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Finding link-disjoint or node-disjoint paths under 
multiple constraints is an effective way to improve network 
QoS ability, reliability, and so on. However, existing 
algorithms for such scheme cannot ensure a feasible 
solution for arbitrary networks. We propose design 
principles of an algorithm to fill this gap, which we arrive 
at by analyzing the properties of optimal solutions for the 
multi-constrained link-disjoint path pair problem. Based 
on this, we propose the link-disjoint optimal multi-
constrained paths algorithm (LIDOMPA), to find the 
shortest link-disjoint path pair for any network. Three 
concepts, namely, the candidate optimal solution, the 
contractive constraint vector, and structure-aware non-
dominance, are introduced to reduce its search space 
without loss of exactness. Extensive simulations show that 
LIDOMPA outperforms existing schemes and achieves 
acceptable complexity. Moreover, LIDOMPA is extended 
to the node-disjoint optimal multi-constrained paths 
algorithm (NODOMPA) for the multi-constrained node-
disjoint path pair problem. 
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I. Introduction 

Many emerging multimedia applications, such as video on 
demand and voice over IP, are so sensitive to communication 
disruptions and network QoS that they are required to be 
transmitted on reliable QoS-supported networks [1]. However, 
such a requirement cannot be satisfied by current networks 
very well. On the one hand, the deployment of optical 
networks has increased the capacity of wired networks to tens 
of gigabits per second and beyond. As a result, any failure of 
network components may lead to a vast amount of data loss [2]. 
On the other hand, the fast development of wireless 
communication technologies will make it possible to provide 
broadband accessibility for high quality multimedia 
applications in the near future; however, wireless networks are 
prone to link failures and node failures due to the 
unpredictability of their environment [3]. Hence, improving the 
network reliability and QoS ability becomes a critical problem. 

As one of the most effective approaches to solve this 
problem, finding link-disjoint or node-disjoint paths under QoS 
constraints has attracted much attention from researchers and 
brings much theoretical and practical significance to many 
applications (layout design of integrated circuits, reliable QoS 
routing, traffic load-balance, communication security, and so 
on) [1], [3]-[10]. Note that paths between a given source-
destination pair are called link-disjoint paths if they have no 
common links, and node-disjoint paths if they do not contain a 
common node except the source and the destination [9]. 
Furthermore, defining one of the two QoS-constrained disjoint 
paths as active and the other as backup, which is used for the 
transmission of service flows only if the active one fails, can 
improve both the network reliability and QoS ability. 

Generally, the QoS measures of a path can be either additive, 
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which is the sum of the QoS measures along the path (such as 
delay, jitter, and the logarithm of packet loss) or concave, 
which is the minimum of the QoS measures along the path 
(such as available bandwidth). Concave measures can be 
treated easily by topology filtering [11], but additive ones often 
make QoS routing much more difficult since finding a path 
under more than one additive constraint is known to be NP-
complete [12]. 

In the past, most studies [3], [5]-[8] have merely focused on 
finding disjoint paths under one additive constraint, namely, 
delay, which is not enough for QoS provisioning when more 
constraints, such as jitter and packet loss probability, often have 
to be satisfied. Therefore, in this paper, we study the problems 
of multi-constrained link-disjoint path pair (MCLPP) and 
multi-constrained node-disjoint path pair (MCNPP), both of 
which were proposed by Guo and others [9], [10] and have 
seldom been studied so far because of their difficulty. Although 
a measurement study in [13] found that almost 90 percent of 
point-of-presence pairs have at least four link-disjoint paths 
between them, no effective algorithm was designed to find a 
feasible solution of MCLPP or MCNPP in arbitrary networks. 
Hence, we aim to overcome these problems by finding two 
link-disjoint and node-disjoint paths between a given pair of 
communication nodes such that each path obeys multiple 
additive QoS constraints. 

The major contributions of this paper may be summarized as 
follows. Design principles for exact algorithms to solve the 
MCLPP and MCNPP are given through analyzing the 
properties of the optimal solution (OS) of MCLPP. An exact 
algorithm, called the link-disjoint optimal multi-constrained 
paths algorithm (LIDOMPA), is proposed to find the OS of 
MCLPP in arbitrary networks. To reduce the search space of 
LIDOMPA without loss of exactness, three key concepts, 
namely, the candidate optimal solution (COS), the contractive 
constraint vector (CCV), and structure-aware non-dominance 
(SAND), are introduced. A COS is a feasible solution 
satisfying special structural constraint that ensures the 
possibility of optimality. Since the number of COSs is much 
lower than that of all feasible solutions (FS), the search space 
of LIDOMPA can be reduced significantly by constructing all 
COSs instead of all FSs. The CCV is a tighter constraint vector 
in LIDOMPA than its counterpart in the link-disjoint multiple 
constraints routing algorithm (DIMCRA) [9], [10]. It can be 
used to reduce the search space of constructing COSs further, 
since the sub-path violating CCV is discarded without 
decreasing the exactness of LIDOMPA. In addition, non-
dominance [16] is critical for reducing search space of multiple 
dimensions but may lead to loss of COSs if it is directly applied 
in LIDOMPA. Therefore, we propose SAND for LIDOMPA 
by modifying the application conditions of non-dominance. 

Comprehensive simulations are carried out to demonstrate that 
LIDOMPA outperforms existing schemes and has acceptable 
execution time even in the worst case. LIDOMPA is extended 
to the exact algorithm NODOMPA for solving the MCNPP 
problem. 

