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ABSTRACT

We determine the reduced mass of heavy-
hole exciton and the heavy-hole in-plane
mass for a series of (In, Ga)As/GaAs strained
layer quantum wells using the magnetolu-
minescence measurements of the exciton
ground state and the modified perturbation
approach. In the theoretical calculation of
the magnetoexciton ground state, the exci-
ton reduced mass is considered as an ad-
justable parameter, and two variation pa-
rameters are used in the unperturbed wave
function which is expressed in terms of sub-
band wave functions in the growth axis
and the product of two-dimensional hydro-
gen and oscillatorlike wave functions for
the in-plane component. We take into ac-
count the energy dependence of transverse
and in-plane electron masses in the two-
band effective mass approximation. The
electron effective mass decreases as either
quantum-well width or indium composi-
tion increases, and so does the heavy-hole
in-plane mass down to the value at the de-
coupling limit (mhh; � D0:11m0 ).
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I. INTRODUCTION

In recent years, opto-electronic properties

of strained (In, Ga)As/GaAs quantum wells

have been widely investigated because these

structures play pivotal roles in providing ba-

sic understanding on low-dimensional systems

and new concepts in various device appli-

cations such as quantum-well lasers, detac-

tors, optical modulators, and strained quan-

tum well field effect transistors(SQWFET) [1].

The importance of stained (In, Ga)As/GaAs

quantum wells is that they provide structures

with band gaps in the infrared spectral re-

gions around 0.98�m. The laser chip oper-

ating at this wavelength is useful as a pump

source for Er-doped fiber amplifier. Further-

more, as the compressive biaxial stain in the

(In, Ga)As layer makes a considerable splitting

between the heavy-hole ground state and the

other light-hole states, the in-plane heavy-hole

mass is small, and this also provides an adven-

tage in laser and p-channel SQWFET applica-

tions. In making a good device, it is impor-

tant to understand basic properties of materials

such as the carrier effective masses, and many

optical investigations employing various tech-

niques have been devoted to determine the car-

rier effective mass in the doped or undoped (In,

Ga)As/GaAs quantum wells[2]-[8] as well as

lattice matched quantum well structures such

as GaAs/(Al, Ga)As [9]-[12].

In our previous reports on theoretical stud-

ies [13], [14], we proposed a method to de-

termine carrier effective masses bases on the

diamagnetic shifts of magnetoexciton ground

state in the presence of magnetic fields ap-

plied in the direction parallel to the growth

axis. The binding energy and diamagnetic

shifts of the exciton ground state are sensitive

to both the confinement effect and exciton re-

duced mass. In the envelope-function approxi-

mation, we calculated magnetoexciton ground

state considering the exciton reduced mass

as an adjustable parameter and ignoring the

valence-band mixing effect on this mass, and

compared the calculated diamagnetic shifts for

nonzero magnetic fields (B>0) with experi-

mental results. This approach provided an ex-

cellent method for obtaining the in-plane car-

rier masses in both III-VI [13], [14] and IV-VI

[15] quantum well structures. If the binding

energy of the exciton is known experimentally,

the exciton reduced mass can be determined in

a rather simple method [14].

The purpose of this paper is to determine

systematically the exciton reduced mass for

a series of InxGa1�xAs/GaAs strained quan-

tum wells within the indiumcompositionrange

x < 0:27 for quantum well width 2.2 nm<

Lz < 20 nm. We calculate energy-dependent

electron masses of strained (In, Ga)As quan-

tum wells using the two-band effective-mass

approximation [16] and determine the heavy-

hole in-plane mass from the exciton reduced

mass and the electron in-plane mass. The mag-

netoluminescence data used in this report were

supplied by Wimbauer [17], and the detailed

experimental setup can be found in [8]. In Sec-

tion II, we briefly review the modified pertur-
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bation method for the magnetoexciton ground

state in Type-I quantum well structures and

some formula for the effective electron mass

in the two-band effective approximation. In

Section III, experimental results on a series of

(In, Ga)As/ GaAs quantum wells and theoret-

ical determination of carrier effective masses

are discussed. Conclusion is given in Section

IV.

