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CHANGE OF SCALE FORMULAS

FOR YEH-WIENER INTEGRALS

IL Yoo AND GOOG-JOONG YOON

1. Introductory Preliminaris

R.H. Cameron and D.A. Storvick's research [6] on the relationship
between Wiener and Feynman integrals has led them to consider the
problem of change of scale in Wiener integrals. In [5], they found change
of scale formulas for Wiener integrals for a large class of functionals
S(Li[a, b]) wich was defined in [4]. Recently the first author [18] intro
duced the relationship between the Yeh-Wiener integral and the analytic
Yeh-Feynman integral, and obtained change of scale formulas for Yeh
Wiener integrals which we now briefly review.

Let C2 = C2(Q) denote Yeh-Wiener space, that is, the space of con
tinuous functions x on Q = [a, b] x rc, d] such that x(a, t) = x(s, c) = 0 for
all (s, t) E Q and let C; = xrC2(Q). We shall say that two functionals
F(x) and G(x) are equal s-almost everywhere (s - a.e.) if for each p > 0
the equation F(px) = G(px» holds for almost all x E C;. For a rather
detailed discussion of scale-invariant measurability and its relation with
other topics, see [7,13].

Let M = M(L2(Q» be the class of complex measures of finite vari
ation defined on B(Li), the Borel class of Li(Q). The Banach algebra
S(Li(Q» consists of all functionals F on C2 expressible in the form

(1.1) F(x) = f exp{it (Vk(S, t)d;k(S, t)}dlt(v)
lL; k=llQ

for s-a.e. x E C2 and for some It E M where kvk(s, t )dxk(s, t) means

the Paley-Wiener-Zygmund integral [1, 4, 8, 14, 17]. We note that the
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correspondence J.t -+ F is one-one and carries convolution into pointwise
multiplication. Moreover the analytic Yeh-Feynman integral exists for
every Fin S(L2(Q» and is given by the formula

(1.2) l an
y

Jq 1 {I v }" F(x)dx = "exp 2i L IIvkll~ dp.(v).
c 2 L2 q k=l

In order to state change of scale formulas for Yeh-Wiener integrals, we
introduce the piecewise linear functions of two variables as approximators
for x E C2(Q).

Let 1 and rn be nonnegative integers and consider the division u of
Q = [a, b] x [c, d] into subrectangles by means of the partition

u : a = So < SI < ... < SI = b, c = to < tl < ... < t m = d

For each x= (Xl, ... ,XV) E C;(Q), we define the quadratic approxima
tion Xu = (x~, ... ,x:) of xbased on u by the fo~ula

(1.3)
i ( ) xi(Sj, tk) - Xi(Sj_l' tk) - xi(sj, tk-l) + Xi(Sj_b tk-l)xus, t = _.:....:..'---"'--_....:....:~-'--....:.---:-~.:....---'-:----'--=-----"-

(Sj - sj-l)(h - tk-t)

x (s - Sj_l)(t - tk-l)

xi(Sj, t k- l ) - Xi(Sj_b t k- l )( )+ S - Sj-l
Sj - Sj-l

Xi(Sj_b tk) - Xi(Sj_b t k- l )( )+ t - tk-l
tl; - tk-l

+ Xi(Sj_b tk-t}

for (s, t) E [Sj-b Sj] x [tk-l, tk] for j = 1"", I, k = 1"", rn, and
i = I"" ,v.

As mentioned before, we now introduce change of scale formulas for
Yeh-Wiener integrals of elements in the Banach algebra S(Li(Q)) [18].

THEOREM 1.1. Let p > 0 and let {un} be a sequence of subdivisions
of Q such that the nonn I\un l\ -+ 0 as n -+ 00, and let Inrnn be the
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number of subrectangles in Un, Then if FE S(L;(Q».

(1.4)

f F(px)dx
10"2

= lim p-",,,m,, f exp{p2- 1 f 118
2
Xu,,(S,t)11

2

dsdt}F(X)dX
n ....oo 1q 2p2 1Q 8sBt
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THEOREM 1.2. Let p > 0 and let {tPn} be a complete orthonormal
sequence of functions on Q. Then if FE S(L;(Q»,

2. Formulas for Yeh-Wiener Integrals

In this section, we show that the Banach algebra S(L2(Q)) of analytic
Yeh-Feynman integt'able functionals is not closed under the uniform con
vergence, and that change of scale formulas (1.4) and (1.5) for S(L;(Q))
can be extended to the closure of S(L;(Q)) under the uniform conver
gence scale-invariant almost everywhere.

PROPOSITION 2.1. S(L;(Q» is not closed under the uniform conver
gence.

Proof. Let M(R") be the set of C-valued countably additive Borel
Measures on R", and let M(R") be the set of Fourier transforms of all
elements in M(R"). By a paper of Hewitt [11], there exists a sequence
tPn of elements in M(R") such that tPn ~ tP uniformly, but tP f/:. M(R").
Now we define the functionals Fn and F from C2(Q) to C by

Fn(x) = tPn(x(b, d)) and F(x) = tP(i(b, d».
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Then from Theorem 3.1 in [15] it follows that Fn E S(L~(Q» for n =
1,2,··· , but F f/. S(L;(Q». And also the fact that tPn -t tP uniformly
implies Fn -t F uniformly. Thus S(L2(Q» is not closed under the
uniform convergence.

