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FUZZY SEMIREGULARIZATION SPACES
YoONG CHAN KIM AND JIN WON PARK

ABSTRACT. We introduce the fuzzy semiregularization space ind-
uced by a fuzzy topological space and investigate some properties
of fuzzy semiregularization spaces. We give an example of a fuzzy
semiregularization space that is not a fuzzy semiregular space.

1. Introduction and preliminaries

A. P. Sostak [13] introduced the fuzzy topology as an extension of
Chang’s fuzzy topology [3]. It has been developed in many directions
[4,5,6,8]. M. N. Mukherjee and B. Ghosh [10] introduced the fuzzy
semiregularization space induced by Chang’s fuzzy topology.

In this paper, we define the fuzzy semiregularization space induced
by a fuzzy topological space in view of A. P. Sostak [13]. We inves-
tigate some properties of fuzzy semiregularization spaces. We study
the relationships between fuzzy semiregularization spaces and fuzzy
semiregular spaces. In [10] the fuzzy semiregularization space induced
by Chang’s fuzzy topology is a fuzzy semiregular space. But the fuzzy
semiregularization space in our sense is not a fuzzy semiregular space.
We give an example of it.

Throughout this paper, let X be a nonempty set, I = [0,1] and Iy =
(0,1]. All the other notations and the other definitions are standard in
a fuzzy set theory.

DEFINITION 1.1 ([13]). A function 7 : IX — T is called a fuzzy
topology on X if it satisfies the following conditions:
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(01) 7(0) = 7(1) = 1, where 0(z) = 0 and I(z)=1forall z € X,
(02) 7(p1 A p2) > 7(u1) A 7(pz), for any 1, p2 € I,
(03) 7(Vser #i) > Nier 7(14), for any {pi}ier C I

The pair (X, 7) is called a fuzzy topological space (fts, for short).

DerFINITION 1.2 ([8]). Let 0 ¢ © be a subset of I*. A function
B:© — I is called a base for a fuzzy topology on X if it satisfies the
following conditions:

(B1) B() =1,
(B2) B(p1 A p2) = B(p1) A B(uz), for any p, p2 € ©.

A base (3 always generates a fuzzy topology on X in the following
sense.

THEOREM 1.3. Let a function B : © — I be a base on X. Define a
function 75 : IX — I as follows: for each p € I X

V(/\jeJ Blug)) fp= VjeJ Ljs 1j € ©,
8(n) =4 1 if p =0,
0 otherwise,

where \/ is taken over all families {§; € © | p = Ve n;}- Then
(X,73) is a fts.

Proof. (O1) It is trivial from the definition of 7.
(O2) Suppose there exist p,v € I* and r € Ip such that

ma(p Av) <1 < 13(0) ATE(V)-

Since 75(1) > r and 7(v) > r, there exist families {y; € © | p =
Vjes#i} and {vx € © | v = Viex i} such that

(k) = /\ B(u;) >r and 75(v) > /\ B(vi) > .

jeJ keK

Since the unit interval I is completely distributive (ref.[9]), we have

pAv =\ ) AN ve) =\ A ).

jeJ keK 3.k
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Moreover, since B(p; A vi) > B(u5) A B(vk), we have

m(uAv) 2 N\(B(us) A B())
ik
= (A BN AN B) >
jeJ keK
It is contradiction. Hence 75(u1 Ap2) > 78(p1) A7a(p2), for all py, po €

Ix.
(O3) Suppose there exists a family {g; € ©}jecs and r.€ Iy such

that
(\ 1) <r < N 78(n;).
jeJ jeJ

Since 73(p;) > r for each j € J, there exists a family {u;x € © | u; =
Viek, #ik} such that

ma(u) = N\ Blue) >

kEK;

Since Ve s 45 = V;es(Viek, (#ik)), we have

s(\ 1) = NCA Bluw) >

j€J j€J kekK;
It is a contradiction. Hence 73(\V wi) > A 78(us), for any {u;}ier C
i€r sl
Ix. 0

DEFINITION 1.4. If 3 is a base on X, then 73 is called the fuzzy
topology generated by (. (X,73) is called a fuzzy topological space
generated by a base § on X.

TuEOREM 1.5 ([4]). Let (X,7) bea fts. Foreachr € Iy and A € IX,
we define a function C, : I*X x Iy — IX as follows:

C-Ar)=A{plrx<p, T@~-p) 21}
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Then it satisfies the following properties: for A\, u € I*X and r,s € Iy,
(Cl) C’r(()a T) = 6:
(C2) A < Cr(A1),
(C3) Cr (A7) V Cr(p,m) = Cr(AV ),
(C4) C.(\7) < Cr(N8), ifr < s,
(C5) C-(C- (A7), 1) =Cr(A, ).