The rest of this paper is organized as follows. Section II 
introduces the problems and related work. In section III, the 
properties of the OS of MCLPP are analyzed, and the design 
principles of the exact algorithms are introduced. Section IV 
presents LIDOMPA for MCLPP. Section V analyzes the 
concepts used to reduce the search space of LIDOMPA. 
Section VI shows the performance of LIDOMPA by extensive 
simulations. Section VII extends LIDOMPA to NODOMPA 
for MCNPP. Finally, section VIII summarizes this paper. 

II. Problems and Related Work 

1. Network Model and Problem Statement 

Consider a network represented by a weighted digraph  
G(V, E), where V is the set of nodes and E is the set of links. 
Each link between node u and node v, denoted by 
( )u v E→ ∈ , is specified by a weight vector with m  
additive elements ( ) 0iw u v→ ≥  (i =1,…, m). With a slight 
abuse of notation, we use P to denote a path as well as its link 
set. The path vector 1 2( ) [ ( ), ( ), , ( )]mw P w P w P w P=  is the 
vector-sum of the link weights along P, where 

( )( ) ( )iu v Piw P w u v→ ∈∑= →  for each i. 
Non-linear length. Given a digraph G with m nonnegative 

weights per link and a m-dimensional constraint vector C , the 
non-linear length of path P is defined as in [11] as 

1
( ) max( ( ) / )i ii m

l P w P c
≤ ≤

= .              (1) 

The normalization in (1) by the constraint vector C  
indicates that, if l(P)>1, at least one of the constraints has been 
violated. As our goal is to find a pair of link/node-disjoint paths 
with multiple constraints, we define the total length of the path 
pair (Pa, Pb) as 

( ) ( ).a bl P l P+                  (2) 

Let Pa and Pb be two paths in G. If ,a bP P = ∅∩  Pa and Pb 
are link-disjoint paths, and if ˆ ˆ( ) ( ) ,a bV P V P = ∅∩  Pa and Pb 
are node-disjoint paths, where ˆ( )V P denotes the set of the 
nodes of P except the end nodes. Obviously, node-disjoint 
paths are always link-disjoint, whereas link-disjoint paths are 
not necessarily node-disjoint.  

Based on the notations and definitions above, three problems 
are defined MCP, MCLPP, and MCNPP. 

Multi-constrained path (MCP) problem is to find a path P 
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between a source-destination pair (s, t) under the constraints of 
( )i iw P c≤  (i =1,…, m). 

MCLPP problem is to find a pair of paths {P, P'} satisfying 
P P′ = ∅∩  for a source-destination pair (s, t), and each of 
them obeys ,C  that is, ( )i iw P c≤ and ( )i iw P c′ ≤  for all     
i =1,…, m. The path pair {P, P'} satisfying the goal of MCLPP 
problem is called an FS of MCLPP. In fact, for any networks, 
although more than one FS exists between a source-destination 
pair, it is often expected to find the one with minimal total 
length, which is called the OS of MCLPP, or the shortest link-
disjoint path pair. 

MCNPP problem is to find a pair of paths {P, P'} satisfying 
ˆ ˆ( ) ( )V P V P′ = ∅∩  for a source-destination pair (s, t) and each 

of them obeys C . If ( ) ( )l P l P′+ is minimal, {P, P'} is the 
OS of MCNPP. 

MCP, MCLPP, and MCNPP are three instances of QoS 
routing. Since QoS routing with multiple additive link weights 
is an NP-complete problem, only the approximate (heuristics) 
scheme with polynomial complexity is considered feasible. 
However, by extensive simulations on a huge number of 
graphs, Van Mieghem and Kuipers [14], [15] found that only in 
special graphs with carefully selected link weights, NP-
complete behavior emerges. They stated that exact QoS routing 
algorithms seem to be feasible in practice, and they proposed 
the non-heuristic algorithm, SAMCRA [16], [17] for MCP. 
Based on the insights gained from their work, we aim to design 
exact algorithms for the MCLPP and MCNPP problems to 
meet the requirement of reliable QoS routing. Note that 
MCLPP and MCNPP are more difficult than MCP because of 
the extra consideration of the structural constraints of paths. 

2. Related Work  

As far as we know, remove-find (RF) and DIMCRA are the 
only two existing algorithms for the MCLPP problem, and 
both of them can be extended by node splitting [9] to solve the 
MCNPP problem.  

RF is an intuitive algorithm consisting of the following three 
steps to find the solution for MCLPP.  

Step 1. Find the shortest path P1 between (s, t) in G.  
Step 2. Remove all the links of P1, and then obtain a 

modified graph.  
Step 3. Find the shortest path P2 in the modified graph. If P2 

exists and both P1 and P2 satisfy the constraints, stop and return 
the current solution {P1, P2}; otherwise, stop and return no 
solution.  

Although RF is direct and simple, it often omits the FS that 
objectively exists in a network since the operation in its step 2 
is likely to break the connectivity of the original network and 
cause loss of existing solutions. 

Another algorithm for MCLPP is a heuristic algorithm 
DIMCRA [9]. Given a weighted digraph G and an m-dimensional 
constraint vector C , the main steps of DIMCRA are the 
following.  

Step 1. Find the shortest path P1 obeying C  in G. If P1 
does not exist, stop.  

Step 2. Reverse all links on P1 and set their link weights to 
zero, that is, ( ) 0iw u v→ =  for all i=1,…,m, and 

1( ) .u v P→ ∈  Then, a modified graph G′  is obtained.  
Step 3. Find the shortest path P2 constrained by 2C  in G′ . 

