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A new low-complexity differential detection technique, 
fractional multi-bit differential detection (FMDD), is 
proposed in order to improve the performance of 
continuous phase modulation (CPM) signals such as 
Gaussian minimum shift keying (GMSK) and Gaussian 
frequency shift keying (GFSK). In comparison to 
conventional one-bit differential detected (1DD) GFSK, 
the FMDD-employed GFSK provides a signal-to-noise 
ratio advantage of up to 1.8 dB in an AWGN channel. 
Thus, the bit-error rate performance of the proposed 
FMDD is brought close to that of an ideal coherent 
detection while avoiding the implementation complexity 
associated with the carrier recovery. In the adjacent 
channel interference environment, FMDD achieves an 
even larger SNR advantage compared to 1DD. 
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I. Introduction 

Filtering the data sequence removes the sharp phase transitions 
of continuous phase modulation (CPM) signals and improves 
bandwidth efficiency. Murota and Hirade proposed the use of a 
premodulation Gaussian lowpass filter (GLPF) to shape  
spectrum of minimum shift keying (MSK) [1]. However, the 
trade-off of having a more compact spectrum is that the 
premodulation GLPF introduces inter-symbol interferences in 
the transmitted signal. Motivated by a performance 
improvement with a minimum increase in the implementation 
complexity, we propose a fractional multi-bit differential 
detection (FMDD) technique which utilizes signals delayed by 
fractional-bit durations, and demonstrate a bit-error rate (BER) 
performance improvement of FMDD compared to the 
conventional one-bit differential detection (1DD). Also note that 
our proposed FMDD can be used to detect various kinds of 
CPM signals. For instance, the Bluetooth radio system employs 
a Gaussian frequency shift keying (GFSK) modulation 
combined with a 1DD technique because of the good spectral 
efficiency and low implementation complexity. In this paper, we 
apply FMDD to GFSK and analyze its BER performance in 
comparison to that of 1DD-GFSK employed in Bluetooth. 

II. GFSK Transmitter  

The output of the FSK modulator can be expressed as  

[ ]γφω ++= )(cos)( 0 ttAtp c .          (1) 

In (1), 0A  is a constant envelope of the signal, γ  is the 
initial phase of the carrier (which can be assumed to be zero), 
and )(tφ  is the carrier signal phase defined by 
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where g(t) is an impulse response of the transmit LPF (i.e., 
GLPF for GFSK) to a unit amplitude rectangular pulse of 
duration T. 

A transmitted GFSK signal also can be represented [2] as 
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where E is the energy per symbol, T is the data bit-duration, fc 
is the carrier frequency, h is the modulation index, and y(t) is 
the output of a GLPF. The values of h and BT (3 dB bandwidth, 
B of GLPF, and T product) employed for GFSK are 0.28 to 
0.35 and 0.5, respectively. A typical block diagram of a GFSK 
transmitter, corresponding to (3), is shown in Fig. 1(a). 
 

 

Fig. 1. Block diagram of a GFSK transmitter and 1DD receiver.
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III. 1DD Receiver  

The block diagram of a conventional 1DD is illustrated in 
Fig. 1(b). The signal at the input of the predetection bandpass 
filter is corrupted by additive white Gaussian noise n(t) with a 
one-sided spectral density N0. The received signal x(t) and the 
signal at the output of the predetection bandpass filter x'(t) can 
be represented as 

x(t) = p(t) + n(t),                (4) 

)()](cos[)()(' tntttAtx bpc +′+= φω ,         (5) 

where A(t) is the time-varying envelope of the signal, 
cc fπω 2=  is the carrier frequency, )(tφ′  is the distorted 

signal phase, and nbp(t) is the narrow-band Gaussian noise. For  

a mathematical analysis in the ideal AWGN channel which 
follows, we shall assume that )()( tt φφ =′  and A(t)=1. 
However, for a more practical simulation of the system 
performance, the time-varying channel distortion due to the 
filtering is considered. When the received signal is multiplied 
by the 1-bit delayed received signal, the obtained baseband 
signal in the absence of noise is 