THEOREM 1.6. Let (X,7) be a fts. For each r € Ip,\ € IX, we
define a function I, : IX x Iy — I*Xas follows:

L) =\V{elp<hr(w) 2}

Then:

(1) IL(1 =\ r)=1-C-(A7).

(2) For each A\, u € I* and r,s € Iy, we have the followings:
1) ,1,r) =1,
(12) I;(A,r) < A,
(I3) I:(\,7) A L (u,7) = Ir (A A p, ),
(14) I,(\, 8) < I (\, 1), ifr < s,
(I5) I.(I;(A\,7),7) = I.(A, 7).

Proof. (1) For each X € IX, r € Iy, we have the following:
i-CcAn=1-Aplpzrri-p=2r}
=\V{Ii-plpzrird@-p>r}
=\V{i-pli-p<i-Nr(i-p) 2r}
=I(1-\r).

(2) We easily prove it from Theorem 1.5. O

2. Fuzzy semiregularization spaces

In this section, we study the relationships between fuzzy semiregu-
larization spaces and fuzzy semiregular spaces.
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DEFINITION 2.1. Let (X, 7) be a fts. A fuzzy set A € IX is said to be
fuzzy regularly open if there exists ro € Iy such that A = I.(C.(A,7),7)
for all 7 < rg. A fuzzy set u € IX is said to be fuzzy regularly closed if
there exists r1 € Iy such that yu = Cr(I;(u,r),r) for all r < r;.

LEMMA 2.2. Let (X,7) be a fts. Then we have the following state-
ments:

(1) A fuzzy set A € IX is fuzzy regularly open iff 1 — X is fuzzy
regularly closed.

(2) If A = I(Cr(A,7),7), for all T < 1o, then A\ = I.(\,r) for all
r < 1p.

Proof. (1) We easily prove it from the following result: for all » < ro,
A =L (Cr(A,r),r), we have

1-A=1-1.(C.(\7),7)
= Cr(1 - Cr(A\,7),r) (by Theorem 1.6(1))
=C.(I,(1-Am),r).

(2) For all r < rp, we have A = I.(Cr(\,7),7). Hence I,(A\,r) =
L (I:(C-(A,7),7),7) and

IT()‘s 1") = I‘r(C’r(Aa 7"), ’I')
=A
from (I5) of Theorem 1.6(2). O

EXAMPLE 2.3. Let X = {a,b} be a set. Let u, p € I*X as follows:
u(a) = 0.3, u(b) =0.4, p(a) =0.6, p(b) =0.2.
We define a fuzzy topology 7 : IX — I as follows:
(1, ifx=00r1,

%7 ifA =g,
A) = ;2;'7 ifA=p,
T( )_< 2 .
5 fA=pAp,
%’ fA=pVp,
\ 0, otherwise.
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From Theorem 1.5 and Theorem 1.6, we obtain the following;:

1=1.(C.(,r),r), Vr € Iy,

1
p=I(Cr(u,7),7), 0<r< bX
1
#Vp:I-r(CT(P,"'),T), 0<TS§a
1 2
szT(C’T(p7r)ar)a "<7'S"",
2 3
1
p=IL(Cr(pNApr)r), 0<T< 3
1 2
uAp=I(Cr(pApr)r), 5 <T <3,
1

uVp=IL(C.(pVpr)r), 0<r< 5

Hence p and p V p are fuzzy regularly open. But p and p A p are
not fuzzy regularly open. We have p = I (p,7), 0 < r < % but p #

I(C-(p,7),7),0 < r < 2. Hence the converse of Lemma 2.2(2) is not
true.

REMARK 2.4. We define that u € IX is fuzzy regularly open iff A =
L.(Cr(\7),7). Let 7 = {u | u is fuzzy regularly open set, 7(u) > r}.
In Example 2.3, since p € T2 but p ¢ T then {7, | r € Iy} is not a
descending family (ref.[6]). In this case, we cannot naturally define the
fuzzy topology generated by fuzzy regularly open sets.

In the following theorem, we construct the fuzzy topology generated
by fuzzy regularly open sets.

THEOREM 2.5. Let (X,7) be a fts and 0 € ©, a family of all fuzzy
regularly open sets. Define a function 8, : ©, — I by

Br(N) = \[{r € Io | A = I.(C-(A\,7),m)}.

Then (3; is a base on X such that 75, < T.
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Proof. First, we will show that 3, is a base on X.

(B1) For all r € Iy, we have 1 = I(C,(1,r),r) because C,(1,7) =1
from Theorem 1.5(C2). Hence G, (1) = 1.