If P2 does not exist, stop.  
Step 4. Make a union of P1 and P2, remove the links of set 

1 2P P∪  from the union, and then group the remaining links 
into a set of two paths, 1 2{ , }P P′ ′ . 

Step 5. Check the length of each path of the set 1 2{ , }P P′ ′ . If 
path Pi (i=1,2) violates the constraints, update G′  by 
removing the link set 1( )i iP P P− ∩  from it, and go to step 3; 
otherwise, stop and return the current solution set, 1 2{ , }P P′ ′ . 

DIMCRA reverses P1 links by setting their weights to 0 
instead of removing them. Therefore, compared with RF, it has 
a higher possibility of keeping network connectivity, and it is a 
better solution than RF for the MCLPP problem. However, 
DIMCRA has a link-removing operation in step 5, which 
makes it unable to always find the existing FS, let alone the 
optimal one. For example, consider the network G with two 
additive weights per link as shown in Fig. 1(a) and the 
constraint vector [10,10]C = . DIMCRA is applied to find 
two link-disjoint paths between (s, t) such that each one obeys 
C . Through the five steps, the corresponding results are 
derived. Through step 1, the shortest path sabt with path vector 
(5,3) is obtained and its non-linear length is 0.5. Through step 2, 
the modified graph G′ , as shown in Fig. 1 (b), is obtained. 
Through step 3, the path sbct  with path vector (11,8) and 
length 1.1 is found as the shortest path in G′ . In step 4, the 
link-disjoint path pair is {sabt, sbct}. Through step 5, since the 
path sbct disobeys C , the links on it but not on sabt are 
removed (The resultant graph is shown in Fig. 1(c)). Then, 
 

 

Fig. 1. Example of DIMCRA failure. 
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DIMCRA goes back to step 3. Clearly, with such a process, 
DIMCRA cannot find a path from s to t, as shown in Fig. 1(c), 
and finally returns no solution. However, the FS in this 
example does actually exist, and it is {sat, sbt}. Thus, the 
existing algorithms are not guaranteed to find the existing FSs 
of MCLPP, and an exact algorithm is needed. 

III . Design Principles of Our Algorithms 

This section will give the design principles of the exact 
algorithms by analyzing the properties of the OS of MCLPP. 

1. Analysis of the Properties of the OS of MCLPP 

In [9], Guo and others indicated that the link set of the OS of 
the link-disjoint path pair problem must contain partial or 
whole links of the shortest path P1. Because this conclusion is 
the theoretical basis for path augmentation-based algorithms to 
construct solution sets for the shortest path pair and an 
important guideline in the design of our algorithms, we stress 
and prove it under m-dimensional constraints in terms of 
theorem 1 and corollary 1. 

Theorem 1. Given a weighted digraph G, if the OS of 
MCLPP between( , )s t G∈ is * *

1 2{ , },P P * *
1 2 1{ }P P P ≠ ∅∪ ∩ . 

Proof (by contradiction). Suppose * *
1 2 1{ } ,P P P = ∅∪ ∩  it 

can be concluded that *
1iP P = ∅∩ for i=1,2. As * *

1 2 ,P P = ∅∩  
*

1 ,P *
2 ,P and P1 are three link-disjoint paths. Since l(P1) is the 

minimum, * * *
1 1 2( ) ( ) ( ) ( )il P l P l P l P+ ≤ + (i=1,2).This contradicts 

* *
1 2{ , }P P  being the optimal solution.                     
Corollary 1. Given a weighted digraph G, if the OS of 

MCLPP between ( , )s t G∈  is * *
1 2{ , },P P *

1 1P P = ∅∩ if 
*

2 1P P=  ( *
1P  and *

2P  can be exchanged). 
Proof (of necessity). Suppose *

1 1P P = ∅∩ and * *
1 2( ) ( ).l P l P≤  

If *
2 1,P P≠  the OS should be *

1 1{ , }.P P  This contradicts 
* *

1 2{ , }P P  being the OS. If we exchange *
1P  and *

2 ,P  the 
proof of necessity still holds.                           

Proof (of sufficiency). Because * *
1 2{ , }P P is the OS of MCLPP, 

* *
1 2 .P P = ∅∩  If *

2 1,P P= *
1 1 .P P = ∅∩  If we exchange *

1P  
and *

2 ,P  the proof of sufficiency still holds.              
Theorem 1 and the corollary 1 show that among all FSs, only 

the ones whose link sets contain P1 links can be optimal.  
Candidate optimal solution (COS). Suppose * *

1 2{ , }P P  is 
an FS of MCLPP between (s, t) in G, 
if 1 2 1{ }P P P′ ′ ≠ ∅∪ ∩ , * *

1 2{ , }P P is a COS of MCLPP. 
This definition indicates that the set consisting of COSs must 

be a subset of the set consisting of FSs. Obviously, the COS 
with minimal total length is the OS of MCLPP. In other words, 
the COSs rather than all FSs must be constructed in order to 
search for the OS. Since the COS must contain P1 links, it can 
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be constructed by P1 and another path satisfying special 
conditions. 