NOTATION. We shall denote the closure of S(Li(Q)) under the uni
form convergence s-a.e. by SU(L;(Q».

PROPOSITION 2.2. Let p> 0, let {O'n} by a sequence ofsubdivisions
of Q such that the norm 1I00nll -t 0 an n -t 00, and let Inrnn be the
number ofsub-rectangles in O'n. Let r be the set offunctionals F defined
s - a.e. on C; such that F is bounded s-a.e. on C; and such that the
equation (1.4) holds for F in the sense that both members exist and they
are equal. Then r is closed with respect to uniform convergence s-a.e.
on C;

Proof. Let Fq be a sequence of elements in r which converges to F
uniformly s - a.e. on C;. Then there exist a positive number B and a
subset n of C; with contains s-almost all of C; such that for all x En

(2.1)

and hence we obtain

IFq(x)1 ~ B and IF(x)1 ~ B,

(2.2) f F(px)dx = lim f Fq(px)dxle; q-oolc~

By Proposition 2.3 in [18], we know that

(2.3)

Let
(2.4)

G•.• = p-'" m. le; exp { P:;, 1LII1J2X;;~, t) II' <Lsdt} F.(x) di
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Then from (2.3), (2.4), (2.5) and the dominated conbvergence theorem,
we have that

(2.6)

for n = 1,2, ... , and that

lim Gn q = H n
q-oo '

(2.7)
IGn,q - Hnl

~ p-.'.m. le; exp {p~;,1 k 11 {)'x;;~, t) 11' dSdt} 1F,(x) - F(x)ldx

~ sup IFq(x) - F(X)I.
zEn

Thus (2.6) holds uniformly in n for all positive integers n, and hence for
q = 1,2,···,

(2.8)

and

(2.9)

Iq == f F(px)dx = lim Gn,q
Jcv n-oo

2

1==1 F(px)dx = lim Iq = lim lim Gn qcv q-oo q-oo n-oo '
2

By the iterated limits theorem, it follows from (2.8) and (2.9) that

1= lim lim Gn q = lim lim Gn q = lim Hn .
q~oo n~oo ' n--+oo q--+ex> ' n--+oo



24 11 Yoo and Goog-Joong Yoon

THEOREM 2.3. Let p > 0 and let {un} be a sequence of subdivions of
Q such that the norm lIunil -I> 0 as n -I> 00, and let Inrnn be the number
of sub-rectangles in Un' Then if F E SU(L~(Q»,

(2.10)

f F(px)dx
}ep

2

= lim p-vlnmn f exp {p2 -1 f 11 a
2
x un (s, t) 11

2

dSdt} F(x)dx.
n-+co } C2 2p2 JQ aset

Proof. By Theorem 1.1 and Proposition 2.2, we have that S(L~(Q» c
r and hence that SU(L~)(Q» c r.

The following theorem can be obtained by extending Theorem 1.2 in
the same way that Theorem 2.3 was obtained by extending Theorem 1.1

THEORM 2.4. Let p > 0 and let {tPn} be a complete orthonormal
sequence of functions on Q. Then if F E SU(L~(Q»,

(2.11)

f F(px)cX
}ep

2

f {2 -1 v n [f ~ ]2}= 2!!foo p- vn }(p exp p2 2 L:?,: }e tPj(S,t)dXk(S,t) F(x)dx.
C 2 p k=11=1 Q

REMARK 2.5. Using extensions of the techniques developed in this
paper, we can formulate the counterparts for N -parameter Wiener space.

EXAMPLE. We let v = 1 and [a, b) = [c, d) = [0,11"] and define tPj(s) =
sinjs for j = 1,2,·· .. Then {tPj,k(S,t) = tPj(S)tPk(t)} is a complete or
thonormal set on Q = [0,11"] X [0,11"]. Define the functional F: C2 (Q)---+
C by

F(x) =exp{aLx(s,t)cosscostdsdt}
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for x E C2 ( Q) where 0: is a real or complex number. We now use the
{1/'j,k} and F, and evaluate the two sides of (2.11). By using integration
by parts formula and the Paley-Wiener-Zygmund theorem, we obtain

1F(px)dx = 1 exp(l'~7r f ~l,l(S,t)dx(s,t)}dx
C2 C 2 lQ

1 100 O:P7r 2= ~ exp{-u}exp{-u2/2}du = exp{(o:p7r) IS}.
y27r -00 2

On the other hand, we apply the Paley-Wiener-Zygmund theorem to the
right side of (2.11) so that

Thus we have established that the equation (2.11) is valid for all
complex number o. In particular, if 0: is pure imaginary, then F(x) E

S(L 2(Q)). On the other hand, if Reo f: 0, then F(x) is unbounded,
so F(x) ~ SU(L 2(Q)), and also F(x) ~ SU(L 2(Q)). Thus this exam
ple shows that the class of functionals for which (2.11) holds is more
extensive than SU(L~(Q)).
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