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In this paper, we propose a method of applying a lifting-
based wavelet domain e-median filter (LBWDEMF) for 
image restoration. LBWDEMF helps in reducing the 
number of computations. An e-median filter is a type of 
modified median filter that processes each pixel of the 
output of a standard median filter in a binary manner, 
keeping the output of the median filter unchanged or 
replacing it with the original pixel value. Binary decision-
making is controlled by comparing the absolute difference 
of the median filter output and the original image to a 
preset threshold. In addition, the advantage of 
LBWDEMF is that probabilities of encountering root 
images are spread over sub-band images, and therefore 
the e-median filter is unlikely to encounter root images at 
an early stage of iterations and generates a better result as 
iteration increases. The proposed method transforms an 
image into the wavelet domain using lifting-based wavelet 
filters, then applies an e-median filter in the wavelet 
domain, transforms the result into the spatial domain, and 
finally goes through one spatial domain e-median filter to 
produce the final restored image. Moreover, in order to 
validate the effectiveness of the proposed method we 
compare the result obtained using the proposed method to 
those using a spatial domain median filter (SDMF), spatial 
domain e-median filter (SDEMF), and wavelet 
thresholding method. Experimental results show that the 
proposed method is superior to SDMF, SDEMF, and 
wavelet thresholding in terms of image restoration. 
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I. Introduction 

Images are often degraded by noise due to channel 
transmission errors (for example, binary symmetric channel 
noise), a faulty image acquisition device, engine sparks, ac 
power interference, and atmospheric electrical emissions. Due 
to the strong amplitude of noise, human visual perception is 
very sensitive to it, and the removal of such noise is an 
important issue in image processing. A fundamental problem in 
image processing is to remove the additive Gaussian noise 
without blurring the fine-details of the images. 

A vast literature has emerged recently on image restoration 
using linear techniques and nonlinear techniques. Most of the 
linear techniques, such as averaging low-pass filters have low-
pass characteristics, and they tend to blur edges and destroy lines, 
edges, and other fine image details. The two often-used nonlinear 
techniques are the median filter and the wavelet thresholding or 
shrinkage of Donoho and Johnstone [1]-[3]. Wavelet thresholding, 
which is nonlinear, is a noise reduction method by transforming a 
noisy image into the wavelet domain, applying thresholding in the 
wavelet domain, and inverse transforming the restored wavelet 
coefficients. Alternative approaches to nonlinear wavelet-based 
restoration can be found in [4] and [5]. The choice of thresholding 
functions and threshold values are critical in restoration schemes. 
Donoho [1] proposes an expression for computation of the 
threshold value, which is known as a universal threshold. This 
threshold value depends on the number of data samples. If the 
number of data samples is too small, the result will still be noisy. 
On the other hand, if it is too large, important details of the images 
will be removed. Due to this reason the wavelet thresholding has 
a drawback [6]. The other method for image restoration and noise 
removal, introduced by Rudin and Osher [7], was total variation 
(TV). TV is an integration of the length of all the gradients in any 
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point in a continuous signal domain. As the gradient in a point is a 
measure of the variation of the function in this point, integration 
over the entire domain must result in the total variation. Roughly 
speaking, the idea of minimizing the total variation is to use the L1 
norm of the gradient instead of its L2 norm. The main problem in 
minimizing the TV norm comes from the non-differentiable 
gradient argument. 

The standard median filter consists of applying a sliding 
window over a specified finite length sequence and replacing 
the center pixel in the window by the standard median of the 
pixels within the window [9], [10]. One problem of the 
standard median filter is that it tends to alter pixels undisturbed 
by noise [11]. Recently, different modifications of the median 
filter have been proposed to overcome its pitfalls. The E-
median filter is a type of modified standard median filter. 