Theorem 2. Given a weighted digraph G and ( , ) ,s t G∈ if 
P2 is capable of constructing the COS of MCLPP with P1, the 
structural relation between P2 and P1 definitely belongs to one 
of the following four cases: 

Case 1: 2 1P P = ∅∩  and 2 1
ˆ ˆ( ) ( ) ;V P V P = ∅∩  

Case 2: 2 1P P = ∅∩  and 2 1
ˆ ˆ( ) ( )V P V P ≠ ∅∩ ; 

Case 3: 2 1P P ≠ ∅∩  and 2 1 1 2
ˆ ˆ( ) ( ) ( )V P V P V P P=∩ ∩ ; 

Case 4: 2 1P P ≠ ∅∩  and 2 1 1 2
ˆ ˆ( ) ( ) ( )V P V P V P P≠∩ ∩ .  

Proof. Given any path P between (s, t), all possible structural 
relations between P and 1P  can be shown by the hierarchy in 
Fig. 2. Thus, the structural relation between P2 and 1P  
definitely belongs to the four possible structural relations 
between P and 1.P  Because 1 1

ˆ ˆ( ) ( ),V P V P=  the four cases 
of theorem 2 can be obtained according to the cases (i), (ii), (iii), 
and (iv) shown in Fig. 2, respectively.                    

Figure 3 gives four simple examples to illustrate each case of 
theorem 2. Obviously, the path pairs of case 1 and case 2 are 
already link-disjoint, while the path pairs of case 3 and case 4 
need to be processed to construct link-disjoint paths. In case 1, 
there may be one COS at most. In case 2, the link set 1 2P P∪  
can be equivalently represented by a chain structure shown in 
Fig. 4. In such a chain structure, there are 2q pairs of link-
disjoint paths between s and t, where 1 2

ˆ ˆ( ) ( )q V P V P= ∩ . For 
the example shown in Fig. 3(b), 1 2

ˆ ˆ( ) ( ) 1q V P V P= =∩ , and 
there are two pairs of link-disjoint paths, namely, {sabct, sbt} 
and {sabt, sbct}. Thus, there may be at most 2q COSs in case 2. 
The structure of case 3 can be treated by removing the links of 
set 1 2P P∪  from the set of 1 2P P∪ , and the remaining links 
in 1 2 1 2( ) ( )P P P P− ∪∪  will construct a pair of link-disjoint 
paths. The structure of case 4 can be transformed into that of 
case 2 by removing the links of set 1 2P P∪  from the set of 

1 2P P∪ , and the remaining links in 1 2 1 2( ) ( )P P P P− ∪∪  
may construct several COSs. 

Theorem 2 and the previous analysis actually give a possible 
construction method for the COS of MCLPP. In addition to 
satisfying the structural constraints, the COS has to obey the 
QoS constraints as well. We give the upper bound of the 
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Fig. 3. Four simple examples of the four cases in theorem 2. 
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weight constraints of P2 in theorem 3. 

Theorem 3. If P2 can construct COSs with P1, 2( )w P  
cannot exceed 1 12 [ ( ) ( )]P PC w p w p− + , where 1Pp is 1P ’s 
sub-path composed of the links between s and s’s nearest node 
whose out-degree is larger than one, and 1Pp is 1P ’s sub-path 
composed of the links between t and t’s nearest node whose in-
degree is larger than one. 

Proof. Let 1 2{ , }P P ′′  be a COS constructed by P2 and P1, so 
( ) ( 1, 2)iw P C i′ ≤ = . In terms of the four possible construction 

cases of theorem 2, we can infer that 

1 2 1 2 1 2

1 2 1 2 1 2

( ) ( )

( ) ( ) ( ).

P P P P P P

P P P P P P

′ ′= ∪

′ ′=

∪ ∪ ∪

∪ ∪ ∩ ∪ ∩
      

(3)
 

Therefore, for 1 k m≤ ≤ , 

1 2

1 2 1 2 1 2

( ) ( )

( ) ( ) ( ) ( ).
k k

k k k k

w P w P

w P w P w P P w P P

+

′ ′= + + +∩ ∩
  

(4)
 

Since each component of the weight vector of 1P  is zero, that 
is, 1 2( ) 0kw P P =∩ with 1 ,k m≤ ≤ (4) can be rewritten as (5): 

1 2

1 2 1 2 1 2

( ) ( )

( ) ( ) ( ) 2 ( );
k k

k k k k k

w P w P

w P w P w P P c w P P

+

′ ′= + + ≤ +∩ ∩
 
(5)

 

therefore, 2 1 2 1( ) 2 ( ) ( )k k k kw P c w P P w P≤ + −∩ .        (6) 

Because 1 1 1
1

P P PP p p pω= + + , 

1 1 1
2 1 2( ) 2 ( ) [ ( ) ( ) ( )].P P P

k k k k k kw P c w P P w p w p w pω≤ + − + +∩    

(7) 

Furthermore, since the links of 1Pp  and 1Pp cannot appear 
on the P2 path, we can have 1

2 1( ) ( )P
k kw P P w pω≤∩ , and then, 

1 1 1 1
2( ) 2 ( ) [ ( ) ( ) ( )],P P P P

k k k k k kw P c w p w p w p w pω ω≤ + − + + (8) 

that is, 1 1
2( ) 2 [ ( ) ( )]P P

k k k kw P c w p w p≤ − + .             
Theorem 3 shows that if we search P2 to construct the COSs 

for the OS, the path violating 1 12 [ ( ) ( )]P PC w p w p− +  can be 
discarded. We call 1 12 [ ( ) ( )]P PC w p w p− + the CCV because 
it is tighter than 2C  which is used as the upper bound of the 
P2 path in DIMCRA. To avoid introducing more notations, we 
refine the definition of P2 used hereafter as the path that can 
construct COSs with P1. Thus, P2 should be a path between  
(s, t) in ,G′  and 2( )w P  should not exceed the CCV. 

