
Bull. Korean Math. Soc. 46 (2009), No. 3, pp. 545–551
DOI 10.4134/BKMS.2009.46.3.545

MAPS IN MINIMAL INJECTIVE
RESOLUTIONS OF MODULES

Kisuk Lee

Abstract. We investigate the behavior of maps in minimal injective
resolution of an A-module M when µt(m, M) = 1 for some t, and we
develop slightly the fact that a module of type 1 is Cohen-Macaulay.

1. Introduction

All rings (A, m) we consider in this paper are assumed to be Noetherian
local, and all modules are assumed to be finite and unital.

Let M be a finitely generated module of dimension d over a Noetherian
local ring (A, m). The i-th Bass number of M at a prime ideal p of A, denoted
µi(p,M), is defined to be dimk(p)Exti

Ap
(k(p), Mp), where k(p) = Ap/pAp: we

set µi(M)=µi(m,M) for brevity. The type of M , denoted by r(M), is defined to
be µd(M). One of the interesting studies on the types of rings is to investigate
the conditions which make A Cohen-Macaulay when a type of A is known ([1,
3, 5, 7, 8, 9, and 12]).

It is well known ([2]) that Cohen-Macaulay rings A with r(A) = 1 are Goren-
stein. Vasconcelos ([13]) conjectured that the condition r(A) = 1 is sufficient
for A to be Gorenstein, i.e., the condition “A is Cohen-Macaulay” can be omit-
ted. In [4], Foxby proved this conjecture for essentially equicharacteristic rings
using a version of the Intersection Theorem. The conjecture was proven in
general by Roberts ([12]): he showed that local rings of type one are Cohen-
Macaulay, (and hence Gorenstein) using a minimal free resolution of a dualizing
complex.

The purpose of this article is to develop slightly the above fact using the
behavior of maps in minimal injective resolutions.

In the next section, we first investigate the behavior of maps in minimal injec-
tive resolution (I•, φ•) of a module M when the t-th Bass number µt(m,M) =
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1. More precisely, we prove that when µt(m,M) = 1 for some positive integer
t and p is any prime ideal with dim Mp = d− 1,

(1) either every entry of ft−1, or every entry of ft is contained in p where fi

is a restriction map of φi to E(A/m)µi(m) for each i, and
(2) if µt−1(p,M) 6= 0, then every entry of ft−1 is contained in p.

From this fact and New Intersection Theorem, we can prove that if µt(q,M) = 1
for some q ∈ Supp(M) and some t ≤ dim Mq, then µj(q,M) = 0 for all j < t.
As a result of this theorem, the well-known fact ([12]) that ‘a ring of type 1 is
Gorenstein’ can be obtained obviously.

2. Main theorem

In this section, we investigate the behavior of maps in minimal injective
resolution of an A-module M when µt(m,M) = 1 for some t, and then using
this and the New Intersection Theorem, we prove Theorem 2.5, from which we
obtain the old theorem: ‘The module of type 1 is Cohen-Macaulay’.

We first recall the definition of Bass numbers of modules: Let (A,m, k) be
a Noetherian local ring and M a finite A-module of dimension d. For a prime
ideal p, the i-th Bass number of M at p is defined by dimk(p)Exti

Ap
(k(p),Mp),

and denoted µi(p,M). In particular, the d-th Bass number µd(m, M) is called
the type of M .

It is known that µi(p,M) is equal to the number of copies of E(A/p) which
appear in Ii as a direct summand, where I• is the minimal injective resolution
of M and E(A/p) denote the injective hull of A/p, i.e., if

(I•, φ•) : 0 → M → I0 → I1 → · · · → Ii → · · · ,

is a minimal injective resolution of M , then each Ii is⊕p∈Supp(M)E(A/p)µi(p,M).
The following fact is well-known, and its proof is elementary:

Fact 2.1. For prime ideals p and q of a Noetherian local ring A,
(1) Hom(A/p, E(A/q)) = 0 if p 6⊂ q, and Hom(A/p, E(A/q)) ∼= EA/p(A/q)

otherwise.
(2) Hom(E(A/p), E(A/q)) = 0 if p 6⊂ q.