II. THEORY

1. Modified Perturbation Method

In this section, we review a formalism of
magnetoexciton ground state [13] that we de-
veloped for the determination of the exciton
reduced mass in quasi two-dimensional type-
I quantum wells. In our approach, the disper-
sion of the conduction and valence bands are
considered to be parabolic within the effective-
mass approximation. The effect of g-factor on
the exciton energy is also ignored. We use the
Bohr radius of the exciton in three dimensions
a0 as a unit of length, the corresponding Ryd-
berg energy R� as the energy unit, and the ratio
of the cyclotron energy to the Rydberg energy
as a dimensionless magnetic field :

a0D 4��0�Nh2

�e2 ; R�D e2

8��0�a0
; D eBNh

2�R�
; (1)

where � is the in-plane reduced mass of an ex-
citon,

1
�
D 1

me;�
C 1

mhh;�
: .2/

me;� and mhh;� denote the in-plane effective

masses of the electron and heavy-hole, respec-

tively, and � represents the mean value of the

layer-dependent dielectric constant.

For quantum-well width comparable to the
Bohr radius, the confinement effect due to the
barrier potential in the growth axis can domi-
nate the effective Coulomb interaction in this
direction. In our formalism, the three dimen-
sional Coulomb potential is approximated by a
two-dimensional one denoted by V�,

V� D�2�
�
: .3/

The confinement effect due to the quantum-

well potential and other defects may be rep-

resented by � the effective coupling constant

of the Coulomb interaction between an elec-

tron and a hole forming an exciton. Then, �

is associated with the structural parameters of

the quantum well and represents the dimen-

sion of the exciton. We consider that � does

not change even in the presence of a mag-

netic field. This means that once the value

of � is calculated, the in-plane Hamiltonian

for B > 0 does not contain any terms which

are z-dependent, so the differential equation is

two-dimensional. In other words the exciton

diamagnetic shift is uniquely determined for

given parameters �, reduced mass of an exci-

ton, and dielectric constant.

In the presence of homogeneous magnetic
field EB D Bẑ, applied in the direction parallel
to the growth axis, the Schrödinger equation of
the exciton at rest in two-dimensions may be
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written by

.He;zCHh;zCH� / D E ; .4/

where

Hs;z D
�
� @
@z

�

ms;z .z/
@

@z
CVs.z/

�
.5/

with sD e; h for electron and hole Hamiltoni-
ans in the growth direction, respectively. For
the exciton ground state, H� , representing the
Hamiltonian in the quantum-well plane, can be
written in relative coordinates and restricted to
the subspace of zero magnetic quantum num-
ber,

H�D� @
2

@�2 �
1
�

@

@�
C 

2�2

4
� 2�
�
: .6/

As He;z , He;h and H� in Eq. (4) are indepen-
dent with each other, the exciton wave func-
tion can be decomposed into the z and � com-
ponents in the following form:

 .ze ; zh ; �/D�e�h�.�/; .7/

where �e and �h are eigenstates of

Hs;z�s.z/D Es�s.z/ .8/

with s D e, h for electron and hole states,
respectively. For single quantum well struc-
ture, confined wave functions�s.z/ have well-
known analytic form consisting of sinusodial
and damping exponential functions in the well
and barrier regions, respectively. We consider
that �s.z/ and .1=ms;z /@�s.z/=dz are contin-
uous at quantum well interfaces. The electron
and heavy-hole effective masses in the growth
axis are considered as layer dependent. Fur-
thermore, electron effective mass in strained

(In, Ga)As quantum wells is dependent on both
the stress effect and the subband energy, which
will be discussed in the next section. In Eq.
(2), me;� are assumed to be uniform in both
well and barrier materials, and the following
form is used to estimate mean values from the
layer-dependent values:

1
me;�
D
Z

dz j�e .z/ j2 1
me;� .z/

: .9/

A similar formula is used for the calculation of

the dielectric constant � in Eq. (1).
Because the 2D Schrödinger equation us-

ing Hamiltonian in Eq. (4),

H��.�/D E��.�/ .10/

is not solved in simple analytic forms, we use a
modified perturbation method employing two
variational parameters � and �. The unper-
turbed radial wave function of the ground state
exciton is given in the form

�0.�; �; �/Dexp
�
��

2

4�
�2��

�
: .11/

After a lengthy calculation, the ground state
energy, to be obtained by minimizing < �0 j
H� j �0 > = < �0 j �0 > with two parameters,
� and �, is simplified in the following form,

E� Dmin
�


2

�
�C 1

�

�
C4�2�2

C4�2

�
1� 2�

�
��2

�
U.1; 3

2I �/
U.1; 1

2I �/

)
; (12)

where

�D 8��2


.13/

and the confluent hypergeometric function
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U.a; bI �/ is defined as [13]

U.a; bI �/D 1
0.a/

Z 1
0

dte��t ta�1.1C t/b�a�1:

.14/

2. Electron Masses in Two-band
Effective-mass Approximation

To account for the nonparabolicity ef-
fect in the conduction band of a compres-
sively strained (In, Ga)As quantum well grown
along the [001] axis, we use energy-dependent
longitudinal and in-plane masses of an elec-
tron, me; z.Ee / and me; �.Ee /, obtained by
a two-band effective-mass approximation[16]
including the conduction and the degenerate
valence band but neglecting the spin-orbit in-
teraction and quadratic term in k in k� p Hamil-
tonian:

me;z.Ee /Dm0e

�
1C EeCıVb

E0g

�
; .15/

me;�.Ee /Dm0e

�
1C Ee

E0g

�
; .16/

where Ee is energy of electron from the bottom
of the conduction band of the (In, Ga)As layer.
m0e represents the mass of electron due only to
the change in the strained band-gap of bulk (In,
Ga)As,

m0eDm0
e

E0g
Eg
; .17/

where m0
e is the band-edge mass of untrained

bulk (In, Ga)As. As a compressively strained
(In, Ga)As layer has the valence band edge
consisting of an heavy-hole state (JzD˙3=2),
the bulk strained band-gap, denoted by E0g, is
given in terms of E0

g, the bulk unstrained band-
gap, and ıEg representing the energy shift due

to deformation effects:

E0gD E0
gC

�
�2a

C11�C12

C11
Cb

C11C2C12

C11

�
�;

.18/

where a and b denote the difference between
the hydrostatic deformation potentials of the
conduction and valence bands and shear defor-
mation potential in the valence band, respec-
tively. � is associated with the biaxial defor-
mation constant of the strained layer, defined
as

�D au�as

au
; .19/

where au and as are the untrained and strained
lattice constants of materials, respectively. ıVb

is the energy shift due the change in the cubic
symmetry,

ıVb D�3b
C11C2C12

C11
�: .20/

III. DISCUSSION

The material parameters of GaAs and InAs

used in theoretical calculations are listed in

Table 1. A linear interpolation was used

for the InxGa1�xAs values. The band-gap

energy at absolute zero temperature (TD0K)

of bulk InxGa1�xAs was taken to be Eg D
1:5192�1:45xC 0:35x2 eV, and the conduc-

tion band offset of (In, Ga)As/GaAs without

strain effects was 45%. Ignoring the strain

effect on the barrier height of the conduc-

tion band at (In, Ga)As/GaAs interfaces re-

sulted the conduction band offset at a strained

InxGa1�xAs/GaAs interface to be 69% and
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Table 1. Material parameters used in calculating the stress-dependent band gaps and electron effective masses in

InxGa1�xAs.

au C11 C12 a b m0
e mhh;z �

Material (Å) .1011dyn=cm�2 / (eV) (eV) .m0 / .m0 / .�0 /

GaAs 5:653251/ 11:881/ 5:321/ �9:82/ �1:762/ 0:06652/ 0:342/ 12:52/

InAs 6:05833/ 8:333/ 4:533/ �5:82/ �1:82/ 0:0232/ 0:322/ 14:62/

1/ Reference [19] 2/ Reference [20] 3/ Reference [21]

Fig. 1. Calculated electron effective masses as a function

of the well width of InxGa1�xAs/GaAs quantum

wells with xD0:1 and 0.18. me;z and me;� denote

the longitudinal mass and the in-plane mass of

the (In, Ga)As quantum well layer, respectively,

while < me;� > is the mean in-plane mass ob-

tained by using Eq. (9).

67% for xD0:1 and 0.18, respectively. These

results are approximately the same with other

reports [4], [22]. As the energy for the electron

in a GaAs layer with respect to the band edge

of the GaAs barrier can be neglected compared

to the band-gap, we take me.Ee /D 0:0665m0

in GaAs, where m0 is the bare electron mass.

In Fig. 1, we display electron effective

masses of (In, Ga)As/GaAs quantum wells as

a function of well width and indium compo-

sition. me;z and me;� denote electron longitu-

dinal and in-plane masses in (In, Ga)As/GaAs

quantum well, respectively, while < me;� >

is associated with the mean value of the in-

plane electron mass calculated using Eq. (9).

As the well width decreases, both the longi-

tudinal and in-plane masses increase due to

increasing nonparabolicity in the conduction

band. As (In, Ga) As well width approaches to

zero, the electron in-plane mass becomes ap-

proximately equal to that of GaAs (0.0665m0).

