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In this paper we propose a graph-theoretic method 
based on linear congruence for constructing low-density 
parity check (LDPC) codes. In this method, we design a 
connection graph with three kinds of special paths to 
ensure that the Tanner graph of the parity check matrix 
mapped from the connection graph is without short cycles. 
The new construction method results in a class of (3, ρ)-
regular quasi-cyclic LDPC codes with a girth of 12. Based 
on the structure of the parity check matrix, the lower 
bound on the minimum distance of the codes is found. The 
simulation studies of several proposed LDPC codes 
demonstrate powerful bit-error-rate performance with 
iterative decoding in additive white Gaussian noise 
channels. 
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I. Introduction 

Low-density parity check (LDPC) codes, discovered by 
Gallager in the early 1960s [1], were rediscovered in late 1990s 
and were shown to form a class of Shannon-limit-approaching 
codes. An LDPC code can be described by a bipartite graph 
called a Tanner graph [2]. The length of the shortest cycle in a 
Tanner graph is referred to as its girth. Since short cycles 
prevent the iterative decoding from converging and degrade the 
performance of the LDPC decoders, they must be avoided in 
code construction; for this reason, many methods for 
constructing LDPC codes without short cycles have been 
proposed in [3]-[15]. Fossorier [6] constructed a family of quasi-
cyclic (QC)-LDPC codes from circulant permutation matrices, 
and derived necessary and sufficient conditions for such codes to 
have girths of eight, ten, and twelve, respectively. A high-girth 
code can be obtained from an array code by deleting certain 
columns of their parity check matrices [7]. Tanner and others [9] 
gave an explicit construction of high-girth QC-LDPC codes using 
an underlying structure of multiplicative groups in the set of 
integers modulo m. 

The parity check matrix of a (λ, ρ)-regular LDPC code is 
sparse, withλ 1-entries in each column and ρ 1-entries in each 
row. Although the irregular LDPC codes outperform regular 
LDPC codes, the regular structure of the latter can be exploited 
to simplify the decoder. It is shown that the best performance of 
regular LDPC codes under iterative decoding can be achieved 
with λ = 3 [16]; therefore, we restrict regular LDPC codes with 
λ = 3. 

In general, the structured LDPC codes have encoding 
advantages over the random LDPC codes, especially QC- 
LDPC codes. The QC-LDPC codes can be encoded in linear 
time with shift registers [17], and some classes of QC-LDPC 
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codes based on circulant permutation matrices can be encoded 
by division circuits as cyclic codes [18]. In addition, the QC-
LDPC codes achieve better memory efficiency in comparison 
with conventional LDPC codes.  

This paper presents a graph-theoretic method to construct QC-
LDPC codes with large girth. Unlike other construction methods 
based on circulant permutation matrices, to the best of our 
knowledge, for the first time, we have designed a special 
connection graph with three kinds of special paths to ensure that 
the Tanner graph of the parity check matrix mapped from the 
connection graph is without short cycles. These vertices of the 
special connection graph and two kinds of special paths are 
mapped from the 1-entries and rows (columns) of the parity 
check matrix of an array code, respectively. The third kind of 
special path is obtained by connecting the corresponding vertices 
in this graph based on linear congruence. In the next step, we 
map the vertices and the three kinds of special paths of this 
connection graph to the columns and rows of parity check matrix 
H. The length of the shortest cycles of the Tanner graph defined 
by parity check matrix H is 12 using this construction method. 
Hence, a class of QC-LDPC code with a girth of 12 is obtained. 

II. Construction of Codes 

1. Graph Structure 

Let G=(V, E) be an undirected connection graph with vertex 
set V of size n and edge set E. A path in G is a finite alternating 
sequence of distinct vertices and edges, beginning and ending 
with a vertex. A path of length β contains β+1 vertices. Let L be 
a set of m paths of length ρ–1, which satisfies the constraint that 
any two paths in L are either disjointed (have no vertex in 
common) or singularly crossing (have exactly one vertex in 
common). Any two paths in L have no edges in common; 
furthermore, each vertex in V just lies on 3 paths in L. A p-
cycle of length γ in G is a closed path which begins and ends at 
the same vertex, and the p-cycle passes through γ paths in set L 
or some vertices and edges of each path. That is to say, a p-
cycle of length γ is a cycle enclosed by γ paths in set L. For 
example, in Fig. 1(b), L={L1, L2,···, L7}, the length of each path 
is 2, and a p-cycle of length 3 passing through some vertices 
and edges of L3, L4, and L6 is indicated by dash lines. 