In a minimal injective resolution (I•, φ•) of M , let fi be a restriction map
of φi to E(A/m)µi(m) for each i. For a fixed p ∈ Supp(M) such that dim Mp =
d − 1, by applying Hom(A/p, •) to I• and using Fact 2.1, we have a complex
of injective A/p-modules:

Hom(A/p, I•) : 0 → · · · →
EA/p(A/m)µt−1(m) ft−1−→ EA/p(A/m)µt(m)

⊕ ϕt−1↗ ⊕
EA/p(A/p)µt−1(p) gt−1−→ EA/p(A/p)µt(p)

→ · · · ,

where ft−1 : EA/p(A/m)µt−1(m)→ EA/p(A/m)µt(m), ϕt−1 : EA/p(A/p)µt−1(p)→
EA/p(A/m)µt(m), and gt−1 : EA/p(A/p)µt−1(p) → EA/p(A/p)µt(p).
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With the notations described above, we have Proposition 2.3 below, which
shows that there is some restriction on the maps of fi. The proof of the
proposition uses the following fact:

Fact 2.2 ([4] or [6]). Let M be a finitely generated A-module. Suppose
ht(q/p) = 1 for prime ideals p and q. Then we have

µi(p,M) ≤ µi+1(q,M).

Proposition 2.3. Let (A,m, k) be a Noetherian local ring and M a finitely
generated A-module of dimension d. Suppose that µt(m,M) = 1 for some
positive integer t, and let p be any prime ideal with dim Mp = d− 1. Then

(1) either every entry of ft−1, or every entry of ft is contained in p, and
(2) if µt−1(p,M) 6= 0, then every entry of ft−1 is contained in p.

In particular, if µd(m, M) = 1, then every entry of fd−1 is contained in p with
dim Mp = d− 1.

Proof. Let ft−1 = (a1, . . . , ar)T , where r = µt−1(m,M), and (−)T denotes the
transpose matrix.

For the part (1), suppose that ai 6= 0, i.e., ai /∈ p for some i. Then

A/p
ai
↪→ A/p is injective and so EA/p(A/m) ai−→ EA/p(A/m) is surjective since

HomA(−, E(A/m)) is an exact functor and HomA(A/p, E(A/m))=EA/p(A/m).
Thus ft−1 : EA/p(A/m)µt−1(m) → EA/p(A/m) is also surjective, and so ft must
be a zero map since Hom(A/p, I•) is a complex, i.e., every entry of ft is con-
tained in p.

For the part (2), suppose that µt−1(p,M) 6= 0. Then µt−1(p,M) = 1 by
Fact 2.2 since µt(m,M) = 1. Suppose to the contrary that ai 6= 0, i.e., ai /∈ p

for some i. Then by the same reason as (1), ft−1 is surjective.
Since (t− 1)-th cohomology Extt−1

A (A/p,M) is finitely generated and

EA/p(A/p)µt−2(p) → EA/p(A/p)

is a zero map ([10, Proposition 2.5 in Chapter 1]), there are finite elements
in EA/p(A/p) such that the second component of every element of Ker φt−1 is
generated by them. Since EA/p(A/p) ∼= Q(A/p), which is the field of quotients
of A/p, we may choose some x in m/p such that

Kerφt−1 ⊆ EA/p(A/m)µt−1(m) ⊕ 1
x

A/p.

Since ft−1 is surjective, ϕt−1( 1
x2 ) = ft−1(a) for some a ∈ EA/p(A/m)µt−1(m).

Therefore,(
−a,

1
x2

)
∈ Ker(ft−1 ⊕ ϕt−1) ⊆ Ker φt−1 ⊆ EA/p(A/m)µt−1(m) ⊕ 1

x
A/p,

i.e., 1
x2 ∈ 1

xA/p, which is a contradiction. Hence each ai of ft−1 belongs to p.
For the last part of (2), we need to show that µd−1(p,M) 6= 0 for a prime

p with dim Mp = d − 1. Indeed, µd−1(p,M) 6= 0 by Fact 2.2 since µ0(p0,M)
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6= 0, where a prime ideal p0 is minimal over ann(M), i.e., p0 ∈ Ass(M) and
ht(p/p0) = d− 1. ¤

We note the following easy fact:

Lemma 2.4. Let A be a catenary local domain of dimension d and M be a
finitely generated A-module. If Mp = 0 for each prime ideal p with ht(p) = d−1,
then `(M) < ∞.

