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RULED SURFACES OF FINITE TYPE IN LORENTZIAN
SPACE-TIMES

Dong-Soo Kim

Abstract. In this article, we study ruled surfaces in a Lorentzian
space-time, which have finite type immersion. We give a condition
for bi-finite type surfaces to be of finite type.

1. Introduction

In late 1970’s B.-Y. Chen ([1,2]) introduced the notion of finite type
immersion into a Euclidean space. A lot of works have been done in
this field of study since then. He also extended the notion of finite type
immersion of submanifolds into a pseudo-Euclidean space in 1980’s. It
can be defined formally in the following: A pseudo-Riemannian subman-
ifold M of an m-dimensional pseudo-Euclidean space Em

s with signature
(s, m−s) is said to be of finite type if its position vector field x can be ex-
pressed as a finite sum of eigenvectors of the Laplacian ∆ of M , that is,
x = x0 +

∑k
i=1 xi, where x0 is a constant map, x1, · · · , xk non-constant

maps such that ∆xi = λixi, λi ∈ R, i = 1, 2, · · · , k. If λ1, λ2, · · · , λk are
different, then M is said to be of k- type with eigenvalues λ1, λ2, · · · , λk.

Ruled surfaces in Euclidean space of finite type were studied by B.-Y.
Chen et al. ([3]). On the other hand, F. Dillen et al. ([4]) classified ruled
surfaces of finite type in 3-dimensional Lorentzian space-time as an open
portion of minimal, circular or hyperbolic cylinders and isoparametric
surfaces with null rulings. Recently, the author et al. classified ruled
surfaces of finite type in Lorentzian space-time([8]), and classified ruled
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hypersurfaces of finite type in Lorentzian space-time with nondegenerate
rulings([6]).

In this article, we study ruled surfaces of bi-finite type in an m-
dimensional Lorentzian space-time Lm, and we give a sufficient condition
for such surfaces to be of finite type.

Throughout this paper, we assume that all objects are smooth and
all surfaces are connected unless otherwise mentioned.

2. Preliminaries

Let Em
1 be an m-dimensional pseudo-Euclidean space of signature

(1,m−1) with the metric ds2 = −dx2
1+dx2

2+· · ·+dx2
m, where (x1, x2, · · · , xm)

denotes the standard coordinate system in Em
1 . In particular, for m ≥ 2,

Em
1 is called an m-dimensional Lorentzian space-time Lm.
Let x : M −→ Lm be an isometric immersion of an n-dimensional

pseudo-Riemannian submanifold M into Lm. From now on, a submani-
fold in Lm always means pseudo-Riemannian, that is, the induced metric
on the submanifold is non-degenerate.

For the components gij of the induced pseudo-Riemannian metric
〈·, ·〉 on M from that of Lm we denote by (gij) (resp. G) the inverse
matrix (resp. the determinant) of the matrix (gij). Then, the Laplacian
∆ on M is given by

(2.1) ∆ = − 1√
|G|

∑

i,j

∂

∂xi
(
√
|G|gij ∂

∂xj
).

Now, we define a ruled surface M in Lm. Let I and J be open
intervals containing 0 in the real line R. Let α = α(s) be a curve of J
into Lm and β = β(s) a vector field along α with α′(s) ∧ β(s) 6= 0 for
every s ∈ J . Then, a ruled surface M is defined by the parametrization
given as follows:

x = x(s, t) = α(s) + tβ(s), s ∈ J, t ∈ I.

For such a ruled surface, α and β are called the base curve and the
director vector field, respectively. The director vector field β is a curve
along the base curve α. In particular, if β is constant, the ruled surface
over a base curve α is said to be a cylinder. In this case, a base curve can
be chosen as a curve in (m−1)-dimensional affine space Em−1

s (s = 0, 1)
orthogonal to the constant vector β, where the index s is determined
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according to β. Thus, a cylinder means the right cylinder in Lm. Or,
else it is called non-cylindrical.