Let H=[hi, j] be the binary matrix whose n columns 
correspond to n vertices that lie on the paths in L and whose 
m rows correspond to the m paths in L, where hi, j=1 if, and 
only if, the j-th vertex is on the i-th path. Since the length of 
each path in L is ρ–1 and each vertex lies on 3 paths in L, each 
row of H has weight ρ, and each column of H has weight 3. If 
ρ is very small compared to the number n, H is a sparse matrix. 
Therefore, the null space of H over GF(2) gives a (3, ρ)-regular 

LDPC code of length n. We call the graph corresponding to 
matrix H structure graph Gs. Since there is a one-to-one 
correspondence between p-cycles in Gs and cycles in H and the 
p-cycles are half the length of the corresponding cycles, it is easy 
to identify the cycles in H. For example, Fig. 1 shows a cycle of 
length 6 in H and the corresponding p-cycle of length 3 in its 
structure graph. Therefore, a new class of LDPC codes with 
large girth can be easily obtained by designing the structure 
graph without short p-cycles. 

Consider path subsets ,1 LL ⊆ ,2 LL ⊆ and .Ø21 =LL ∩  
We define L1(Vi) and L2(Vi) as the number of paths in L1 and L2 

passing vertex Vi, respectively. The vertex set V1 = {Vi : L1(Vi) 
mod 2=1, Vi∈V}, V2 = {Vi : L2(Vi) mod 2=1, Vi∈V}. If 
V1=V2, there is a redundant row in H, and we call L1 and L2 
cor-path subsets. As seen in Fig. 1, rows l2, l3, l4, and l5 in H are 
correlative, as L1={L3, L4}, L2={L2, L5}, and V1=V2={V4, V5, V6, 
V7} in Gs.  
 

 

Fig. 1. (a) A cycle with a length of 6 in parity check matrix H and 
(b) the corresponding p-cycle with a length of 3 (indicated 
by dashed lines) in its structure graph. 
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2. Design Procedure 

 Consider the Galois field GF(p) where p is a prime. The 
addition and multiplication of GF(p) are modulo-p 
addition⊕ and modulo-p multiplication⊗ . Let T be the set of 
p2 p-tuples over GF(p):  

.pGFj,i,jXiXf

p,f,fTi,j

)}()()(

:))1()0(({

∈⊕⊗=

−==Τ
         (1) 

Theorem 1. Any two p-tuples in T have no more than one 
component in all p positions in common. 

Proof. For pjjiik <≤ ',,',,0 , the k-th component k
jiT ,  

of Ti, j and the k-th component k
jiT ',' of ',' jiT are jki ⊕⊗ )(  

and ')'( jki ⊕⊗ , respectively. Therefore, a linear congruence 
for variable k can be obtained as follows: 

)(mod0)'()'( pjjkii ≡−+⋅− .           (2) 
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The number of roots of (2) exactly equals the number of the 
same components in all p positions between Ti, j and ',' jiT . It is 
clear that (2) has no solution for 'ii =  and 'jj ≠ , whereas 
(2) has a unique solution for 'ii ≠ because 1),( =′− piiGCD  
for 'ii ≠ . Thus, Ti, j and ',' jiT have no more than one 
component in all p positions in common.                 

Let S0, S1,···, Sp-1 and Z0, Z 1,···, Z p-1 be 2p sets of p2 p-tuple 
over GF(p). For pkji <≤ ,,0 , the p-tuple Si, j, k in Si is 
defined as )),1(,),1(),0((,, −= pfffS kji where 

jXkiXf ⊕⊗⊕= )()( , and the p-tuple Zk, i, j in the set Zk is 
defined as )),1(,),1(),0((,, −= pfffZ jik where 

jkiXkiXf ⊕⊗⊕⊗⊕= )()( . Thus, from theorem 1, no 
two p-tuples in the same set Si (or Zk) have more than one 
component in all p positions in common. 