2. Design Principles of Exact Algorithms 

Because the OS is one of the COSs constructed by P2 and 
P1, we derive the design principles of the exact algorithms as 
follows: the shortest path P1 must be found; all P2 paths 
should be obtained; all COSs should be constructed by P2 
paths and P1; and the COS with minimal total length is just 
the OS. Following these guidelines, we designed LIDOMPA 
as described in section IV. Since there may be several shortest 
paths between (s, t), to obtain the OS, we find the shortest 
path set Ps consisting of all P1 paths instead of only one P1 in 
our algorithm. For each 1 SP ∈ Ρ , we search for the best 
solution and then choose the one with the minimal total 
length among the best solutions of all P1 paths as the OS. It 
should be stressed that by extensive simulations, we found 
that it is rare for there to be more than one shortest path 
between a pair of nodes. 

IV. LIDOMPA  

1. Design of LIDOMPA 

A. Calculation of the Shortest Path Set PS 

To find the shortest path set PS, SAMCRA [16], an exact 
loop-free algorithm for the MCP problem, is introduced with a 
little change for LIDOMPA. The SAMCRA algorithm [16], 
[17] can guarantee to find the shortest path under more than 
one additive constraint. As it searches for the shortest path by 
continuously extracting the current shortest sub-path in the sub-
path queue [11], which ensures that the shorter path is always 
obtained first, the shortest paths can be obtained by revising the 
termination condition of SAMCRA as “if the current extracted 
node is t and the corresponding path is longer than the path 
obtained previously between (s, t).” This revision can be easily 
implemented by referring to the pseudo-code in [16]. 

B. Calculation of P2 Paths  

For each 1 SP ∈ Ρ , the set of P2 paths has to be computed on 
the modified graph G′ by doing two important things. Firstly, 
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to achieve a loop-free path in LIDOMPA, we introduce the 
operation of link reversal by setting zero weights on the links, 
which is also used in DIMCRA to avoid loop occurrence 
under multiple constraints. Secondly, we modify SAMCRA 
to find P2 paths. SAMCRA has three important concepts, 
non-linear length, k-shortest path routing, and non-
dominance. Non-linear length means that path calculation is 
performed under multiple constraints. In k-shortest path 
routing, during the search procedure of SAMCRA, we can 
obtain not only the first shortest path but also the second 
shortest path, the third shortest path, and up to the k-th 
shortest path. Non-dominance helps SAMCRA to reduce the 
search space effectively by constantly dominating the sub-
paths which are suboptimal. Although SAMCRA is a k-
shortest path algorithm, it only returns the shortest path rather 
than all P2 paths for LIDOMPA. Therefore, we propose the 
modified SAMCRA (M-SAMCRA) to calculate the P2 paths 
by modifying the SAMCRA as follows. The set of P2 paths is 
returned by the M-SAMCAR rather than only the shortest 
one. The termination condition of the M-SAMCRA is that the 
path queue [11] which stores the intermediate paths becomes 
empty. The non-dominance used in SAMCRA is modified to 
SAND by adding structural constraints to the application 
conditions. Among the three points above, SAND is the most 
important scheme to reduce the search space of P2 paths 
without loss of the exactness of LIDOMPA. It is described in 
detail in the next sub-section. 

C. SAND 

Before introducing SAND, we review the original non-
dominance and then explain the reason for modifying non-
dominance to SAND for LIDOMPA. 

Non-dominance [16]. Consider two paths Pv and Pu from 
source node s to intermediate node j. If ( )i vw P ≤ ( )i uw P  for 
all indices i, Pu can be dominated by Pv. 

Non-dominance is an effective way to reduce the search 
space for SAMCRA, but if it is used directly in the        
M-SAMCRA of LIDOMPA, it may cause loss of P2 paths. 
Consider the example shown in Fig. 5. Figure 5(a) shows the 
original digraph G, and sabt with path vector (4, 4) is the 
shortest path P1 between (s, t). Figure 5(b) shows the modified 
graph G′ of Fig. 5(a). In Fig. 5(b), sca with path vector (3, 2) 
and sba with path vector (4, 3) are two sub-paths from s to 
node a. According to non-dominance, sba can be dominated by 
sca. If so, it would be impossible to construct path sbat and the 
OS {sat, sbt} by sbat and P1. For another example, Fig. 6(a) is 
the original digraph and sat is the shortest path P1 in Fig. 6(a). 
Figure 6(b) is the modified graph .G′  In Fig. 6(b), in terms of 
non-dominance, sub-path sbac can be dominated by sc. If so,  

 

Fig. 5. Example 1 of failed non-dominance for MCLPP. 
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Fig. 6. Example 2 of failed non-dominance for MCLPP. 
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sbact and the OS {sbat, sact} constructed by sbact and P1 
cannot be obtained. 

The two examples shown in Figs. 5 and 6 show that original 
non-dominance may cause the loss of the OS of MCLPP. The 
reason is that the original non-dominance takes no 
consideration of the structural constraints, which is another 
important factor for the MCLPP problem besides the weight 
constraints. Therefore, we propose SAND for LIDOMPA, 
adding a structural condition to the original non-dominance.  

Symmetric difference sub-path pair (SDSP). Let Pa and 
Pb be two paths between s and intermediate node j in .G′ If all 
links of ( ) ( )a b a b b aP P P P P P⊕ = − −∪  belong to a weakly 
connected component, two sub-paths, ( )a a a bP P P P= ⊕∩ and 

( )b b a bP P P P= ⊕∩ , can be constructed. Such a pair ( , )a bP P  
is called an SDSP. 

