+2(Qit/P/a-Q.litpjt) +2(Qji/Plt-Qji/Pit)].
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Next, we shall obtain algebraic relation between components of Uij and Pij.

Transvecting (3.4) with Fjk and taking account of (1. 4)-(1.7) and the skew sym
metric property of the tensor Pij, we obtain after some computation:>

(3.5)

where we have put

Similarly, transvecting (3.4) with Gjk or Hjk respectively, we obtain

(3.6)

(3. 7)

(3.8)

where we have put

9k 1
+ (---;;-,(2+2nf.!.2) (HjkFu- Fj~li)

9k 1+ (-;-,(3+2nf.!.3) (FjkGu-GjkFU)'

Substituting (3.8) into (3.4) and taking account of

we obtain
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<3.9)

where we have put

(3.10)
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=k[(Qlk/Ujt-QU./U;e) + (Qjt/Ukt-Qjllu;e)

+ (Q;k/U/t-Q;klUjt) + (Q;jlUkt-Q;jk'Ult)

+2 (Qu/ukt-Qulujt) +2 (Qjklult-Qjklu;t)]

Tl"r;/=Qlkr"Kij"t+QjlrkKw/+Q;kr"Kj/"t+Qijr"Kl""t

+2QurkKjUt+2Qjkr"Ku"t.

We shall write (3.9) as

(3.11)

where we have put

Bu.//= (Qlkito/ -Qll./O{) + (QjllO"r_Qj/k'o{)

+ (Q;k/O{-Q",lo/) + (Q;j/Okr-Qijktolr)

+2 (Qu/o"r -QilktO/) +2 (Qjklo{ -Qjklo{).

For every point p of the manifold, if U;j(p) takes any skew symmetric value Cij, then
(3. 11) reduces to

(3. 12)

=k(Blk//-Bl"{/) +In (Tl"r;/-Tlli/).

Taking the skew symmetric part of (3.10) with respect to rand t and contracting r
-and i, we obtain

(3.13)

because of

Contracting with respect to rand i hi (3.12) and taking account of (3.13), we ob
tain

(4n-1) Kjkl-4k(n+ 2)gklO/+4k(n+2)gjlOkt

=k[(1-4n) (Qjll-Qkl/-2Q"jlt) +9( -gk/o/+gjlol)],
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that is,

Kkjih =k (gkhl!ji- gkigjh+Qkhji-Qkijh -2Qkjih).

Thus, by theorem A stated in the section 1, theorem 2 is proved.

§ 4. A sufficient condition for a tensor to be a Q-Killing tensor.

Let Ukl be a Q-KilIing tensor. Then we can get
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(4.1)

by transvection (2. 6) with gij.

In this section we shall show that a skew symmetric tensor Ukl satisfying (4. 1) is a
Q-KilIing tensor if there exists a conformal Q-KilIing tensor associated with Ukl provided
that the manifold is compact.

Define a tensor Bjkl by

(4.2)

for a skew symmetric tensor Uk/, where Pj is given by V'rUrj=pj.

Simple computation gives us the following equations:

(4.3)

(4.4)

where we have used the relation V'jV'kUjk=O and the relation

V'jV'kUjl= Pkl-4k (n+2) Ulk+ KkrltUrt.

Suppose that there exists a conformal Q-KilIing tensor SkI associated with Ukl by the
-<.:ondition [3J

(4.5)

1f we put Vkl= - ~ SkI> then by virtue of (4.2) and (4.5), it follows that

(4.6)

Taking account of (4.4) and (4.6), we obtain

(4.7)

Substituting (4.3) and (4.7) into
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and making use of theorem of Green, we obtain, provided that the manifold is compact,.

where dq denotes the volume element of the manifold and Pkl=PkPTUrl.

Thus we have the following

THEOREM 3. In a compact orientable quaternion Kaehlerian manifold M, if the rela-·
tion (4.1) is satisfied for a skew symmetric tensor field Ukl and there exists in M a con
formal Q-Killing tensor associated with Ukl, then Ukl is a Q-Killing tensor.