For each element )(GF pj∈ , its location vector is a p-tuple 
over GF(2), ),,,,()( 110 −= p

jjj MMMjM where 1=j
jM and 

all other components equal zero [8]. For pkji <≤ ,,0 , matrix 
B is constructed with the components of Ti, j as follows: 

0 1 1
0,0 0,0 0,0 0,0

0 1 1
0, 1 0, 1 0, 1 0, 1

0 1 1
1,0 1,0 1,0 1,0

0 1 1
1, 1 1, 1 1, 1 1, 1

=

p

p
p p p p

p
p p p p

p
p p p p p p p p

T T T T

T T T T

T T T T

T T T T

−

−
− − − −

−
− − − −

−
− − − − − − − −

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

B ,    (3) 

and each entry of matrix B is replaced by its location vector; 
thus, we obtain assistant matrix A with a p×p array of 
submatrices: 

0,0 0,1 0,p-1

1,0 1,1 1,p-1

p-1,0 p-1,1 p-1,p-1

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

A A A
A A A

A

A A A

.           (4) 

For ,,0 pki <≤  each submatrix Ai, k is 

0

1

-1

( )
( )

( )

k
i,

k
i,

i,k

k
i,p

M T
M T

M T

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

A  . 

It is a p×p identity matrix with rows cyclically shifted to the 
right by i k⊗ positions. Hence, A is a p2×p2 matrix with 
constant column weight p and constant row weight p over 
GF(2). It has the same form as the parity check matrix of an 
array-type LDPC code [10]. Based on theorem 1, no two rows 
in A have more than one 1-entry in common, in other words, 

assistant matrix A satisfies the row-column (RC)-constraint. 
Based on assistant matrix A, a structure graph Gs 

with p isomorphic subgraphs, ,,,, 1
s

1
s

0
s

−pGGG can be 
designed. Each subgraph has p3 vertices (corresponding to p3 1-
entries of A), p2 paths of length p–1 called the r-path 
(corresponding to p2 rows of A), and p2 paths of length p–1 
called the c-path (corresponding to p2 columns of A). Since the 
assistant matrix A satisfies the RC-constraint, the length of the 
minimal p-cycles of these subgraphs is 6. For plkji <≤ ,,,0 , 
we label the vertex in l

sG  corresponding to the 1-entry of the 
j-th row of Ai, k of A as Vl, i, k, j. Starting from V0, i, k, j, if we 
connect p vertices . . , '{ : ' ( ) ,0 }l i k jV j i k l j l p= ⊕ ⊗ ⊕ ≤ < , 
then a path of length p–1 called the t-path jki

TL ,,  can be 
obtained. Thus, there are p4 vertices, p3 r-paths, p3 c-paths, and 
p3 t-paths together. For the different value of i, these p3 t-paths 
can be partitioned into p path subsets ,,,, 110

TTT LLL −p which 
correspond to p p-tuple sets S0, S1,···, Sp-1, respectively. 
Similarly, since the column position of the 1-entry of the j́ -th 

))('( jlkij ⊕⊗⊕= row of Ai, k of A is jlkiki ⊕⊗⊕⊕⊗ )()( , 
for the different value of k, these p3 t-paths can be partitioned 
into p subsets ,,, 10

T'T' LL T'L 1−p  corresponding to p p-tuple 
sets Z0, Z1,…, Zp-1, respectively. Therefore, any two paths in 
the p3 t-paths are disjointed, and the length of the minimal p-
cycles enclosed by the p3 t-paths and the p3 r-paths (or p3 c-
paths) is 6. For the p-cycles enclosed by the three kinds of 
paths together, since any p-cycle is composed of at least two 
r-paths, two c-paths, and two t-paths, the length of the p-
cycle is no less than 6. As a result, the length of the 
 

 

Fig. 2. Construction of the code with p=3: (a) assistant matrix A, 
(b) subgraph 0

sG , and (c) structure graph Gs. The bold 
lines illustrate a p-cycle with length 6 (Only part of the t-
paths is illustrated). 
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minimal p-cycles of Gs is 6. An example is shown in Fig. 2, 
where p=3. 

Map the 3p3 paths and the p4 vertices in Gs to the rows and 
the columns in parity check matrix H as follows: 

• For plkji <≤ ,,,0 , if two paths of l
sG  intersect at the 

vertex Vl,i,k,j, then hr1,co=hr2,co=1 in matrix H, where 
),(23 jkipkplplco ⊕⊗+⋅+⋅+⋅= ,1 2 jpiplr +⋅+⋅=  

and )(2 23 jkipkplpr ⊕⊗+⋅+⋅+= .  
• Similarly, if the vertex Vl, i, k, j́  lies on the t-path jki

TL ,, , then 
,1,3 =corh where ,)(' jlkij ⊕⊗⊕= ,23 23 jpkpipr +⋅+⋅+⋅= and 

'23 jpkpiplco +⋅+⋅+⋅= . 