SAND. Consider two paths, Pv and Pu, from s to 
intermediate node j inG′ . Path Pu can be dominated by Pv, if 

( ) ( )i v i uw P w P≤  for all indices i and either of the following 
two structural conditions is satisfied: 1( ) ( )vV P V P = ∅∩ and 

1( ) ( )uV P V P = ∅∩ ; or the ( , )v uP P  corresponding to the 
path pair (Pv, Pu) exists such that 1( ) ( )uV P V P = ∅∩  and 

1vP P = ∅∩ . 
In section V, we will demonstrate that SAND does not break 

the exactness of LIDOMPA. 

D. Construction of the COSs and the OS  

After obtaining the P2 paths, we use each P2 to construct 
COSs with each 1 SP ∈ Ρ  according to the structural relations 
discussed in theorem 2. We then select the COS with minimal 
total length as the final solution of LIDOMPA. 
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2. Steps of LIDOMPA 

Given a weighted directed graph G and a constraint vector 
C , the main steps of LIDOMPA are the following. 

Step 1. Find the shortest path set SΡ  between (s, t) in G 
under C . If SΡ = ∅ , stop. Otherwise, go to step 2. 

Step 2. If there are two paths, that is, 1 1 S,P P′ ′′ ∈ Ρ  such that 
1 1P P′ ′′ = ∅∩ , return 1 1{ , }P P′ ′′  as the final solution and stop. 

Otherwise, for each 1 SP ∈ Ρ , carry out steps 3 to 5. 
Step 3. Reverse all links on P1, and set their link weights to 0. 

Then, a modified graph G′  is obtained. 
Step 4. Find the set S consisting of P2 paths obtained by the 

M-SAMCRA between (s, t) in G′ under the CCV 
( 1 12 [ ( ) ( )]P PC w p w p− + ). If S = ∅ , then stop. 

Step 5. Classify the paths of S into four subsets:  

1 1

1 1

1 1 1

ˆ ˆ{ | and ( ) ( ) , }
ˆ ˆ{ | and ( ) ( ) , }
ˆ ˆ{ | and ( ) ( ) ( ), }

=

S P P P V P V P P S

S P P P V P V P P S

S P P P V P V P V P P P S
S S S S S

α

β

χ

δ α β χ

⎧ = = ∅ = ∅ ∈
⎪

= = ∅ ≠ ∅ ∈⎪
⎨

= ≠ ∅ = ∈⎪
⎪ − − −⎩

∩ ∩

∩ ∩

∩ ∩ ∩
 

Step 6. Find the best solutions in sets Sα , Sβ , Sχ , and Sδ   
in terms of the following processes of (a), (b), (c), and (d), 
respectively. Then, record the one with the minimal total length 
as the best solution of 1P . 
(a) Find the shortest path Pα  in Sα . Check the length of Pα . 

If Pα  obeys C , 1{ , }P Pα  is the optimal solution in Sα . 
Otherwise, there is no feasible solution in Sα . 

(b) For any path P Sβ β∈ , make the union of 1P Pβ∪ , and 
find the shortest path pair 1{ , }P Pβ′ ′  such that both 1P′  and 
Pβ′  obey the constraint C  among the 2q pairs in graph 

1P Pβ∪ . If 1{ , }P Pβ′ ′  exists, it is the best COS of Pβ . Select 
the shortest pair among the best COSs of all Pβ paths of Sβ  
as the optimal solution in Sβ .  

(c) For any path P Sχ χ∈ , make the union of 1P Pχ∪ ; remove 
the links of 1P Pχ∩  and 1P Pχ∩  from 1P Pχ∪ , that is, 

1 1( ) ( )P P P Pχ χ− ∪∪ ; group the remaining links into two 
paths { , }P Pψ τ  between (s, t); and check the length of Pψ  
and Pτ . If both of them satisfy C , { , }P Pψ τ  is a COS of 
Pχ . Select the shortest pair among the COSs of all Pχ paths 
as the optimal solution in Sχ . 

(d) For any path P Sδ δ∈ , make the union of 1P Pδ∪ , and do 
the operation of 1 1( ) ( )P P P Pδ δ− ∪∪ . Group the remaining 
links into a chain structure discussed in part (b) of Sβ  
above. The remaining work can be done by referring to the 
procedures of (b). Select the shortest one among the best 
COSs of all Pδ paths as the optimal solution in Sδ . 
Step 7. Return the path pair with the minimal total length 

among the best solutions of all 1 SP ∈ Ρ  as the final OS of  

MCLPP and stop. 

V. Concepts for Reducing Search Space of LIDOMPA 

LIDOMPA has three concepts to reduce its search space and 
complexity without loss of exactness: COS, CCV, and SAND. 

COS. LIDOMPA only constructs the COSs for the OS. As 
there are far fewer COSs than FSs, LIDOMPA avoids searching 
the full space of FSs. Thus, the concept of COS actually helps 
LIDOMPA to reduce the search space in terms of the structural 
property of the OS.  

CCV. In step 4, LIDOMPA uses CCV as the constraint 
vector to search P2 paths. As CCV is tighter than 2C  used 
in DIMCRA, it can reduce both the search space and the 
number of P2 paths effectively in terms of the constraint of 
path weights. 