In this paper, we propose an image restoration method for 
images corrupted by additive white Gaussian noise (AWGN). 
The method is based on using an iterative e-median filter in the 
wavelet domain. Using the median filter to eliminate additive 
Gaussian noise is less effective in the spatial domain, but this is 
not true in the wavelet domain when you consider the statistics 
of wavelet coefficients of natural images, so a better estimation 
of the variance field incorporating local characteristics of wavelet 
coefficients may be done by using an iterative median filter. In 
this study, wavelet transforms are constructed by a lifting scheme. 
A lifting scheme is a new method for constructing wavelets. The 
basic idea behind a lifting scheme is very simple. It starts with 
trivial wavelets, which do nothing but hold the formal properties 
of a wavelet. The lifting scheme then gradually constructs a new 
wavelet with improved properties. Classical wavelets, which are 
so-called first-generation wavelets, are known as translation and 
dilation of one fixed function; the Fourier transform is then a 
very important tool for first-generation wavelets. On the other 
hand, a construction with a lifting scheme is entirely spatial and 
therefore ideally suited for building second-generation wavelets 
when no Fourier transform is available. The lifting scheme 
allows a faster implementation of the wavelet transform (WT), 
and reducing computational time in real applications is very 
crucial. Moreover, no extra memory is needed and the original 
signal can be replaced with its WT. 

In the implementation of the proposed algorithm, first the 
noisy image is transformed into the wavelet domain by lifting-
based wavelet filters. Second, in the wavelet domain, an e-
median filter is applied only to detail coefficients. Third, the 
sub-band images are inversely transformed to the spatial 
domain and go through one spatial domain e-median filter to 
produce the final restored image. The experimental results have 
shown that the performance of our proposed image restoration 
method is noticeably superior to that of a spatial domain 
median filter (SDMF), spatial domain e-median filter 

(SDEMF), and wavelet thresholding. The rest of this paper is 
organized as follows. In section II, we review the spatial 
domain e-median filters. Section III introduces briefly the 
construction of a second-generation WT. In section IV, the 
lifting-based wavelet transform e-median filter is discussed.  
In section V, results and a relevant discussion are given. In 
section VI, conclusions are given. 

II. Spatial Domain E-Median Filter 

A standard median filter is based on moving a window of 
odd length over an image (as in a convolution), ranking of the 
pixels in a neighborhood according to brightness within the 
input window, and replacing the center pixel in the window by 
the median of the pixels within the window [10], [12]. The 
standard median filter is able to remove a large amount of noise, 
but at the same time it makes some false alarms. Because of the 
disadvantage of the standard median filter, modifications of the 
median filter have been proposed to improve the performance 
of the filter. One type of modified median filter is the so-called 
e-median filter, which has the following form [13]:   
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where X is the noisy observation image, Z refers to the restored 
image by the e-median filter, Y refers to the restored image by 
the standard median filter, ξ is a preset threshold between 0 and 
1, and A is the maximum possible value of X, usually 255 in 
the spatial domain but it can be greater than 255 in the wavelet 
domain. A is obtained by computing the maximum value of 
each of the detail sub-bands in the wavelet domain. To 
quantitatively assess the performance of the e-median filter, we 
compute the logarithm of the mean squares error (LMSE) of 
the restored image. Assume we know the original image 

),,(ˆ nmf  we can calculate the MSE of restored image Z at 
different s'ξ : 
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where NnMm ,...,1,,...,1 == . To restore the image, it is 
optional to choose the ξ corresponding to the smallest LMSE. In 
reality, the original image is unknown, and it is impossible to  
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calculate the LMSE and use it as a criterion to choose ξ. Instead, 
we choose to use the logarithm of the Laplacian (LNL) norm 
of the restored image as an approximation of the LMSE and 
search out a ξ that minimizes the norm. We denote κ as the 
LNL of image Z:  

 ZZ 2log)( ∇=κ ,                  (3) 

where 2∇  represents the Laplacian operation, and κ  is 
used as a criterion to select the proper ζ and is computed using 
the restored image only. 

In image restoration, the SDEMF filter can be used 
iteratively. By iteratively applying SDEMF, a root image, an 
image that is invariant to further median filtering, appears at an 
early stage of iteration, and the restoration process becomes 
worse [14].  

A seen in Fig.1 we chose a ξ that minimizes LNL as a 
threshold. 
 