Then, a 3p3×p4 parity check matrix H can be obtained. The 
structure of parity check matrix H is illustrated in Fig. 3. Since 
the length of each path in these 3p3 paths is p–1 and each vertex 
lies on 3 paths (one r-path, one c-path, and one t-path), each 
row of H has weight p, each column of H has weight 3, and the 
null space of H gives a (3, p)-regular LDPC code with length 
p4. Moreover, the length of the minimal p-cycles of Gs is 6, thus 
the girth of the new LDPC code is 12. Because Gs has some 
cor-path subsets, H has some redundant rows; as a result, the 
code rate is slightly higher than (p-3)/p. 
 

 

Fig. 3. Structure of parity check matrix H. 
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3. Extension of the Construction Method 

To achieve more flexible block lengths and code rates, one 
possible modification to the above construction method is 
proposed.  

Masking assistant matrix A by an r×r ( pr ≤ ) matrix 
Wm=[wi, j] over )2(GF with column and row weights q 
( rq ≤ ), we obtain a new assistant matrix Am. The masking 

operation [11] can be modeled mathematically as 
],[ ,, jijimm w AAWA =∗=  where , , ,i j i j i jw =A A for wi, j=1 and 

wi, jAi, j=0 (zero matrix) for wi, j=0. From the results presented in 
[13], we can get the following results: If there is a cycle 

11133332222111 ,,,,,,, jijijijijijiji wwwwwww →→→→→→ of 
length 6 in Wm, and  

,0mod)]()[(
3

1
3mod)1( ≡⊗−⊗∑

=
+ pjiji

a
aaaa       (5) 

the nodes of the 6 submatrices 1 1,i jA , 1 2,i jA , …, 3 3,i jA , 
3 1,i jA form p cycles of length 6. Thus, there are p 

corresponding p-cycles of length 6 in each subgraph 
skG (0 k p≤ < ). In this way, we can effectively reduce the 

number of short p-cycles in structure graph Gs by selecting the 
proper matrix Wm. Consequently, the number of cycles of 
length 12 in the Tanner graph defined by the parity check 
matrix can be efficiently reduced. If we randomly select q 
subgraphs and all p r q⋅ ⋅  t-paths from structure graph Gs 
which are constructed based on the new assistant matrix Am, a 
new structure graph sG  can be obtained. It gives rise to a 

23p r q p r q⋅ ⋅ × ⋅ ⋅  new parity check matrix H with a 
column weight of 3 and a row weight of q. Moreover, H  
retains the quasi-cyclic structure of parity check matrix H. As a 
result, the null space of H gives a new (3, q)-regular QC-
LDPC code with more flexible block length p·r·q2, compared 
with block length p4. 

Similarly, if we select an 1 2r r× ( 1 2,r r p≤ ) matrix mW  
with column weight 1q ( 1 1q r≤ ) and row weight 2q    
( 2 2q r≤ ) to mask assistant matrix A, and select 3q ( 3q p≤ ) 
subgraphs from structure graph Gs, a new 

32112213 ))(( qqrprqrrqp ⋅⋅⋅×⋅++⋅⋅ parity check matrix 
′H with a constant column weight of 3 and row weights q1, q2, 

and q3 can be obtained. It gives rise to a new QC-LDPC code 
with an even more flexible block length of 1 2 3p r q q⋅ ⋅ ⋅  and 
code rate 3 1 2 2 1 1 2 31 ( ( ) ) /( )q r r q r r q q− ⋅ + + ⋅ ⋅ ⋅ . Meanwhile, the 
girth of the new QC-LDPC code is at least 12. 

III. Properties of Constructed Codes 

This section describes several properties of the new LDPC 
codes constructed in section II. 

1. Girth 

The sum-product decoding algorithm converges to the 
maximum a posteriori (MAP) solution for graphs that are trees 
(have no cycles); for graphs with cycles, there is no such 
optimality. If the girth of the Tanner graph is g, then the 
iterative decoding algorithm is optimal for ⎡ ⎤4/)4( −g  
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iterations. Thus, large girth leads to reduced dependence in 
message passing and more efficient iterative decoding when 
the sum-product algorithm is used. An upper bound on the 
girth of a Tanner graph can be obtained from the well-known 
tree bound [1]. From the construction of the structure graph Gs 
described in section II, the length of the minimal p-cycles of Gs 
is 6; the corresponding LDPC codes have girth 12. Moreover, 
with the masking operation, we reduce the density of 1-entries 
of the assistant matrix; hence, the new structure graph, sG , has 
either larger p-cycles or a smaller number of short p-cycles than 
the original structure graph, Gs. Consequently, the lower bound 
on the girth of the Tanner graph of the new LDPC codes is 12.  