(B2) Suppose there exist A1, A2 € ©, such that

Br(A1 A X2) < Br(A1) A Br(A2).

From the definition of 3., there exist r; € Ip for ¢ € {1,2} with for each
O0<r<ry,
/\1; = IT(CT()\i,T‘),T)

such that
Br(A1 A A2) <71 Arg < Br(A1) A Br(A2)-

Put 7o = 71 A7rg. Since I (A\;,7) = A; for all 0 < r < r; from Lemma
2.2(2), we have for each 0 < r < 7y,

I-,-(CT()\l A )\2,7‘),7‘) > I-,-()\l A /\2,7‘)
(A) = I (A1,7) AL ()2, 7)
=X A g
On the other hand, since \; = I.(Cr(\;,7),7), for each 0 < r < 1y,
we have
IT(CT()‘I A )\2,7‘), T) S IT(CT()\MT) A C‘r()‘% 'r)a 'I")
(B) = I (Cr(A1,7),7) A L (Cr(Xa,7),7)
= Al A )\2.

From (A) and (B), we have for each 0 < r < 1y,
A1 A Ag = I (Cr(A1 A Xg, 1), 7).

Thus 8-(A1 A Ag) > 7o. It is a contradiction. Hence B,(p1 A p2) >
Br(p1) A Br(u2), for each py, p2 € ©,.
Finally, we will show that 75, < 7. Suppose there exist A € IX and
r1 € Ip such that
T8, ()\) >r > T(/\).
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From Theorem 1.3, there exists a family {\; € ©, | A = V,cp As} such
" that

7, (N = N\ Br(N) > 11> 7(N).
iel
For each i € T, since B,()\;) > r1, there exists r; € Ip with for each
0<r <,
)\i = IT(CT(Aiar)sr)

such that
Br(Xi) 21 > 1.

On the other hand, for i € T, since I (\;, ;) = A; from Lemma 2.2(2),
we have 7(\;) > 7;. Thus

7‘()\) > /\ T(/\i) > /\ r; 2> T1.

i€l i€l

It is a contradiction. Hence 75, < 7. O

ExAMPLE 2.6. In Example 2.3, we have O, = {i,u,u V p} and 73,
as follows:

1, ifx=0o0rl,

15—
O

3, HA=pVp,

0, otherwise.

Moreover, we have 75 < 7.
NOTATION. We simply write 7, instead of 74, .

DEFINITION 2.7. A fts (X, 7,) is said to be the fuzzy semiregular-
ization space (fsrs, for short) of (X, 7). A fts (X, ) is said to be fuzzy
semiregular if T = 75.
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LEMMA 2.8. Let (X, 7s) be the fsrs of a fts (X, 7). Then:

(1) I(Cr(\7),7) = L(Cr(I(Cr(\ 1), 7),7),7), for all X € IX and
r € Iy.

(2) If p=I.(Cr(\,7),7) for 0 < r < rp, then T5(p) > ro.

(3) If p = Cr(I(\,7),7) for 0 < r < 1o, then p = Cr (Ir(A,7),7)
for 0 < r < rp.

(4) If p = I.(C-(\,7),7) and C,,(A\,7) = C-(A\,7) for 0 <1 < 7o,
then p = I, (Cr,(\,7),7) for 0 < r < 1o.

8

Proof. (1) Since I.(C.(\,7),7) < C-(I.(C-(A,7),7),7) from (C2)
of Theorem 1.5, we have

(D) L.(Cr(\7),7) < L(Cr (I (Cr(A,7),7),7), 7).
Conversely, since I.(C-(A,7),7) < Cr(A, 1), we have

Cr(I:(Cr(Nyr),7)y7) < Cr(AT)
=1 (Cr(I+(Cr (A, ), 7),7),m) < I (Cr(Ayr), 7).

Thus, by (D) and (E), we have
L(Cr(\7),7) = L (Cr (I (Cr (A, 7),7),7), 7).

(2) From (1), put p = I;(Cr(\,r),r) for 0 < r < 7. Then, for
0<r<rg,

(E)

p=IL.(Cr(p,7), 7).

