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Abstract

MDPS (motor driven power steering) systems have been widely used in vehicles due to their improved fuel efficiency and
steering performance when compared to conventional hydraulic steering. However, the reduction of torque ripples and material
cost are important issues. A low resolution position sensor for MDPS is one of the candidates for reducing the material costs.
However, it may increases the torque ripple due to the current harmonics caused by low resolution encoder signals. In this paper,
the torque ripple caused by the quantized rotor position of the low resolution encoder is analyzed. To reduce the torque ripples
caused by the quantization of the encoder signals, the rotor position and the speed are estimated by measuring the frequency of
the encoder signals. In addition, the compensating q-axis current is added to the current command so that the 6th order torque
harmonic is attenuated. The reduction of torque ripples by applying the estimated rotor position and the compensated q-axis
current is verified through experimental results.
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I. INTRODUCTION

In recent years, energy savings in vehicles has become
an important issue worldwide. As a result, electric vehicles
and hybrid electric vehicles, which are driven by electric
motors, are being launched in the marketplace. In addition,
some hydraulically controlled mechanical systems have been
replaced by electric driven systems, such as power steering
and braking systems. It is noted that MDPS systems have been
applied to vehicles for several years due to their merits in fuel
efficiency, steering performance, environment friendliness, and
down-sizing due to the reduced number of components when
compared to conventional hydraulic power steering [1]-[3].

MDPS systems can be classified into three types based
on the electric motor’s location. These types include column
fitted, pinion fitted, and rack fitted. In small and medium sized
vehicles, column fitted MDPS systems, as shown in Fig. 1,
where the electric motor is mounted on the column are widely
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Fig. 1. Column fitted MDPS system.

used [1].

To drive the MDPS system, a permanent magnet DC Motor
had been used due to its low torque ripple and its ease of torque
control. Despite these advantages they have disadvantages such
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as the low efficiency, a slow dynamic response due to a large
moment of inertia, and a short lifetime due to mechanical
commutation by the commutator and the brushes.

Nowadays permanent magnet DC motors have been re-
placed by PM (permanent magnet) synchronous motors since
they have advantages such as high efficiency, a long lifetime,
a small moment of inertia, and excellent heat radiation when
compared to permanent magnet DC motors [3]-[7]. PM syn-
chronous motors in MDPS systems, however, have certain
disadvantages such as noise and mechanical vibrations as well
as the material cost for an extra inverter drive circuit [8].
The noise and vibration are mainly generated by the torque
ripples of the motor, therefore, reducing the torque ripples
is essential [9]-[13]. The torque ripples are generated by
combined features such as a mechanical unbalance, magnetic
saturation in the stator and the rotor cores, cogging torque,
etc.

Torque ripples can be reduced by two approaches. The first
approach is based on the motor structure while the second
is based on the motor controller. For motor structure based
torque ripple reduction, mathematical modeling to compute
and reduce the cogging torque by a skewed rotor and a
modified rotor structure was presented in [11], [12]. For
control based torque ripple reduction, compensating currents
that cancel out particular torque harmonics are added to
the current command, where the compensating current is
derived from a nonlinear analysis of the magnet saturation
[13]. To apply the high frequency compensating current as
well as the sinusoidal currents to a PM synchronous motor,
precise information on the rotor position is required, through
a resolver or an absolute encoder. These sensors, however,
are too expensive and bulky to be used in compact MDPS
systems. Although sensorless control without rotor position
sensors may be applied, a physical sensor is still required due
to the stringent safety and reliability requirements of a MDPS
system [14].

Therefore, low cost rotor position sensors consisting of a
magnet wheel, hall effect sensors, and an incremental encoder
are commonly used in MDPS systems. The absolute rotor
position is detected by combining the absolute rotor position
with 60 electrical degrees obtained from hall effect sensors,
with the high resolution encoder position obtained from an
incremental encoder. The incremental encoder has a high
resolution rotor position with 2048PPR (pulse per revolution),
but it still has cost problems due to the encoder drive IC. In
this paper, the encoder drive IC is replaced by low cost hall
effect sensors to reduce the material cost, but the resolution
of the incremental encoder is reduced to 64PPR.