2. Quasi-Cyclic Structure 

Figure 3 shows the structure of parity check 
matrix T T T T

1 2 3= [ , , ]H H H H . For 1 3f≤ ≤ , Hf can be 
partitioned to a p2×p3 array of p×p submatrices. The 3p nonzero 
submatrices (indicated by squares) in Hf are 
{ : 0 , , }f

l,i,k i k l p≤ <B . From the mapping method described 
in section II, 1

l,i,kB has the location vectors of 0i k⊗ ⊕ , 
1i k⊗ ⊕ ,…, ( 1)i k p⊗ ⊕ − as the rows: 

1

( 0)
( 1)

( ( 1))

l,i,k

M i k
M i k

M i k p

⊗ ⊕⎡ ⎤
⎢ ⎥⊗ ⊕⎢ ⎥=
⎢ ⎥
⎢ ⎥

⊗ ⊕ −⎣ ⎦

B .           (6) 

Under modulo-p addition and multiplication, the location 
vector ( ( 1))M i k j +⊗ ⊕ of the field element 

( 1)i k j +⊗ ⊕ is the cyclic-shift of the location vector 
( )M i k j⊗ ⊕ of the field element i k j⊗ ⊕ for 0 j p≤ < . 

Therefore, 1
l,i,kB is a circulant permutation matrix. Moreover, 

for 0 ,i k p≤ < , 1 1 1
0, 1, -1,i,k i,k p i,k= = =B B B . 3

l,i,kB  has the 
location vectors of (i⊕k)⊗l⊕0, (i⊕k)⊗l⊕1,…, 
( ) ( 1)i k l p⊕ ⊗ ⊕ − as the rows. Similarly, it is also a circulant 
permutation matrix. In the case of 2

l,i,kB , since the 1-entry in 
the (i⊗k⊕j)th row of 2

l,i,kB is located at the (i⊗k⊕j)th 
column of 2

l,i,kB , submatrix 2
l,i,kB is a pp× identity matrix. 

Consequently, the entire parity check matrix H can be 
partitioned into a 3p2×p3 array of p×p submatrices; each 
submatrix is either a zero matrix or a circulant permutation 
matrix. Therefore, the null space of H gives a QC-LDPC code. 

It is known that the decoders of general LDPC codes need a 
significant amount of memory to store their parity-check 
matrices. The QC-LDPC code, however, can solve the 
memory problem, since their parity-check matrices consist of 
circulant permutation matrices or zero matrices. In fact, in the 
case of general QC-LDPC codes, the memory required to store 
them can be reduced by a factor 1/p when p×p circulant 

permutation matrices are employed. Since there are r ·q2 
identity matrices and 1 1 1

0 1 -1,i,k ,i,k q ,i,k= = =B B B  
( 0 i r≤ < , 0 k q≤ < ), the memory required for the new QC-
LDPC codes can be further reduced by a factor ω: 

        
2

2

1 1
3 3 3

q r q r q
q r p q p p

ω ⋅ + ⋅ +
= = ≈

⋅ ⋅ ⋅
.          (7)  

3. Minimum Distance 

At high signal-to-noise ratios (SNRs), the maximum-
likelihood decoding performance of an error-correcting code is 
dominated by the code’s minimum Hamming distance dm. A 
lower bound on dm for regular LDPC codes was derived in [2]:  
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λ

 

where g is the girth of the code, and λ is the column weight of 
the parity check matrix. For λ=3 and g=12, 14md ≥ . However, 
this lower bound is loose for the new codes. Therefore, a new 
lower bound on dm is given below in the form of a theorem. 

Theorem 2: The minimum distance of the new codes is 
lower-bounded by 24. 