Proof. Let q be a prime ideal of ht(m/q)=1. Since A is a catenary domain,
we know ht(q) = d − 1. Then Mq = 0 by assumption, which concludes that
Supp(M) = {m}. Hence M has a finite length. ¤

To prove the main theorem in this section, the New Intersection Theorem is
used:

New Intersection Theorem ([11]). Let F• : 0 → Fk → · · · → F0 → 0 be a
non-exact complex of free A-modules with homologies of finite length. Then

dim A ≤ k.

We also recall the facts that µi(m,M) = µi(m̂, M̂), where M̂ denotes the m-
adic completion of M , and depth M = inf {i : µi(m,M) 6= 0} and injdim M =
sup {i : µi(m,M) 6= 0}.

Now we have the main theorem.

Theorem 2.5. Let (A,m, k) be a Noetherian local ring of dimension n and
M a finitely generated A-module of dimension d. If µt(q,M) = 1 for some
q ∈ Supp(M) and some t ≤ dim Mq, then µj(q,M) = 0 for all j < t.

Proof. Localizing at q, we may assume that q = m. As usual, we may also
assume that A is complete since µi(m,M) = µi(m̂, M̂). We use an induction
on the dimension of M . If dim M = 0, then we are through. Now suppose
that dim M = d > 0 and t ≤ d. We will construct a non-exact complex of free
modules with homologies of finite length so that we apply the New Intersection
Theorem to complete the proof.

As in the proof of Proposition 2.3, let

(I•, φ•) : 0 → M → I0 → I1 → · · · → Ii → · · · ,

be a minimal injective resolution of M , where Ii = ⊕p∈Supp(M)E(A/p)µi(p,M).
Let fj be a restriction of φj to E(A/m)µj(m).

Suppose that every entry of ft−1 is contained in p for all prime ideals p with
dim Mp = d− 1.

By applying HomA(−, E(A/m)) to H0
m(I•) (= lim

→
HomA(A/mr, I•)), we

have

F• : · · · → A
fT

t−1−→ Aµt−1(m) → · · · → Aµ1(m) → Aµ0(m) → 0.

We note that the i-th homology of F• is Hi
m(M)∨, where (−)∨ denotes the

Matlis dual. Since A is complete, A/ann(M) ∼= S/J such that (S, mS) is a
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Gorenstein local ring, J is an ideal of S and dim S = dimA/ann(M) = dim M .
Hence by local duality

Hi
m(M)∨ ∼= Hi

mS
(sM)∨ ∼= Extd−i

S (sM, S).

For a prime ideal p of A with dim Mp = d − 1, since A/ann(M) ∼= S/J and
dim A/ann(M) = dim S, there is a corresponding prime ideal ps of S such that
d− 1 = dim Mp = dim Sps . We note that

Hi(F• ⊗Ap) ∼= Hi(F•)⊗Ap
∼= Hi

m(M)∨ ⊗Ap

∼= Extd−i
S (M, S)⊗ Sps

∼= Extd−i
Sps

(Mps
, Sps

)
∼= Hi−1

ps
(Mps

)∨.

We note that depth Mp ≥ t − 1; if µt−1(p,M) 6= 0, then depth Mp = t − 1
by induction hypothesis, and if µt−1(p,M) = 0, then depth Mp ≥ t. Thus
depth Mps ≥ t− 1, which implies Hi(F• ⊗Ap) = 0 for i− 1 < t− 1, and so we
have the following truncated exact sequence:

Fi<t ⊗Ap : 0 → Im (ft−1)p → A
µt−1(m)
p → · · · → A

µ1(m)
p → A

µ0(m)
p → 0.