In case that the base curve α and the director vector field β are non-
null, the base curve α can be chosen to be orthogonal to the director
vector field β and β can be normalized satisfying 〈β(s), β(s)〉 = ε(= ±1)
for all s ∈ J . In this case, according to the character of vector fields
α′ and β, we have ruled surfaces of five different kinds as follows: If
the base curve α is space-like or time-like, then the ruled surface M is
said to be of type M+ or type M−, respectively. Also, the ruled surface
of type M+ can be divided into three types. If the vector field β is
space-like, it is said to be of type M1

+ or M2
+ if β′ is non-null or null,

respectively. When the vector field β is time-like, β′ is space-like because
of the causal character. In this case, M is said to be of type M3

+. On the
other hand, for the ruled surface of type M−, the director vector field is
always space-like. According as its derivative β′ is non-null or null, it is
also said to be of type M1− or M2−, respectively.

If the base curve and the director vector field regarded as a curve
are of finite type with the same eigenvalues in Lm, the ruled surface is
said to be of bi-finite type. In this definition, every constant function is
regarded as an eigenfunction with eigenvalue 0.

3. Ruled surfaces with non-null base curves and bi-finite
type surfaces

In this section, first of all we state some classification results for finite
type ruled surfaces in Lm with non-null base curve and non-null director
vector field([8]).

Proposition 3.1. A cylinder with space-like or time-like base curve in
Lm is of finite type if and only if the base curve is of finite type.

Proposition 3.2. A non-cylindrical ruled surface of the type M1
+,M3

+,
M1− or M2− in Lm is of finite type if and only if it is minimal.

Proposition 3.3. Let M be a non-cylindrical ruled surface M of the
type M2

+ in Lm. Then it is either minimal or of bi-finite type.
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For later use, we give a simple proof of Proposition 3.3 as follows.
The parametrization for M may be given by

(3.1) x(s, t) = α(s) + tβ(s)

such that

(3.2) 〈β, β〉 = 1, 〈α′, β〉 = 0, 〈α′, α′〉 = 1, 〈β′, β′〉 = 0.

We define functions Q and U by

Q = ||xs||2 = 〈xs, xs〉, U = 〈α′, β′〉,
which give

Q = 2Ut + 1,

where the parameter t runs in such a way that Q > 0. By the straight-
forward computation, we easily have the Laplacian ∆ of M in the form
of

(3.3) ∆ = −(− 1
2Q2

∂Q

∂s

∂

∂s
+

1
Q

∂2

∂s2
)− (

1
2Q

∂Q

∂t

∂

∂t
+

∂2

∂t2
),

and we get

(3.4) ∆x =
P1(t)
Q2

,

where

P1(t) = (U ′β′ − 2Uβ′′)t2 + (U ′α′ − 2Uα′′ − β′′ − 2U2β)t− α′′ − Uβ.

Suppose that U vanishes identically. Then the function Q is constant
with value 1. Thus we have

(3.5) ∆jx = −(α(2j)(s) + tβ(2j)(s)).

Hence, we see that M is of bi-finite type. Note that the meaning of
finiteness of the null curve β is formally defined.

Now suppose that the function U does not vanish identically. Then
we get deg Q = 1, and deg P1 = d with 0 ≤ d ≤ 2. We need the following
lemma([8]):

Lemma 3.4. If P is a polynomial in t with functions in s as coefficients
and deg(P ) = d, then ∆(P (t)

Qn ) = 1
Qn+3 P̃ (t) where P̃ (t) is a polynomial

in t with functions in s as coefficients and deg(P̃ ) ≤ d + 2.
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Let xA be the Ath-component function of the immersion x which is
identified with the position vector of the point of M in Lm. Since xA is
a linear function in t, by using Lemma 3.4, we have

∆jxA =
Pj(t)
Q3j−1

, (j ≥ 1)

where Pj(t) is a polynomial in t with functions in s as coefficients and
deg(Pj) ≤ 2(j − 1) + d. Therefore, if j goes up by one, the degree
of numerator of ∆jxA goes up by at most 2 while the degree of the
denominator goes up by 3. Thus, for some positive integer k, ∆k+1x +
µ1∆kx+ · · ·+µk∆x = 0 cannot occur unless ∆x = 0. Hence we see that
M is minimal. This completes the proof of Proposition 3.3.