Proof. The structure of the binary parity check matrix H is 
TTTT ],,[ 321 HHHH = or ],,,[ 110 −= pHHHH  as depicted 

in Fig. 3. We define an inc idence vector, Di=(ri,1, ri,2, ri,3), of 
the i-th column in H; for 1 i n≤ ≤  and 1 3j≤ ≤ , ri, j denotes 
the row number at which the 1-entry is located. From the 
structure of H, if the column set Ψ satisfies the following 
constraints: 

),2(mod0and)2(mod0 2,1, == ∑∑
Ψ∈Ψ∈ C

C
C

C rr      (9) 

then | |≥ 6Ψ . Moreover, these columns must belong to any 
one of the submatrices: H0,…, Hp-1. Randomly select 6 such 
columns, 1

1C ,···, 1
6C , for 1 1 2 3 1 1 10 , , , , , ', '' 1l i i i j j j p≤ ≤ − , 

1 11 2
21 1 1,1 ,1C Cr r l p i p j= = ⋅ + ⋅ + , 1 13 4

21 2 1,1 ,1 'C Cr r l p i p j= = ⋅ + ⋅ + , and 
1 15 6

21 3 1,1 ,1 ''C Cr r l p i p j= = ⋅ + ⋅ + . It is clear that 1 2 3i i i≠ ≠ . Then, 
the incidence vectors of 1

1C and 1
2C are 

)),](mod)([2,,( 11111
2

1
3

2,1, 1
1

1
1

1
1

plkijpkpiprrD
CCC

⋅+−+⋅+⋅+=

         for 10 k p≤ < , 

)),](mod)([2,,( 12112
2

1
3

2,1, 1
2

1
2

1
2

plkijpkpiprrD
CCC

⋅+−+⋅+⋅+=

                   for .0 2 pk <≤  

Since ,21 kk ≠ .
3,3, 1

2
1
1 CC

rr ≠ Randomly select two 
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columns 2
1C and ,2

2C such that 
3,3, 1

1
2
1 CC

rr = and ,
3,3, 1

2
2
2 CC

rr =  
respectively. Then, their incidence vectors are 

),,,(
3,2,21

2
2 1

1
2
1

2
1 CCC

rrjpiplD +⋅+⋅=   

),)](mod)(([ 121112 pllkijj −++=  for ,10 2 −≤≤ pl  

),,,(
3,2,31

2
3 1

2
2
2

2
2 CCC

rrjpiplD +⋅+⋅=   

),)](mod)(([ 132113 pllkijj −++=  for 30 1l p≤ ≤ − .  

Similarly, there are 3
1C and 3

2C , which satisfy the equations 

1,1, 2
1

3
1 CC

rr = and ,
1,1, 2

2
3
2 CC

rr = respectively, and the incidence 
vector of 3

2C is 

)).](mod)([2,,( 31131
2

1
3

2,1, 3
2

2
2

3
2

plkijpkpiprrD
CCC

⋅+−+⋅+⋅+=  

Since 2 1 3 1( ) ( ) 0(mod )k k l l p− ⋅ − ≠ as ,,,,0 1312 pllkk <≤ 21 kk ≠  
and ,13 ll ≠ then .

3,3, 2
1

3
2 CC

rr ≠ Similarly, .
3,3, 2

2
3
1 CC

rr ≠ If 
,

3,3, 3
2

3
1 CC

rr ≠ then two other columns, 4
1C and 4

2C need to be 
selected, such that ,

3,3, 3
1

4
1 CC

rr = .
3,3, 3

2
4
2 CC

rr =  If ,
3,3, 3

2
3
1 CC

rr =  
then two other columns 4

1C and 4
2C need to be selected, such 

that ,
2,2, 3

1
4
1 CC

rr = .
2,2, 3

2
4
2 CC

rr =  Therefore, we need to select at 
least 6 other columns },42,21{ ≤≤≤≤ jiC j

i such that 1
1C , 

1
2C and these columns satisfy above constraints. In the case 

of 1
3C , 1

4C  (and 1
5C , 1

6C ), we can draw the same conclusions. 
Since ,321 iii ≠≠ the other 18 columns },42,61{ ≤≤≤≤ jiC j

i are 
distinct. Thus, if column set Φ satisfies the following 
constraint: 

,31),2(mod0, ≤≤=∑
∈

jr
C

jC
Φ

        (10) 

then | |≥ 24Φ . Therefore, the minimal linearly dependent set of  
 

 

Fig. 4. (a) Tanner graph of parity check matrix H and (b) Tanner
graph after removing all inactive elements. Active
(inactive) bits, checks, and edges are denoted by solid
(open) circles, squares, and lines, respectively. 
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(b) 

…

…… 
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parity check matrix H has at least 24 elements. This conclusion 
can be readily extended to other LDPC codes with this 
construction method. Consequently, the minimum Hamming 
distance of the new LDPC codes is no less than 24.  