SAND. As mentioned in section IV, SAND is used to reduce 
the search space of P2 paths further. From the definition of 
SAND, it can be seen clearly that SAND reduces the search 
space of P2 paths in terms of both the path weights and the 
structural relations between the sub-paths and P1. 

Among the three concepts above, COS has been proved by 
theorem 1 and corollary 1 not to cause the loss of the OS. CCV 
has been proved by theorem 3 not to cause the loss of P2 paths 
and COSs. In LIDOMPA, since step 5 just does the 
classification and step 6 constructs COSs according to the four 
cases discussed in theorem 2, the exactness of LIDOMPA is 
not affected, and it is just determined by SAND.  

Now we demonstrate that SAND never affects the exactness 
of LIDOMPA. 

Lemma 1. Let Pv and Pw be two paths from s to intermediate 
node j in .G′ If the ( , )v wP P  of (Pv, Pw) exists, 

( ) ( ) ( ) ( )i v i w i v i ww P w P w P w P≤ <=> ≤  for all 1 i m≤ ≤ . 
Proof. According to the definition of SDSP, it can be inferred 

that v v w wP P P P− = − ; therefore, ( ) ( )i v v i w ww P P w P P− = − . 
As ( ) ( ) ( )i v i v v i vw P w P P w P= − + and ( ) ( ) ( ),i w i w w i ww P w P P w P= − +   

( ) ( ) ( ) ( )i v i w i v i ww P w P w P w P≤ <=> ≤ .                  
Theorem 4. SAND never breaks the exactness of 

LIDOMPA. 
Proof. Compared with the original non-dominance, SAND 

just adds structural limitations to the application conditions. 
When (Pv, Pw) satisfies that 1( ) ( )iV P V P = ∅∩  with i=v, w, 
neither Pv nor Pw has P1 elements. Thus, the risk of the loss of 
P2 paths caused by the structural relations is eliminated. 
Therefore, if Pw is dominated by Pv, no P2 paths are lost. If the 
( , )v wP P  of (Pv, Pw) exists, we have 1( ) ( )vV P V P = ∅∩  and 

1wP P = ∅∩ . Then, according to lemma 1, ( ) ( )i v i ww P w P≤ . 
As vP  has no P1 elements, and wP  has no 1P  link, all wP  
links and all vP  links are contained in the link set of their 
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corresponding COSs. In such a case, wP  is dominated by vP , 
being equal to the COSs that contain wP  links and are 
dominated by their counterparts that have vP  links. Because 

( ) ( )i v i ww P w P≤ , the COSs having wP  links are definitely 
suboptimal to the COSs having vP  links. That is to say, only 
the suboptimal COSs are discarded if wP  is dominated by vP . 
This does not cause any loss of the OS. That is, if Pv is 
dominated by Pw, only the suboptimal solutions are neglected. 
Therefore, SAND is unlikely to cause loss of the OS of 
MCLPP.                                          

Theorem 5. LIDOMPA is an exact algorithm.                       
Proof. The construction of LIDOMPA and the previous 

analysis guarantee that LIDOMPA is exact.               

VI. Performance Analysis 

All simulations in this paper are performed on random 
graphs of the class Gp(N) [18] consisting of N nodes, and the 
links are independently chosen with the probability of 

0 2.ρ = . Each link is further specified by a link vector with m 
components, which are random variables with uniform 
distribution on [0, 1]. All tests are executed by C codes on a  
1.9 GHz LINUX PC with 1 GB memory.  

1. Comparisons between DIMCRA and LIDOMPA  

As far as we know, DIMCRA is the best algorithm among 
the existing solutions of the MCLPP problem. Therefore, we 
use it as the comparison benchmark. In these simulations, the 
number of network nodes N  is assumed to be 10, 25, 50, 
100, 150, 200, 250, 300, 350, 400, 450, 500, 550, 600, 700, 
800, 900, and 1,000. For each N , 10,000 random graphs are 
generated under both m=2 and m=3. The constraint vector C  
with components ci=1 for all 1 i m≤ ≤  is used in these 
simulations. Both DIMCRA and LIDOMPA are performed on 
each random graph.  

In Fig. 7, the success rate (SR) of LIDOMPA and DIMCRA 
means the the number of times of obtaining the OS and the FS, 
respectively, of MCLPP in 104 random graphs for each N. The 
results shown in Fig. 7 demonstrate that the SR of LIDOMPA  
is higher than that of DIMCRA. Note that when N is small, the 
random graphs may be very sparse, even unconnected, so the 
FSs of MCLPP are likely to be nonexistent. In these cases, 
although LIDOMPA is exact, it cannot obtain the OS. Thus, the 
SR of LIDOMPA shown in Fig. 7 is not always 100%, 
especially when N is small. Figure 8 compares the average total 
length of the solutions obtained by DIMCRA with that 
obtained by LIDOMPA in 104 graphs for each N. The results 
show that the path pair obtained by LIDOMPA is shorter than 

that obtained by DIMCRA. Moreover, the results of Fig. 9 
show that the execution time of LIDOMPA is longer than that 
of DIMCRA. From Figs. 7 to 9, we can conclude that 
LIDOMPA outperforms DIMCRA in terms of SR and path 
pair length at the expense of execution time. 