[ ])()(sin)( Ttttd −−= φφ .            (6)  

IV. FMDD Receiver  

A block diagram of FMDD is illustrated in Fig. 2.  
Assuming that the over-sampling rate of the received signal 
is )//1( TmTf ss ==  and the number of delayed samples 
isδ , the delay of the fractional-bit differential detector (FDD) 
can be expressed as .)/( Tmδ Hereafter, we will use 

)/( mk δ=  as a notation of the unit fractional number. 
From (7) to (10), to simplify the mathematical analysis, we 

shall consider only the noiseless signal. The received signal 
multiplied by its complex conjugate that is delayed by a 
multiple of the unit fractional-bit duration is represented as 

]90)()(cos[)()(
90

+−+−−=− kTtkTtkTtAkTtx c λφλωλλ ,

      (7) 

where λ  is an integer and denotes the branch number of the 
FDD. The output of the FDD after removing the second 
harmonic terms is 
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where kTcλω  is a phase offset contributed by the FDD 
(whereas the output of 1DD contains no phase-offset term), 
and )( kTλφ∆  is 

 )()()( kTttkT λφφλφ −−=∆ ,              (9) 

which represents the change of signal phase over a fractional-
bit duration.   

The threshold detector of the FDD decides that a “1” was 
sent if 0)( >tr kλ  and a “0” otherwise. Since envelope A(t) is 
always positive, the equivalent decision rule is, decide that a 
“1” was sent if 0)](sin[ >∆+ kTkTc λφλω  and a “0” if 

0)](sin[ <∆+ kTkTc λφλω . 
Let’s first consider the phase offset kTcλω in (8). Assuming 
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Fig. 2. Block diagram of a GFSK receiver employing a five-fold FMDD. 
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Tnnff Bc /==  for an integer n, we can replace kTcλω  by 

)./2(2 kTTnkn λπλπ ⋅=  If we choose the values n and k to 
satisfy nk = l for integer l, the one-bit decision rule is still 
applicable to the FDD regardless of .kTcλω However, 
for ,lnk ≠ kTcλω should be compensated by adding 
complementary phase shift kλψ  (i.e., πψλω λ 2=+ kc kT ) 
prior to combining all the outputs of the FDD branches of 
FMDD. In Table 1, the values of kTcλω  are tabulated for 
various combinations of λ  and nk  for .4/1=k  Second, 
we need to consider the timing delay offset contributed by 
fractional-bit delay kTλ  of every FDD branch. This offset is 
also required to be compensated by adding complementary 
time delay TD kλ (i.e., TDkT kλλ + = constant time delay). 
Note that n, k,λ , kλψ and TD kλ are the design parameters to be 
implemented in the FMDD receiver. Table 2 lists the 
complementary phase shift and time delay required for various 
fractional-bit delays of the FDD branches of a five-fold FMDD. 

In the case of a GFSK receiver employing a five-fold 
FMDD, by combining a 1-bit differential detected signal and 
four additional fractional-bit differential detected signals, a 
five-fold FMDD can improve BER performance. It should be 
noted that the number of available branches for FMDD 
depends on k, the response of the transmit filter, and bit 
duration T. The smaller the value of k , and/or the larger the 
transmit filter BT product, the larger the number of available 
branches. The number of FMDD branches can be optimized 
corresponding to a trade-off between its performance and 
hardware complexity. 

Table 3 compares the implementation complexity of various 
receiver schemes [3], [4] including FMDD. The implementation 

 Table 1. Phase-offset for various combinations of λ and ),/( Bc ffn =
when k=1/4. 