The Tanner graph of parity check matrix H is depicted in Fig. 
4(a), where check nodes are represented by squares and bit 
nodes by circles. We say that a bit node vi is active for a 
codeword c = (c0, c1,···, cn-1) if ci = 1; an edge is active if it 
connects to an active bit node; a check node is active if it is 
connected to at least one active bit node. In Fig. 4, active bits, 
edges, and checks are indicated by solid circles, lines, and 
squares, respectively. Removing all inactive elements, as in Fig. 
4(b), we obtain a new bipartite graph with check node set Vc and 
bit node set Vb. As a bipartite graph, there exists the following 
relationship between the sum of the degrees of the check nodes 
in Vc and the sum of the degrees of the bit nodes in Vb: 

.)()( ∑∑
∈∈

=
bc VV uv

udvd              (11) 

Since any LDPC codeword satisfies all check equations of 
its parity check matrix, then 

).2(mod0)( =∑
∈ cVv

vd             (12) 

If d(u) ≡ 1(mod 2) for bu ∈V , then bV is even and the 
codeword weight is even. In [19], the same results are also 
presented using the state transition diagram. For the (3, ρ)-
regular QC-LDPC codes, since d(vi)=3, for0 i n≤ < , the new 
codes also have even Hamming weight. 

IV. Error Performance of Selected LDPC Codes 

In this section, we present several new QC-LDPC codes, 
constructed as described in section II, and their error 
performance with iterative decoding using the sum-product 
algorithm (SPA). The SPA decoder is implemented in the log 
domain, and the extrinsic information (log likelihood) is 
clipped to 10 in magnitude. It stops when either a valid 
codeword is found or the maximum number of decoding 
iterations is reached. For performance computation, we assume 
BPSK transmission over an AWGN channel with SNR Eb/N0. 

Figure 5 shows the bit error performance of three new (3, 6)-
regular QC-LDPC codes, whose specific design parameters are 
shown in Table 1. At a bit error rate (BER) of 10-5, the (4356, 
2205) code performs only 1.48 dB from the Shannon limit, 
which is quite good considering that the code length is only 
4356. In the case of (7956, 4009) code, it performs 1.34 dB 
from the Shannon limit. Moreover, both of them have no error 
floor down to the BER of 10-7. For comparison, the error 
performance of a (3, 6)-regular (4906, 2453) code [15]  



ETRI Journal, Volume 29, Number 3, June 2007 Long-Jiang Jing et al.   387 

Table 1. Design parameters of the new regular QC-LDPC codes. 

(λ, ρ) (3, 6) (3, 5) (3, 4) 

Block length 4356 7956 19836 875 2200 11500 784 1936 5776 

(p, r, q) (11, 11, 6) (17, 13, 6) (29, 19, 6) (7, 5, 5) (11, 8, 5) (23, 20, 5) (7, 7, 4) (11, 11, 4) (19, 19, 4)

Vertex number 4356 7956 19836 875 2200 11500 784 1936 5776 

Path number 2178 3978 9918 525 1320 6900 588 1452 4332 

Design rate 0.5 0.4 0.25 

Actual rate 0.506 0.504 0.502 0.416 0.409 0.404 0.272 0.263 0.257 

Girth 12 

 

 

Fig. 5. Performance of the (3, 6)-regular LDPC codes. 

1.1 1.2 1.3 1.4 1.6 1.7 1.8 1.91.5
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

Eb/N0 (dB) 

B
it 

er
ro

r r
at

e 

(4356, 2205) (new)
(4000, 2000) (Mac)
(4906, 2205) (DM)
(7956, 4009) (new)
(8000, 4000) (Mac)
(19836, 9961) (new)
(20000, 10000) (new)

Maximum number of 
iterations: 100 

 
 

 

Fig. 6. Performance of the (3, 5)-regular LDPC codes. 
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(girth 12) and three MacKay’s codes [20] (4000, 2000), (8000, 
4000), and (20000, 10000) (column weight 3 and girth 6) are 
also included in this figure. It can be seen that the new codes 

outperform MacKay’s codes. Both the (4906, 2453) code, 
constructed with the dilation matrices (DM), and the new 
(4356, 2205) code have a girth of 12. However, the new code 
slightly outperforms its counterpart. At a BER of 10-5, the new 
(4356, 2205) code has an extra coding gain of about 0.1 dB 
with respect to MacKay’s code (4000, 2000). As the block 
length increases, the improvement obtained is reduced. The 
advantage of the new QC-LDPC code, however, is its simple 
encoding which can be implemented with a simple shift 
register adder accumulator. Hence, the encoder complexity is 
linearly proportional to the number of parity check bits of the 
code. Moreover, the structure of the QC-LDPC code also 
reduces the decoder storage and hardware complexity. In the 
case of the new (7956, 4009) code, the memory required to 
store its parity check matrix can be reduced by a factor 7/306. 