Since an exact sequence Fi<t⊗Ap splits, Im (ft−1)p is free. By the assumption,
i.e., each element of ft−1 belongs to p, Im (ft−1)p must be 0.

Now let us choose a minimal prime q ∈ Supp(M) such that dim A/q =
dim M = d. We note that A/q, denoted by A, is a complete local domain. Let
us consider the following non-exact complex of free modules:

F•(:= A/q⊗ Fi<t) : 0 → A
µt−1(m) → · · · → A

µ1(m) → A
µ0(m) → 0.

For a prime ideal p of height d− 1 in A, i.e., dim Mp = d− 1,

Hi(F •)p
∼= Hi(F •)⊗Ap

∼= Hi(F • ⊗Ap)
∼= Hi(F• ⊗A A/q⊗A (A/q)p)
∼= Hi((F• ⊗A Ap)⊗Ap Ap/qAp),

where the last term is 0 since an exact sequence Fi<t ⊗A Ap splits. Hence the
length of Hi(F •) is finite by Lemma 2.4.

Since F • is not exact (each entry of maps in F • belongs to m), if µi(m,M) 6=
0 for some i, then by New Intersection Theorem, we have d = dim A ≤ t − 1.
This is a contradiction. Hence we have µt−1(m,M) = · · · = µ0(m,M) = 0.

Now suppose that there is a prime ideal p with dim Mp = d − 1 such that
some entry of ft−1 does not belong to p. Then by Proposition 2.3(1), every
entry of ft is contained in p. We note that depth Mp ≥ t since µt−1(p,M) = 0
by Proposition 2.3(2). We also note that t < d = dim M since if t = d, then by
Proposition 2.3(2), each entry of ft−1 is contained in p, which contradicts the
assumption.
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By the similar argument in the first part of proof, we have the following
truncated exact sequence:

Gi<t+1 ⊗Ap : 0 → Ap
ft−1−→ A

µt−1(m)
p → · · · → A

µ1(m)
p → A

µ0(m)
p → 0,

since depth Mp ≥ t and Im (ft)p = 0. Note that
∑t−1

i=0(−1)iµi(m) + (−1)t = 0,
which does not depend on the choice of p. This implies that some entry of
ft−1 does not belong to p for all p with dim Mp = d − 1 (if not, we would
have

∑t−1
i=0(−1)iµi(m) = 0), and hence Gi<t+1 ⊗ Ap is exact for all p with

dim Mp = d− 1.
For a minimal prime q ∈ Supp(M) such that dim A/q(= A) = dimM = d,

since the following non-exact complex of free modules

G•(:= A/q⊗ Fi<t+1) : 0 → A → A
µt−1(m) → · · · → A

µ1(m) → A
µ0(m) → 0

has finite homologies, we have t > dim A = d by New Intersection Theo-
rem. This is a contradiction. Hence every entry of ft−1 is contained in p, and
µj(m,M) = 0 for all j < t. ¤

Remark 2.6. In fact, the proof of Theorem 2.5 shows that every entry of a map
ft−1 in Proposition 2.3 is contained in all p with dimMp = d− 1 if t ≤ d and
µt(m,M) = 1.

In [4, Remark 3.9], Foxby proved that for an essentially equicharacteristic
ring A, a finite A module of type one is Cohen-Macaulay, and Roberts showed
([12]) that a local ring of type one is Cohen-Macaulay using a minimal free
resolution of a dualizing complex. We can get the above results as a corollary
of Theorem 2.5 as follows:

Corollary 2.7. Let (A, m, k) be a Noetherian local ring of dimension n and
M a finitely generated A-module of dimension d. Suppose M is of type one,
i.e., µd(m, M) (= dimkExtd

A(A/m, M)) = 1. Then M is a Cohen-Macaulay
module. In particular, a local ring of type one is Gorenstein.

Proof. If µd(m,M) = 1, then µj(m,M) = 0 for all j < d by Theorem 2.5,
and so depth M ≥ d = dim M . Hence M is a Cohen-Macaulay module. It is
well-known that a Cohen-Macaulay local ring of type 1 is Gorenstein. ¤
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