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AN ANDERSON’S THEOREM
ON NONCOMMUTATIVE RINGS

Chan Huh, Nam Kyun Kim, and Yang Lee

Abstract. Let R be a ring and I be a proper ideal of R. For the case
of R being commutative, Anderson proved that (∗) there are only finitely
many prime ideals minimal over I whenever every prime ideal minimal

over I is finitely generated. We in this note extend the class of rings
that satisfies the condition (∗) to noncommutative rings, so called ho-
momorphically IFP, which is a generalization of commutative rings. As

a corollary we obtain that there are only finitely many minimal prime
ideals in the polynomial ring over R when every minimal prime ideal of
a homomorphically IFP ring R is finitely generated.

Throughout every ring is associative with identity unless otherwise stated.
The n by n matrix ring over a ring R is denoted by Matn(R). Due to Bell [2], a
right (or left) ideal I of a ring R is said to have the insertion-of-factors-property
(simply IFP) if ab ∈ I implies aRb ⊆ I for a, b ∈ R. A ring R is called IFP if
the zero ideal of R has the IFP. For a ring R and an ideal I, note that I has the
IFP if and only if R/I is an IFP ring. A ring is called abelian if each idempotent
is central. IFP rings are abelian by a simple computation. Shin [9] used the
term SI for the IFP; while IFP rings are also known as semicommutative in
Narbonne’s paper [8]. rR(−) (resp. ℓR(−)) is used for the right (resp. left)
annihilator in a ring R.

Proposition 1. For a ring R the following conditions are equivalent:
(1) R is IFP;
(2) Any left annihilator in R is an ideal;
(3) Any right annihilator in R is an ideal;
(4) R/rR(A) is an IFP ring for any A ⊆ R;
(5) R/ℓR(A) is an IFP ring for any A ⊆ R.
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Proof. The equivalences of (1), (2) and (3) are obtained from the definition.
(4)⇒(1) and (5)⇒(1) are shown by the case of A = R. (1)⇒(4) is proved by
the proof of [9, Proposition 1.6(1)]. (1)⇒(5) is similar to (1)⇒(4). ¤

A ring is called reduced if it has no nonzero nilpotent elements. Reduced
rings and commutative rings are both IFP, but the converses need not hold by
[6, Proposition 1.2].

Based on Proposition 1(4), (5) we introduce the following concept: a ring
R is called homomorphically IFP if R/I is IFP for every proper ideal I in R.
Homomorphically IFP rings are clearly IFP but the converse does not hold in
general by Example 2(1) below. The class of (homomorphically) IFP rings is
closed by direct products. A ring is called right (resp. left) duo if every right
(resp. left) ideal is two-sided; a ring is called duo if it is both right and left
duo. Commutative rings are clearly duo, but there exist many left or right duo
rings which are noncommutative in [3, 4]. Left or right duo rings are homo-
morphically IFP by Proposition 1, but there may exist many homomorphically
IFP rings which are neither left nor right duo by Example 2(2) below. In the
following we see the relations among IFP rings, homomorphically IFP rings,
commutative rings, and domains.

Example 2. (1) Domains need not be homomorphically IFP. The ring R =
Z + Zi + Zj + Zk in [5, Exercise 2A] is the ring of quaternions with integer
coefficients, so it is a domain. But R/pR is isomorphic to the Mat2(Zp) by
the argument in [5, Exercise 2A], where p is any odd positive integer and
Zp is the field of integers modulo p. Mat2(Zp) is non-abelian and so is not
(homomorphically) IFP.

(2) Simple domains are clearly homomorphically IFP. There are many non-
commutative simple domains, e.g. nth Weyl algebras over any field of charac-
teristic zero by [7, Theorem 3.5], but these are neither left nor right duo.

We now generalize the Anderson’s result [1, Theorem] to homomorphically
IFP rings.

Theorem 3. Let R be a homomorphically IFP ring and I be a proper ideal of
R. If every prime ideal minimal over I is finitely generated then there are only
finitely many prime ideals minimal over I.

Proof. Let S = {P1 · · ·Pn | each Pi is a prime ideal minimal over I and n =
1, 2, . . .}. If some element of S is contained in I, then there are only finitely
many prime ideals minimal over I obviously. So assume that C * I for each
C ∈ S. According to the proof of [1, Theorem], consider the set T = {J | J
is an ideal of R with J ⊇ I and C * J for each C ∈ S}, partially ordered
by ⊆. Take a chain U = {Ka | a ∈ A} in T and put K = ∪a∈AKa. We will
show K ∈ T . Assume on the contrary that there exists C = P1 · · ·Pn ∈ S with
C ∈ K. Each Pi is finitely generated by hypothesis, say Pi =

∑mi

t=1 Rp(i)tR
for i = 1, . . . , n. Then every p(1)b1 · · · p(n)bn ∈ C is contained in K where
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p(i)bi ∈ Pi, and the cardinality of V = {p(1)b1 · · · p(n)bn | p(i)bi ∈ Pi} is
less than or equal to m1 · · ·mn. Since V ⊆ K and V is finite, there exists
Ka ∈ U with V ⊆ Ka. Now since R is homomorphically IFP, R/Ka is an IFP
ring; hence p(1)b1 · · · p(n)bn ∈ Ka implies p(1)b1R · · ·Rp(n)bn ⊆ Ka, entailing
C = (

∑m1
t=1 Rp(1)tR) · · · (

∑mn

t=1 Rp(n)tR) ⊆ Ka ∈ T . This is a contradiction,
and so K ∈ T . Then there exists a maximal element Q in T . Next assume
that there are a, b ∈ R such that aRb ⊆ Q and a /∈ Q, b /∈ Q. Then by
the maximality of Q, there exist C1, C2 ∈ S such that C1 ⊆ Q + RaR and
C2 ⊆ Q + RbR. But C1C2 = (Q + RaR)(Q + RbR) ⊆ Q and C1C2 ∈ S,
a contradiction. Thus Q is a prime ideal of R with I ⊆ Q, and so by [5,
Proposition 2.3] there exists a prime ideal P minimal over I with P ⊆ Q. Then
P ∈ S with P ⊆ Q ∈ T , a contradiction. ¤

We obtain the following from Theorem 3, letting I = 0.

Corollary 4. Let R be a homomorphically IFP ring. If every minimal prime
ideal of R is finitely generated, then there are only finitely many minimal prime
ideals in R.

Given a ring R the polynomial ring, with a set X of commuting indetermi-
nates (possibly infinite) over R, is denoted by R[X]. We next observe minimal
prime ideals of polynomial rings over homomorphically IFP rings.

Corollary 5. Let R be a homomorphically IFP ring. If every minimal prime
ideal of R is finitely generated, then there are only finitely many minimal prime
ideals in R[X].

Proof. We first recall the following well-known facts: (i) P is a (minimal) prime
ideal of R if and only if P [X] is a (minimal) prime ideal of R[X], (ii) Q∩R is a
prime ideal of R for any prime ideal Q of R[X]. By (i) and (ii), each minimal
prime ideal of R[X] is of the form P [X] for some minimal prime ideal P of
R. If every minimal prime ideal of R is finitely generated then there are only
finitely many minimal prime ideals in R by Corollary 4. Thus R[X] has only
finitely many minimal prime ideals by the argument above. ¤
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