Phase-offset (ωcλkT=2πnλk) for k=1/4 
λ 

n=1 n=2 n=3 n=4 n=α (integer)

1 (1/2)π π (3/2)π 2π (1/2)απ 

2 π 2π π 2π απ 

3 (3/2)π π (1/2)π 2π (3/2)απ 

4 2π 2π 2π 2π 2π 

5 (1/2)π π (3/2)π 2π (1/2)απ 

6 π 2π π 2π απ 

7 (3/2)π π (1/2)π 2π (3/2)απ 

8 2π 2π 2π 2π 2π 

 

Table 2. Complementary phase shift and delay time corresponding to 
various timing delays of FDD branches of five-fold FMDD,
when k=1/4. 
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Table 3. Implementation complexities of an FMDD receiver and
other receiver schemes. 

Composing elements Receiver 
scheme DD MLSE DF or VA LPF 

Delay & phase 
adjustment 

1DD 
(or 2DD, 3DD) 

1 None None 1 None 

1+2DF1) 2 None 1 (DF) 2 2 

2+3DF2) 2 None 1 (DF) 2 4 
Λ-bit  

Differential MLSE 
Λ 1 None Λ Λ 

Coherent3) MLSE 
with Viterbi-

algorithm 
None 1 1 (VA) 1 None 

Λ- fold FMDD Λ None None 1 Λ 
 notes: 1) 1+2DF scheme employs a decision feedback (DF) logic. [4]  

2) 2+3DF scheme employs two DF logics, as well as a differential encoder. 
3) Coherent receiver needs an additional carrier recovery. 

complexity of the maximum likelihood sequential estimation 
(MLSE) receiver using the Viterbi algorithm increases 
exponentially with the number of detector memory [3]. In Table 
3, the bold and underlined components are the ones which 
dominantly affect the implementation complexity of the receiver. 
We found that, except for 1DD (or 2DD and 3DD), FMDD can 
be implemented with the lowest complexity. 

The FMDD output signal f(t) can be expressed as 

∑
Λ

=

−=
1

)(
λ

ψλλ λk
TDtrtf kk ,            (10) 

where )1( Λλλ ≤≤ denotes the number of branches, of 
which the total number is Λ, and TD kλ and kλψ  denote the 
timing delay offset and phase offset to be adjusted prior to 
combining the outputs of all FDD branches. From (7) to (10) 
the resultant phase state of Λ-fold FMDD, FMDD∆Φ  can be 
defined as,  

∑
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=
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where kλφ∆  and kλη∆  respectively denote the variations of 
the signal phase and phase shift introduced by AWGN and 
detected by the kλ -FDD branch over a fractional ( kλ )-bit period.  

Since the decision rule )](sgn[ˆ tfai =  is independent of 

envelope variations, if the detected phase of every FDD branch 
is small enough, (11) can be rewritten as 

FMDDk

kFMDD

ηφ
λ

λ

λ
λ

+∆
Λ

=

∆Φ
Λ

=∆Φ

∑

∑
Λ

=

Λ

=

1

1

1

1

,         (13) 

where 
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1

∑
Λ
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λ
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Since kλη∆  can be assumed to be uniformly distributed in 
( ππ ,− ), the phase shift can be minimized by FMDD, and an 
improved BER performance can be achieved.  

In the ACI environments, the input signal r(t) to the receiver 
includes the transmitted signal x(t), ACI signals, and the 
AWGN n(t), i.e., 

  r(t)=x(t)+i+(t)+i-(t)+n(t),        (15) 

where i+(t) and i-(t) denote the signals of the upper and lower 
ACIs which contribute most significantly to the degradation of 
telecommunication systems. We assume that both of them are 
symmetrically located in the frequency domain around fc 
separated by the channel spacing F∆ . In the simulation, we 
assume that the interfering signals have the same power as the 
desired signal. 