Figure 6 shows the bit error performance of three new (3, 5)-
regular QC-LDPC codes, whose specific design parameters are 
also given in Table 1. It should be noted that the girth of the new 
(3, 5)-regular LDPC code with a length of 875 can be up to its 
upper bound of 12. For comparison, the performance of three (3, 
5)-regular QC block LDPC codes [9] with similar block lengths 
and rates, constructed by Tanner and others, are also given in Fig. 
6. Both the (3, 5)-regular QC block LDPC codes and the new 
LDPC codes have a girth of 12 and a minimum Hamming 
distance of 24. However, the new codes significantly outperform 
the QC block LDPC codes. For instance, the new codes (875, 
364), (2200, 900), and (11500, 4644) achieve about 0.2, 0.25, 
and 0.65 dB coding gains at a BER of 10-5, respectively, with 
respect to the QC block LDPC codes (905, 364), (2105, 844), 
and (11555, 4622). Moreover, we do not see any evidence of the 
error floor problems observed in the QC block LDPC codes. A 
possible reason is that the new codes have a better weight 
distribution of codewords than the QC block LDPC codes. 

Figure 7 shows the bit error performance of three new (3, 4)-
regular QC-LDPC codes, whose specific design parameters are 
given in Table 1. For comparison, the performance of three 
randomly generated (3, 4)-regular LDPC codes of the same  
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Fig. 7. Performance of the (3, 4)-regular LDPC codes. 
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Fig. 8. Performance of the (3, 12)-regular LDPC codes. 
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block lengths and a girth of 6 are also given in Fig. 7. Again, 
the new codes outperform their random counterparts. 

Let p=13, q=r=12, a new (3, 12)-regular (22464, 16883) 
QC-LDPC code with a girth of 12 and a rate of 0.7516 can be 
obtained. The error performance of this code and a random 
(22464, 16848) code with a girth of 6 and a rate of 0.75 are 
shown in Fig. 8. In the low SNR region, the new code achieves 
a performance similar to that of the random code. However, the 
new code outperforms the latter with increasing SNR. 

Figure 9 shows the BER performance of two new (2904, 
995) QC-LDPC codes with a girth of 12 and a rate of 0.3426. 
The parity check matrices of these two new codes have a 
constant column weight of 3 and a row weight of 4 (1452 rows) 
and a row weight of 6 (484 rows). Both of them have p=11, 
r1=r2=11, q1=q2=4, and q3=6. The assistant matrix of the 
new-1 code is masked by a randomly selecting matrix Wm, as a  

 

Fig. 9. Performance of the new (2904, 995) LDPC codes. 
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result, there are 275 p-cycles with a length of 6 in each 
subgraph ).0( 3qkk

s <≤G By comparison, the assistant matrix 
of the new-2 code is masked by a more proper matrix Wm. 
Then, there are only 33 p-cycles with a length of 6 in each 
subgraph. Hence, there are fewer cycles with a length of 12 in 
the Tanner graph defined by the parity check matrix of the 
new-2 code than that of the new-1 code. It can be seen that the 
new-2 code outperforms the new-1 code in the high SNR 
region. For comparison, the performance of a randomly 
generated (2904, 968) LDPC code with a girth of 6 is also 
given in Fig. 9. At a BER of 10-5, the new-2 code outperforms 
the random LDPC code by 0.1 dB. 

V. Conclusion 

A graph-theoretic method for constructing LDPC codes was 
proposed in this paper, in which a connection graph with three 
kinds of special paths was designed to guarantee that the 
Tanner graph of the parity check matrix mapped from the 
connection graph is without short cycles. The construction 
method is capable of generating a class of QC-LDPC codes 
with a girth of 12 and a minimum Hamming distance of no less 
than 24. The simulation results show that the proposed LDPC 
codes outperformed random codes and the QC block LDPC 
code with similar block lengths and rates. 
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