 

Fig. 1. (a) LNL of Z versus threshold ξ  for detail high-low (HL) 
sub-band, (b) LNL of Z versus threshold ξ  for detail low-
high (LH) sub-band, (c) LNL of Z versus threshold ξ for 
detail high-high (HH) sub-band, and (d) LNL of Z versus
threshold ξ  for final image in spatial domain. 
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III. Lifting-Based Wavelet Transform 

1. Lifting Scheme 

The past 15 years have shown a steadily growing interest in 

wavelet transforms and perfect reconstruction filter banks 
(PRFBs) as well as their application in numerous areas in signal 
and image processing. Various techniques to construct wavelet 
bases for different cases have been presented. One of these is the 
lifting scheme, which was first introduced by Sweldens in the 
mid 1990's [15]-[17]. Lifting-based wavelet transform 
implementation helps in reducing the number of computations 
[18]. The conventional convolution-based implementation of the 
discrete wavelet transform has high computational and memory 
requirements. Recently, the lifting-based implementation of the 
discrete wavelet transform has been proposed to overcome these 
drawbacks [6], [16], [17], and [19]-[21]. 

The basic principle of the lifting scheme [19] is to factorize the 
polyphase matrix of a wavelet filter into a sequence of alternating 
upper and lower triangular matrices and a diagonal matrix with 
constants. The factorization is obtained by using an extension of 
the Euclidean algorithm. The resulting formulation can be 
implemented by means of banded matrix multiplications. Let 
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zh  and )(~ zg  be the low- and high-pass analysis filters, and 
h(z) and g(z) be the low- and high-pass synthesis filters. The 
filters can be divided into even and odd parts as  
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The polyphase matrices are then defined as  
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It has been shown in [19] that if )~,
~

( gh  is a complementary 
filter pair, then )(~ zP can always be factored into the following 
lifting steps (K1 and K2 are constants):  
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Scheme 1 corresponds to the )(~
1 zP  factorization and is 

shown in Fig. 2. Here the low-pass samples (even terms) are 
multiplied by the time domain equivalent of ),(~ zt  and are 
added to the high-pass samples (odd terms) in the first step. In 
the second step, the updated high-pass samples are multiplied 
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by the time domain equivalent of )(~ zs  and are added to the 
low-pass samples. In scheme 2, which corresponds to the 

)(~
2 zP  factorization, the low-pass terms are calculated in the 

first step ( )(~ zs  is used), and the high-pass terms are 
calculated in the second step ( )(~ zt  is used). In both schemes, 
if a diagonal matrix is present in the factorization, the low-pass 
coefficients are multiplied with K1 and the high-pass 
coefficients are multiplied with K2 .  
 

 

Fig. 2. Forward wavelet transform using lifting scheme. 
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2. Wavelet Decomposition 

Let fxy denote an image. Applying the lifting wavelet filters 
h
~

 and g~  to the image fxy in the x-direction we can obtain 
low- and high-frequency components in the x-direction. After 
down sampling by 2, images are reduced to half on the x-
direction. Equation (9) yields low- and high-frequency 
components of the image in the x-direction, respectively:   
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where h
~

and g~ indicate low-pass and high-pass decomposition 
filters. In the same way as above, applying the lifting wavelet 
filters h

~
and g~  to the two sub-images (fL, fH) in the y-

direction, we obtain four sub-images (fLL, fLH fHL, fHH). Equation 
(10) gives a decomposition of the image into four sub-images: 
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As seen in Fig. 3(a), a two-dimensional lifting-based wavelet 
transform produces one set of approximation coefficients (fLL) 
and three sets of detail coefficients (fLH fHL, fHH). Further 
decomposition can be achieved by acting upon the fLL sub-band 
successively, and the resultant image is split into multiple bands 
in Fig. 3(b). Figures 4(a) and 4(b) show decomposition of a  

 

Fig. 3. Two-dimensional wavelet transform: (a) first-level 
decomposition and (b) second-level decomposition. (L
denotes a low band, H denotes a high band, and the 
subscript denotes the number of the level). 
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Fig. 4. (a) Original image of size 512×512, 1 level decomposition, 
and (b) original image of size 512×512, 2-level 
decomposition. 

(a) (b) 

 
 
512×512 grayscale image, Elaine, at the first and second levels, 
respectively.  

The reconstruction of the image can be carried out by the 
following procedure. First, all four sub-bands at the coarsest 
scale are up-sampled by a factor of 2, and the sub-bands are 
filtered using low-pass h and high-pass g synthesis filters in 
each dimension. Then, the four filtered sub-bands are merged 
to reach the low sub-band at the next finer scale. The process is 
repeated until the image is fully reconstructed.  