This is understood by that subband wave func-

tions spread into the GaAs barrier layer as well

width decreases and therefore the contribution

of the GaAs layer on the electron mass in-

creases. As ıVb in Eq. (20) is positive for
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a compressively strained (In, Ga)As quantum

well, the longitudinal mass of electron is heav-

ier than the in-plane mass and the difference

between the two increases as indium composi-

tion increases. It is noted that the electron in-

plane mass decreases as indium composition

increases, while the reverse is true for the elec-

tron longitudinal mass for InxGa1�xAs/GaAs

quantum wells for x D 0:1 and 0.18 with well

width within 20nm. Calculated electron effec-

tive masses at the conduction band edge of un-

strained bulk InxGa1�xAs layer for xD0:1 and

0.18 are 0.0662m0 and 0.0587m0, respectively.

We find that, for InxGa1�xAs/GaAs quantum

wells with x D 0:1 and Lz � 8 nm, theo-

retically obtained in-plane effective mass of

electron can be smaller than that of strain-free

bulk InxGa1�xAs layer. However, for quantum

wells of x D 0:18, the electron in-plane mass

is greater than the bulk effective mass. This

result demonstrates that the effect of strain on

electron effective mass is evident.

In the rest of this section, we analyze low

temperature(T D 6 K) magnetoluminescence

data of two undoped (In, Ga)As/GaAs multi-

quantum well samples with indium composi-

tion x D 0:1 and 0:18. Each sample con-

tains four isolated quantum wells with well

width between 2.3 nm to 20 nm. Fig. 2 shows

the diamagnetic shift of the heavy-hole exci-

ton ground state (1s) as a function of magnetic

field up to 11 tesla. Of quantum wells with

well width of 16 and 20 nm for x D 0:1 and

0.18, respectively, the magnetoexciton state re-

veals well-resolved spin splittings, while that

Fig. 2. Transition energies of the magnetoexcitonground

state in a series of InxGa1�xAs/ GaAs quantum

wells with (a) x= 0.1 and (b) 0.18. The dots de-

note the experimental data, while the solid lines

represent the calculated results, which is shifted

within a few meV for the comparison of the cal-

culated diamagnetic shifts with the experimental

results.

of other quantum wells in the figure remain sin-

gle curves. The drawn lines represent the the-

oretical fit based on our formalism. As we did

not consider the spin splitting in our formal-

ism, diamagnetic shifts showing this property

were fitted by a single curve at the mid points.

We note that the calculated result at B D 0T

were shifted within ˙3 meV for the compar-

ison of the calculated diamagnetic shifts with

the experimental results. It is noted that Wim-

bauer et al. [8] found that the spin splitting

is dominated by the heavy-hole valence band

splitting and determined the electron as well as

heavy-hole g-factor.

Fig. 3 displays the in-plane reduced mass

of the heavy-hole exciton ground state in
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Fig. 3. The dependence of the reduced mass of the

heavy-hole exciton on the indium composition

and quantum well width. The drawn lines are

guides to the eye.

Fig. 4. The dependence of the heavy-hole in-plane mass

on the indium composition and quantum well

width. The drawn lines are guides to the eye.

InxGa1�xAs/GaAs quantum wells as a func-

tion of well width, determined from the fit of

theoretical calculations to the experimental re-

sults in Fig. 2.Exciton reduced mass shows

a strong dependence on both the well width

and indium fraction. As well width decreases

from the high value limit, the reduced mass

increases due to increasing penetration of the

exciton wave function into GaAs barrier lay-

ers. For instance,�D0:042m0 and 0:05m0 for

In0:1Ga0:9As/GaAs quantum wells with well

width Lz D 20 nm and 2.3 nm, respectively.

On the other hand, for increasing indium com-

position in the (In, Ga)As quantum-well layer,

the exciton reduced mass decreases, because

the electron in-plane mass decreases as shown

in Fig. 1 and so does the heavy-hole in-plane

mass, whose behavior will be shown in Fig. 4.

We note that Zhou et al.[7] determined the ex-

citon reduced mass from a theoretical fit of us-

ing a simple parabolic curves to the diamag-

netic shifts measured by magnetoreflectance

spectroscopy and obtained a bit heavier values

(e.g. 0:051m0 for In0:1Ga0:9As/GaAs quantum

well with well width of 9 nm). However, it

should be pointed out that a simple parabolic

approximation of magnetoexciton energy is

not suitable for high magnetic fields greater

than a few tesla (B > 3 T) for an exciton

state having a light reduced mass ( e.g. � <

0:06m0). We also like to mention that the lo-

calization of an exciton is affected consider-

ably by the confinement effect introduced by

the quantum-well width, barrier potential en-

ergy, and interface roughness. Especially, the

effect of interface roughness on the exciton

binding energy and the diamagnetic shift can-

not be negligible if well width decreases below

the Bohr radius of the exciton. If one is not

very careful on this effect for samples having

rough quantum well interfaces, the calculated



ETRI Journal, volume 17, number 4, January 1996 Kyu-Seok Lee and El-Hang Lee 21

reduced mass will result to be heavier than real

one.