Now, we may raise a natural question: Does the converse of Propo-
sition 3.3 hold?

We give an answer as follows:

Theorem 3.5. Let M be an M2
+ type surface in Lm which is parametrized

by (3.1) satisfying (3.2). Then the following hold:
1) If M is of finite type with U = 0, then M is of bi-finite type.
2) If M is of finite type and is of bi-finite type, then we have U = 0.
3) If M is of bi-finite type with U = 0, then M is of finite type.

Proof. 1) See the proof of Proposition 3.3.
2) Suppose that U 6= 0. Then the proof of Proposition 3.3 shows that
∆x = 0. Hence we have

(3.6) U ′β′ − 2Uβ′′ = 0,

(3.7) U ′α′ − 2Uα′′ − β′′ − 2U2β = 0,

(3.8) α′′ + Uβ = 0.

From (3.7) and (3.8) it follows that

(3.9) β′′ = U ′α′.

Hence (3.6) implies U ′{β′ − 2Uα′} = 0. If U ′ 6= 0, then β′ = 2Uα′.
Taking the scalar product with β′ yields U = 0, which is a contradiction.
Thus, the function U is a nonzero constant. Therefore (3.6) and (3.8)
show that α′′ = −Uβ and β′′ = 0, which contradicts to the bi-finiteness.
This completes the proof of 2).
3) It follows from (3.3) and (3.5) that

(3.10) ∆ = −(
∂2

∂s2
+

∂2

∂t2
), ∆jx = −(α(2j)(s) + tβ(2j)(s)).
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Since α and β are of finite type with the same eigenvalues, (3.10) shows
that M is of finite type with the same eigenvalues. This completes the
proof. ¤

Example 3.6. Let f(s) =
∑k

i=1 ai cos is, g(s) =
∑k

i=1 bi sin is. Then we
consider a spacelike curve α of the form α(s) = (f(s), f(s), 0, s) and a
vector field β along α such that β(s) = (g(s), g(s), 1, 0) in L4. Consider
a ruled surface M parametrized by x(s, t) = α(s) + tβ(s). Note that α
is of (k +1)-type and β is of k-type. But, we regard a constant function
as an eigenfunction with eigenvalue 0 in the definition of bi-finiteness.
Hence x is of bi-finite type with eigenvalues 0, 1, 22, · · · , k2. Since U = 0,
Theorem 3.5 implies that M is of null (k + 1)-type.

Corollary 3.7. Let M be an M2
+ type surface in Lm which is parametrized

by (3.1) satisfying (3.2). Then the following are equivalent:
1) M is minimal.
2) For some constant U , we have α′′(s) = −Uβ(s), β′′(s) = 0.
3) Up to congruence, M lies in L3 and it is determined by
(3.11)

α(s) = −U{1
6
(1, 1, 0)s3+

1
2
(0, 0, 1)s2+(c, c−1, 0)s}, β(s) = (1, 1, 0)s+(0, 0, 1),

where c = U2−1
2U2 .

Proof. The proof of 2) in Theorem 3.5 shows that M is minimal if and
only if

(3.12) α′′(s) = −Uβ(s), β′′(s) = 0,

where U is a constant. By solving (3.12) we get

(3.13) α′(s) = −U(
1
2
As2 + Bs + C), β(s) = As + B,

where A,B, C are constants satisfying
(3.14)

〈A,A〉 = 〈A,B〉 = 〈B, C〉 = 0, 〈A,C〉 = −1, 〈B, B〉 = 1, 〈C, C〉 =
1

U2
.

Hence, up to congruence we may assume that

(3.15) A = (1, 1, 0), B = (0, 0, 1), C = (c, c− 1, 0),

where c is defined by c = U2−1
2U2 .

The converse is obvious. ¤
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