IV. Lifting-Based Wavelet Transform E-Median Filter 

A general block diagram of the proposed image restoration 
method is shown in Fig. 5.  
 

 Enhanced
image

Fig. 5. Block diagram of the proposed image restoration method.
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The proposed method for the image restoration is 

implemented as follows: 
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Fig. 6. (a) Corrupted image of size 512 × 512 (PSNR=20.19) and (b) restored image using the proposed method with DB4 filter 
(PSNR=31.77), (c) restored image using spatial domain e-median filter method (PSNR=29.92), and (d) restored image 
using spatial domain median filter method (PSNR=28.50), each after 30 iterations. 

(a) (b) (c) (d) 

 
Step 1. The noisy image is decomposed into the sub-band 

images, LL, LH, HL, HH, using lifting-based wavelet 
filters. 

Step 2. An e-median filter is carried out over three sets of 
detail coefficients, LH, HL, HH. 

Step 3. The peak signal-to-noise ratio (PSNR) is computed. 
Step 4. The newly computed PSNR is compared with the 

previous PSNR; if the newly computed PSNR is 
greater or equal to the previous PSNR, then the 
restoration process continues and the program goes to 
step 2. But if not, go to step 5. 

Step 5. The sub-band images are inversely transformed to the 
spatial domain using an inverse lifting-based 
Daubechies 2 (DB2), Daubechies 4 (DB4), or Haar 
wavelet filter and sent through one SDEMF to 
produce the final restored image.  

V. Experimental Results 

Simulations have been performed on various types of gray 
scale images 512×512 in size, Elaine, Scene, and Lena, using 
a mask size of 5×5. In many cases, a relatively small window 
(3×3) provides satisfactory results. However, for a highly 
corrupted image (about 20 percent), a 2-D median filter with a 
small window does not suppress noise effectively. It is 
therefore necessary to use a relatively larger window (5×5). To 
evaluate the performance of the proposed method, we 
compared it with SDMF, SDEMF, and the wavelet 
thresholding method. The lifting-based wavelets in this study 
belong to the following families: Haar, DB2, and DB4. The 
performance of the method was evaluated using the PSNR. Let 
f̂ and Z denote the original and restored images, respectively. 

The root mean square error is given by  

 ∑ −=
k

kk Zf
NM

2)ˆ(1ε ,             (11) 

where N and M indicate the size of image. The PSNR in 
decibels is given by  

 





=

ε
256log20 10PSNR .               (12) 

The corrupted image by Gaussian noise at PSNR= 20.19 is 
shown in Fig. 6(a). Figure 6(b) illustrates the result of the 
proposed method using the DB4 filter with decomposition 
level 1 at PSNR=31.77, while Fig. 6(c) shows the result of 
SDEMF at PSNR=29.92 and Fig. 6(d) shows that of SDMF at 
PSNR= 28.50 after 30 iterations. 

Figure 7 plots the PSNR versus number of iterations for the 
proposed method, SDMF, and SDEMF. In Fig. 7, the 512×512 
image Lena was used. It can be seen from Fig. 7 that the 
proposed method provides superior results to SDMF and 
SDEMF in the removal of Gaussian noise at different numbers 
of iteration. When the number of iterations increases, the 
proposed method enhances the image quality, while SDMF 
 

 

Fig. 7. PSNR versus number of iterations for the proposed 
method, SDMF, and SDEMF (512 × 512 Lena). 
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Fig. 8. (a) Corrupted image (PSNR=20.19), (b) the result of the proposed method with DB4 (PSNR=25.96), (c) the result of SDMF 
(PSNR=25.49), and (d) the result of SDEMF (PSNR=25.75). 

(a) (b) (c) (d) 

 

Table 1. PSNR for different lifting-based wavelet filters, SDMF, SDEMF, and wavelet thresholding. 