2. Analysis of LIDOMPA in the Worst Case 

In the following simulations, all the components of C  are 
assumed to be N (that is, Ci=N with 1 i m≤ ≤ ). In this case, all 
paths between (s, t) in G obey C , and all paths between (s, t)  

 
 

Fig. 7. Success rate of the obtained solutions. 
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Fig. 8. Average total length of the obtained solutions. 
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Fig. 9. Execution time (running time). 
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in G′ obey 1 12 [ ( ) ( )]P PC w p w p− + . Since 0.2ρ =  is fixed, 
with the increase of N, the random graphs have very high 
connectivity. For instance, when N is 1,000 and ρ is 0.2, the 
average node degree is 200. In this case, the number of the 
paths between (s, t) will be quite large so that the searching 
burden for the OS tends to be very heavy. This can be seen as 
the worst case. 

A. Effectiveness of SAND in Reducing Search Space of P2 
paths  

The design principles and the steps of LIDOMPA show that 
both the number of shortest paths and the number of P2 paths 
influence the execution time of LIDOMPA. In our simulations 
of this sub-section, path P is considered as another shortest path 
(that is, SP ∈ Ρ ) if 5

1( ) ( ) 10 .l P l P −− ≤ However, according to 
the simulation results, we find that only two of the 105 

realizations have more than one shortest paths between (s, t). 
Therefore, we can conclude that the complexity and the 
execution time of LIDOMPA are mainly determined by the 
number of P2 paths obtained in step 4.  

Although both CCV and SAND are used to reduce the 
search space and the number of P2 paths, only SAND takes 
effect in the worst case. To examine the effectiveness of SAND, 
we recorded the number of P2 paths obtained by step 4 of 
LIDOMPA in each graph. Let k be the number of P2 paths. We 
use kavg and kmax to denote the average value and the maximum 
of k, respectively, in the graphs for each N.  

Scenario I. (The number of P2 paths vs. the number of 
nodes N)  

Assume N to be 100, 200, 300, 400, 500, 600, 700, 800, 900, 
and 1000. For each N, we generated 104 random graphs under 
both m=2 and m=3. Figure 10 shows all values of k versus N 
under m=2 and m=3. Most values of k distribute below kavg and 
both kavg and kmax increase with N; however, the growth rates 
are not sharp and have a linear growth trend.  

Scenario II. (The number of P2 paths vs. the number of 
constraints m.)  

Let possible values of m be 2, 4, 6, 8, 10, 12, 14, 16, 18 and 
20. For each m, N is specified by 100, 200, 300, 400 and 500 in 
turn. Under each combination of N and m, 104 random graphs 
were generated. Figure 11 shows the values of k versus m for 
each N. In Fig. 11, with the increase of m, no obvious increase 
can be observed for kavg or kmax, especially when m is large. 
Moreover, most values of k are below kavg. 

As seen in Figs. 10 and 11, the number of P2 paths after 
SAND depends more on N than on m. Furthermore, Van 
Mieghem and others [19] showed that the upper bound of the 
number of paths between (s, t) is ( 2)!e N× −⎢ ⎥⎣ ⎦ , where 

2.718e . In Figs. 10 and 11, the number of P2 paths after  

 

Fig. 10. Distribution of k vs. N under m=2 and m=3. 
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Fig. 11. Distribution of k vs. m. 
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Fig. 12. Execution time of LIDOMPA in scenario I. 
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SAND is much smaller than this bound in the worst case for 
any pair of N and m, which demonstrates the effectiveness of 
SAND in reducing the search space and the number of P2 paths. 

B. Execution Time of LIDOMPA in the Worst Case 

In the simulations whose results are shown in Figs. 10 and 11, 
we also recorded the execution times of LIDOMPA. Figures 
12 and 13 show the average execution times and the 95 
percentile of the execution time of LIDOMPA in scenario I and 
scenario II, respectively. It can be observed that the execution  
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Fig. 13. Execution time of LIDOMPA in scenario II. 
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time of LIDOMPA increases with both N and m, and the effect 
of N is greater than that of m. 

The results shown in Figs. 12 and 13 demonstrate that the 
average execution time of LIDOMPA is biased towards the 
minimal values rather than the 95 percentiles. More 
importantly, although the average execution time of 
LIDOMPA increases with N and m, it never exceeds 2 seconds 
in the worst case, even when N=1000 and m=3 and when 
N=500 and m=20. In current high-speed core networks, pre-
computations are used to find QoS routing [20], so the 
execution time of LIDOMPA is acceptable. That is to say, 
LIDOMPA achieves acceptable complexity. 

VII. Extention of LIDOMPA to NODOMPA  

As mentioned in section III, if two paths are node-disjoint, 
they must be link-disjoint. That is, given a network, the FS set 
of MCNPP must be a subset of the FS set of MCLPP. This 
conclusion still holds for the COS set of MCLPP and that of 
MCLNPP. Therefore, it is easy to extend LIDOMPA to 
NODOMPA to solve the MCNPP problem.  

NODOMPA is similar to LIDOMPA except step 6, where 
the COSs of MCNPP are only constructed on Sα  and Sγ , 
because in the structure of cases 2 and 4 of theorem 2 no node-
disjoint paths are likely to be found. 

Obviously, NODOMPA is an exact algorithm for solution of 
the MCNPP problem due to the algorithm construction 
principle.  

VIII. Conclusion 

In this paper, finding disjoint path pair with minimal total 
length was studied under multiple additive constraints. By 
analyzing the properties of the OS of MCLPP, an exact 
algorithm LIDOMPA for MCLPP was designed which 
introduces three effective concepts (COS, SAND, and CCV) 
for search space reduction. The simulation results show that 

our algorithm outperforms existing algorithms and achieves an 
acceptable execution time. We also suggested a method to 
extend LIDOMPA to NODOMPA for the MCNPP problem.  
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