The resultant phase state of 1DD, taking into account both 
the interfering ACI channels and the AWGN, is defined as 

DD1Φ′∆  and expressed as 

−+ ∆+∆+∆+′∆=Φ′∆ ζζηφDD1  ,          (16) 

where +∆ζ and −∆ζ denote the variations of the arbitrary 
phase shift introduced by the signals of the upper and lower 
interferers, i+(t) and i-(t), respectively.  

The resultant phase state of Λ-fold FMDD, taking into 
account both the interfering ACI channels and the AWGN, is 
defined as FMDDΦ′∆  and expressed as 
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where kλζ∆ is the variation of arbitrary phase shift introduced 
by the two adjacent channels, which can be assumed to have a 



ETRI Journal, Volume 26, Number 6, December 2004  Kee-Hoon Lee et al.   639 

uniform distribution in a ( ππ ,− ) range. We heuristically found 
in (16) and (17) that FMDD can effectively minimize the 
effects of noise and ACI, whereas, 1DD is very sensitive to them. 

V. Analysis of BER Performance  

Based on the above discussion, the average probability of bit 
error Pb of FMDD-GMSK can be expressed as 

   
{ }

{ }senttdT

senttdTP

FMDD

FMDDb

"0"),(0)(sinPr
2
1

"1"),(0)(sinPr
2
1

>∆Φ+

<∆Φ=
,         (18) 

where d(t) and the overbar denote the receive lowpass filtered 
version of f(t) and the statistical averaging over all equally 
likely input data sequences, respectively. Note that when Λ=1 
and k=1, Pb of FMDD is the very Pb of 1DD. 

VI. Simulation Results  

The performance of FMDD-GFSK is simulated using the 
SPW (Signal Processing Worksystem). The demodulated 
signal is passed through a GLPF, of which the optimum 3 dB 
bandwidth was found to be 1.1 times the Nyquist frequency. 
Figure 3 illustrates that FMDD outperforms 1DD and the 
corresponding SNR advantage is increased in proportion to the 
number of FDD branches. We noticed that five-fold FMDD-
GFSK outperforms 1DD-GFSK by 1.8 dB at BER=1×10-4 in 
an AWGN channel. Figure 4 compares the BER performances 
of three- and five-fold FMDD receivers with those of various 
MLSE receivers [3].  We found that thee-fold and five-fold 
FMDD outperform all the other MLSE differential detectors. 

The received GFSK signal corrupted by ACI (channel 
 

 

Fig. 3. BER performance of 1DD-GFSK and FMDD-GFSK in an 
AWGN channel(ΛFMDD : Λ-fold FMDD). 
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Fig. 4. BER performance of FMDD receivers and MLSE receivers 
(N : length of sequence). 
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Fig. 5. Demodulated eye-diagrams of GFSK in an ACI 
environment (∆F = 1.5×fB, Eb/N0 = 20 dB). 
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spacing ∆F = 1.5 × data bit rate, Eb/No = 20 dB) is simulated, 
and the corresponding eye diagrams of 1DD-GFSK and five-
fold FMDD-GFSK are shown in Figs. 5(a) and 5(b), 
respectively. From Fig. 5, we clearly observed that an FMDD 
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receiver is much more robust than a 1DD receiver. The BER 
performance of five-fold FMDD-GFSK as well as 1DD-
GFSK in the presence of AWGN and ACI is also evaluated for 
various channel spacing. Figure 6 demonstrates that five-fold 
FMDD-GFSK significantly outperforms a 1DD-GFSK 
receiver in various ACI environments. 
 

 

Fig. 6. BER performance of 1DD-GFSK and five-fold FMDD-
GFSK in AWGN and ACI environments. 
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VII. Conclusion 

A new low-complexity FMDD technique is proposed in 
order to improve the BER performance of differentially 
detected CPM signals such as GMSK and GFSK. Our 
simulation results show that five-fold FMDD-GFSK provides 
an SNR advantage of up to 1.8 dB at BER=1×10-4 in an 
AWGN channel, and achieves an even larger improvement in 
spectrally congested ACI environments. 
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