Proposed algorithm 
 Noisy image 

Haar DB2 DB4 
SDMF SDEMF Visuhard 

thresholding 
Visusoft 

thresholding

Elaine 512×512         
σ=10 28.17 32.62 36.03 36.47 34.77 36.01 34.46 32.94 
σ=15 24.65 31.23 33.95 34.70 31.77 33.93 32.88 31.72 
σ=20 22.13 29.69 32.69 33.11 29.50 32.03 31.82 30.92 
σ=25 20.21 28.32 31.04 31.77 27.67 30.63 30.95 30.32 
σ=30 18.63 27.08 30.01 30.56 26.15 29.21 30.32 29.83 

Lena 512×512         
σ=10 28.17 28.84 31.29 32.09 30.37 31.14 30.93 29.02 
σ=15 24.65 28.80 30.03 30.51 29.61 29.84 29.24 27.73 
σ=20 22.13 28.19 29.17 29.52 28.79 28.85 28.09 26.93 
σ=25 20.21 27.73 28.61 28.80 27.95 27.97 27.35 26.36 
σ=30 18.63 27.0 28.07 28.09 27.15 27.30 26.70 25.94 

 

and SDEMF degrade it.  
Figure 8(a) shows a corrupted image at PSNR=20.19, while 

Figs. 8(b), 8(c), and 8(d) plot the result of the proposed method, 
SDMF, and SDEMF, respectively. It is obvious from Fig. 8 that 
our method shows superior performance to SDEMF and 
SDMF in image restoration. 

Table 1 lists the PSNR of the proposed algorithm, SDMF, 
SDEMF, and wavelet thresholding for images corrupted with 
Gaussian noise of zero mean and different standard deviations.  
It is obvious from Table 1 that our proposed method with 
Daubechies filters shows superior restoration performance over 
SDMF, SDEMF, and wavelet thresholding.  

Also, we investigated the effect of the wavelet 
decomposition level on our method and noted that the 
restoration process became worse with deeper decomposition. 
Figure 9(a) plots 2-level decomposition of the noisy image 
using the lifting-based DB4 filter at PSNR=24.63. Figure 9(b) 
depicts the restored image of Fig. 9(a) at PSNR=33.13 by the 
proposed method. Figure 9(c) illustrates the 3-level 

decomposition of the noisy image using the lifting-based DB4 
filter at PSNR=24.63. Figure 9(d) shows the restored image of 
Fig. 9(c) at PSNR=30.12 by the proposed method. 

Figure 10 shows a comparison of our proposed method with 
wavelet hard and soft thresholding. 

VI. Conclusion 

We have proposed an image restoration method of using a 
lifting-based wavelet domain e-median filter, which exhibits 
improved performance for additive white Gaussian noise 
removal. The effects of increasing the number of 
decomposition levels and the different kinds of wavelet filters 
on the proposed method have been investigated. Our 
experiments indicate that the image restoration performance 
related to the wavelet decomposition level becomes worse with 
deeper decomposition. Only the Daubechies wavelet can get 
the exact wave times in the expectative high frequency to 
express an object’s profile. In other words, the Daubechies 
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Fig. 9. (a) 2-level decomposition of noisy 512 × 512 Elaine image (PSNR=24.63), (b) restored image of Fig. 8(a) by proposed method 
with DB4 filter (PSNR=33.13), (c) 3-level decomposition of noisy 512 × 512 Elaine image (PSNR=24.63), and (d) restored 
image of Fig. 8(c) by proposed method with DB4 filter (PSNR=30.12). 

(a) (b) (c) (d) 

 
 

Fig. 10. (a) Corrupted image (PSNR=22.13), (b) the result of the proposed method with DB4 (PSNR=29.52), (c) the result of wavelet 
thresholding (universal hard thresholding at PSNR=28.09), and (d) the result of wavelet thresholding (universal soft 
thresholding at PSNR=26.93). 

(a) (b) (c) (d) 

 
wavelet function has stronger ability to separate noises than 
other wavelets. The proposed method showed better 
performance using the DB4 wavelet filter. When the PSNR is 
low, transforming an image to the lifting-based wavelet domain 
produces better results than directly applying an e-median filter 
in the spatial domain. LBWDEMF alleviates the problem of 
encountering root sub-images at an early stage of iterations and 
makes further improvement possible. In other words, each of 
the sub-bands is processed independently in the wavelet 
domain by an e-median filter. In contrast, SDEMF degrades 
image quality after a few iterations due to encountering the root 
image at an early stage. It has been seen from the experimental 
results and visual observation of restored images that the 
proposed algorithm outperforms the other methods under study. 
The better performance of the proposed technique is due to a 
combined effect of the e-median filter and wavelet transform. 
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