Hence p is fuzzy regularly open. Thus 74(p) > ro.
(3) Since, by Theorem 1.6(1), for 0 < r < 7o,

1-p=1-C.(I(\71),7)
=I(1=I(\7),7)
= I.(C.(1—-\1),71),

by (2), Ts(1 — p) > ro. It implies that for 0 < r < 7y,

Cr(I:(0),r) = Ne | I () < oy (i =) 2 7)
Su-
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On the other hand, we have for 0 < r < 7o,

Cr,(Ir(A 1), 1) = /\{P | (A7) < p, 7s(1-p) 21}
> /\{P | L(Ar)<p, TA—p) 271} (1<)
= CT(I'T(’\aT)7T) =i
Hence p = C,(I;(\,),r), for 0 <7 < ro.
(4) Let p = I, (Cr(A,r),7) for 0 < r < rg. Then for 0 < r < 1y,
i-p=1-IL(C/(A7),T)
=C,(1-C-(\7),7)
=C (I,(1-\r),7)
=C,,(I.(1~\r1),7). (by (3))
It implies, for 0 < r < rp,
p=1~-Cr(I-(1-X\1),7)
=L,(1-I(1-Ar),7)
= ITs(CT(A,T),r)
= I, (CTs (’\,T)7T)

since Cr, (A7) = Cr(\, 7).

O

THEOREM 2.9. Let (X, 7,) be the fsrsof a fts (X, 7) and 3, : ©, — I
be a base of the fsrs (X, 75). If Cr,(Xi,7) = Cr(Ns,7) for 0 < r < r; such

that 8,(\;) = r; for each \; € ©,, Then (X, 7,) is fuzzy semiregular.

Proof. We only show that 7, < (75)s because 75 > (75)s from The-

orem 2.5. Suppose there exist A € IX and r; € Iy such that
Ts(A) > 11 > (75)s(A).

From Theorem 1.3, there exists a family {\; € ©, | A = ;. A} such

that
Ts(X) 2 N\ Br(N) > 11> (1)s(N).

i€l
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For each i € T, since B,(\;) > r1, there exists r; € Iy with for each
0<r<my,
Ai = IT(CT()‘i7r)7 7')

such that
Br(Ai) =15 > 1.

Since Cr, (A, ) = Cr(Ai,7) for 0 < 7 < r;, we have

)\'i = I-,-(C-,-(Ai,’l"),'r')
= I;,(Cr, (A, 7),7). (by Lemma 2.8(4))

It implies A; € ©,, with 8., (\;) > ;. Thus

(1e)s(N) = A\ Br. (M) = A\ ri =11

el iel

It is a contradiction. Hence 75 < {75)s. O

EXAMPLE 2.10. From Example 2.3 and Example 2.6, we can obtain
the fsrs (X, 75) of (X, 7) as follows:

1, ifx=0ori,

15—
=4 2 EAmm

3 HA=uVp,

0, otherwise.

We have

1= I (C. (1,7),7), Vr € Iy,
w=1I_(Cr(,7),7), 0<r<

pVp=1I(Cr(kVpr)r), 0<r<
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We obtain the fsrs (X, (75)s) of (X, 7s) as follows:

1, ifAx=0o0ri,

L ifa=g,
(15)s(A) = f l #

2 ifx= M \ P

0 otherwise.

Hence (X, 75) is fuzzy semiregular because (75)s = 7s. It satisfies the
condition of Theorem 2.9 from the following:

< 1
1 (uVp) =Cr,(1,7) = Crp, ), 0<r<s,
- 1
1—#207:,(#VP,"') (HVP,T),O<"'<§

Let X,u and p be defined as Example 2.3. We define another fuzzy
topology 7* : IX — I as follows:

(1, ifAx=0o0rl,
%1 ifA=p,
2 ifA=p,
=g TP
o ifA=puAp,
%a ifA=pVp,
\ 0, otherwise.
We obtain
i1=I.(C~(1,r),7), Vrel,
1
= I (Crr(p,7),7), 0<r§§,
3 2
p=1I-(Cre(p,r),7), z<r<g,
5 3
1 3
ﬂAP:Lr*(CT*(H/\P,T),T),§<”'§Z,
3
,qu=IT‘(C’T»(,qu,r),r),0<rSg.
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Thus, we have

1, ifx=0orl,

1 ifa=
my={ P A=

5 if A =pVp,

0, otherwise.

Furthermore, since

i= L. (Cr,(1,7),7), Vr € Iy,

1
HZIT;(CT;(M,T),T), 0<r< 57
1
qu=IﬂngVmﬂJ%0<pS?
then )
1, ifA=0o0rl,
l, if A= p,
(s =4 7 .
bh) fA=pvp,
0, otherwise.

Hence (X, 7)) is not a fuzzy semiregular space because (1), # 77. It
does not satisfy the condition of Theorem 2.9 from the following:

i—,U=CT;(NVP,7') =Cr*(MVP,T)’

1—(pAp)=Cr(uVp,r) # Cri(uVp,r) =

b

REMARK 2.11. In Definition 1.1, we take {0, 1} instead of the range
I of a function 7. We regard it as Chang’s fuzzy topology. In our sense,
7s is fuzzy semiregular (ref.[10]). The fsrs in our sense is an extension

of it in [10).
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