In a previous paper [2J, we showed that the covariant derivative of a Killing vector·
!;I in a quaternion Kaehlerian manifold of constant Q-sectional curvature 4k satisfies the
following condition:

Using -1 Pkt;1 instead of Ski in (4.5), considering ~I instead of PTUrl and taking acc

ount of theorem 1 and theorem 3, we have the following

THEOREM 4. In a compact orientable quaternion Kehlerian manifold of constant Q-sec
tional curvature, a necessary and sufficient condition for a skew symmetric tensor field
UkI to be a Q.Killing tensor is that it satisfies the relation (4.1) and the associated vec
tor of Ukl is a Killing vector.

§ 5. Q-Killing tensor in a quaternion Kaehlerian manifold of constant Q·sectional.
curvature.

In this section we consider a Q-Killing tensor in a quaternion Kaehlerian manifold of
constant Q-sectional curvature.

For an arbitrary Q-:Killing tensor Ukl, the covariant derivative of the associated vector·
t; I = prUrl of UkI satisfies condition (4. 8) by virtue of theorem 1. If we put

then Vkl is a conformal Killing tensor whose associated vector is -1;1, that is,

On the other hand, it is well known that the covariant derivative of a Killing vector
E;I is closed. Consequently an arbitrary Q-KilIing tensor Ukl is decomposed as
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On:Q-Killing tensors in a quaternion Kaehlerian manifold 35

where hi is a conformal Killing tensor and qkl= - 91l7k~1 is a closed conformal Q-Killing

tensor. (In [3J, we defined a conformal Q-Killing tensor as a skew symmetric tensor
field Ski satisfying (4.5).) Moreover the uniqueness of this decomposition follows from
the following

LEMMA. In a quaternion Kaehlerian manifold of constant Q-sectional curvature, if a
conformal Killing tensor is closed, then it is a zero tensor.

Proof Let ~jk be a closed conformal Killing tensor, then we have

Combining these two equations, we easily see that

(5.2)

Operating [7h to (5. 2) and making use of Ricci identity, we find

(5.3)

where we have put Phj=[7hPj.

Since a quaternion Kaehlerian manifold is an Einstein space, the associated vector Pk

of a conformal Killing tensor is a Killing vector (theorem 4 of [6J), that is,

(5.4)

Transvecting (5.3) with glk and taking account of (5.4), we obtain

(5.5)

Substituting (5.5) into the right hand member of (5.3), we get

(5.6)

+ (Klrjtgkh - Klrktgjh) er].

Since a quaternion Kaehlerian manifold is an Einstein space, by virtue of (2. 11) of
[6J, we can obtain following relation for a conformal Killing tensor ~lk:

(5.7)

Substituting (5. 6) into (5. 7), we get
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Transvecting this equation with g"k, we obtain

(5. 8)

Substituting (1. 8) into (5. 8), we find

(5.9)

Transvecting (5.9) with Ql/, and taking account of

we get

(5.10)

Substituting (5.10) into the right hand member of (5.9), we obtain

and this equation is written as

(5.11)

where we have put

Transvecting (5.11) with Fli, we easily see that VI =0. Similarly we obtain V2=0 and
V3=0. Therefore we have from (5.11)

Thus the lemma is proved.
Hence we have the following

THEOREM 5. In a quaternion Kaehlerian manifold of constant Q-sectional curvature
with 4k (k=K/16n(n+2) *0), a Q-Killing tensor UH is uniquely decomposed in the form

where hi is a conformal Killing tensor and qkl a closed conformal Q-Killing tensor. In
this case qH is of the form

where ~I is the associated vector of UH.

Conversely if PH is a conformal Killing tensor whose associated vector is ~ (4n-l)~1

and ~I is a Killing vector, then UH given by (5.1) is a Q-Killing tensor.
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