In Fig. 4, we plotted the heavy-hole in-

plane mass versus InxGa1�xAs well width, de-

termined from � and me;� . The figure shows

that the heavy-hole in-plane mass decreases as

well width increases. For instance, for xD0:1

and well width Lz D 2:3 nm, mhh;� � 0:2m0

which is quite close to those of GaAs/(Al,

Ga)As quantum well, 0:22m0, while for quan-

tum wells with (x D 0:1 and Lz D 20 nm) and

(x D 0:1 and Lz D 16 nm), we find mhh;� �
0:12m0 which is nearly equal to 0:11 m0, the

calculated result in the decoupled limit be-

tween heavy- and light-hole subbands. The

effective masses of holes are significantly re-

duced from those found in unstrained bulk (In,

Ga)As [20]. From other analysis on spin split-

ting of the diamagnetic shift on the latter two

samples, Wimbauer at al. [8] obtained slightly

higher mhh;� D 0:143m0 and 0.121m0, respec-

tively. It is also noted that, for two different

indium compositions x D 0:1 and 0.18, the

heavy-hole in-plane mass increases as x de-

creases. For quantum wells with LzD2:3, 4.5,

and 9 nm, the m�hh;� increases about 15 per-

cent from xD0:18 down to 0.1. These results

demonstrate that the hole mass is dramatically

altered in the presence of strain [23], and its de-

pendence on the additional confinement effect

of quantum well is also significant. Althoughit

not indicated in Fig. 3, we find that the fitting

error of � is within 0.0005m0 for all the data,

and therefore, that of the in-plane heavy-hole

mass is within 0.006m0.

Fig. 5. Calculated binding energies of the heavy-hole

exciton ground state mass at zero magnetic field

as a function of indium composition and quantum

well width. The drawn lines are guides to the eye.

In Fig. 5 we displayed the calculated bind-

ing energy of the heavy-hole exciton ground

state at zero magnetic field as a function of well

width for indium compositions x D 0:1 and

0.18. Exciton binding energy shows a strong

dependence on both the well width and indium

composition. As well width decreases from

the high value limit, the binding energy is en-

hanced due to the increasing confinement ef-

fect. However, if the quantum well is too nar-

row, the energy difference between the barrier

energy and the subband energy level becomes

small, and the wave function spills into the bar-

rier layer. Consequently, the confinement ef-

fect on the exciton wave function by the barrier

potential energy is reduced. For the quantum

well samples discussed in this report, the cal-

culated exciton binding energy has a maximum

value at 4.5 nm for xD0:1 and 0.18. Compet-
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ing effects between the reduced mass of the ex-

citon and quantum well potential is found to be

important to understand the crossing of the two

linearly interpolated lines at around 7.5 nm.

For increasing indium composition x in the (In,

Ga)As quantum well layer, the reduced mass

of an exciton decreases. The smaller reduced

mass tends to decrease the exciton binding en-

ergy, while the effect of higher barrier poten-

tial energy due to the larger indium composi-

tion tends to increase it. For quantum wells

with relatively larger width (� 7.5 nm), the ef-

fect of the reduced mass of a heavy-hole ex-

citon against the confinement effect due to the

barrier potential with xD0:18 becomes larger

than that with xD0:1.

IV. CONCLUSION

In the present work, we determined carrier

effective masses in a series of (In, Ga)As/GaAs

quantum wells by comparing theoretical cal-

culations with magnetoluminescence measure-

ment of the heavy-hole exciton ground state.

The effective mass of both electron and heavy-

hole in strained (In, Ga)As/GaAs quantum

wells increases as quantum-well width or in-

dium composition deceases. The heavy-hole

effective mass is dramatically reduced in the

presence of strain, and its dependence on the

additional confinement of quantum well is also

significant. Finally, we demonstrated that the

diamagnetism of the magnetoexciton ground

state can provide an excellent means to char-

acterize both the exciton dimensionality and

a number of physical properties of carriers in

semiconductor nanostructures.
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