In this paper, torque ripple reduction using the a low
resolution incremental encoder is presented. The effect of
the incremental encoder’s resolution on the torque ripple
is analyzed. The rotor position is estimated from the low
resolution encoder signals. To reduce the torque ripple caused
by mechanical unbalance, magnetic saturation, and cogging
torque, an extra q-axis harmonic current is added to the
reference current. The performance of the proposed torque
ripple reduction based on an estimated rotor position is verified
through experimental results.

II. TORQUE RIPPLE ANALYSIS

A. Modeling of a PM synchronous motor

In MDPS systems, the steering wheel torque is measured
by a torque sensor when the driver manipulates the steering
wheel. The input torque signal is transferred to the ECU
(electronics control unit) which controls the motor torque.
Depending on the input torque, the ECU generates a torque
command to the motor to generate steering force, and then the
motor generates the required torque.

The voltage equation of a surface mounted PM synchronous
motor (SPMSM) in the abc frame can be given as:

vabc = rsiabc +
d
dt

λabc = rsiabc +Ls
d
dt

iabc + eabc (1)

where, vabc and iabc are the stator voltages and the stator
currents, respectively, eabc is the back emf induced into the
stator windings, and rs and Ls denote the phase resistance
and the phase inductance, respectively. The abc frame voltage
equation can be transformed to a dq-axis voltage equation in
the rotor reference frame as shown in (2).

vd = rsid +Ld
d
dt id −ωrLqiq

vq = rsiq +Lq
d
dt iq +ωrLd id +φ f ωr

(2)

where, φ f is the magnet flux, ωr is the electrical angular veloc-
ity of the rotor, vd and vq are the d-axis and the q-axis voltages,
Ld and Lq are the d-axis and the q-axis inductances, and id
and iq are the d-axis and the q-axis currents, respectively. The
phase inductances in a SPMSM are almost constant so that the
d-axis inductance and the q-axis inductance can be considered
as equal.

The mechanical dynamics of a motor depends on the gener-
ated torque, the rotor inertia, the friction, and the load torque
so that the torque equation for a SPMSM can be expressed as:

T e = 3
2 · P

2 (φ f iq +(Ld −Lq) id iq) = 3P
4 φ f iq

= J( 2
p )

d
dt ωr +B( 2

p )ωr +Tf +Tc +TL
(3)

where, P is the number of poles, J is the momentum of the
inertia, B is the coefficient of the viscous friction, and Tf , Tc
and TL denote the friction, the cogging torque, and the load
torque, respectively.

B. Analysis of torque ripples

The encoder signals are quantized by the number of encoder
pulses per revolution so that the rotor position of a low
resolution encoder has quantized rotor position errors when
compared to the actual rotor position. The quantized rotor
position errors cause a distortion in the phase currents and they
also generate torque ripples in the PM synchronous motor. The
motor currents are controlled based on the quantized encoder
signals, therefore, the dq axis of the controller can lead or lag
the actual dq axis based on the actual rotor position. Fig. 2
shows the current vector and its projection to the dr-qr axis
and the de-qe axis.

In Fig. 2, the dr-qr axis is based on the actual rotor position
with a high resolution and the de-qe axis can be considered
as an imaginary axis based on the encoder’s rotor position.
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Fig. 2. Current vector and two dq axes based on the actual rotor position
and encoder rotor position.

The angle difference ∆θ in Fig. 2 denotes the position error
between the actual rotor position θr and the encoder rotor
position θenc.

Assume that the current vector leads the back emf vector
by an angle α , then the dq currents in the dr-qr frame and
the de-qe frame can be given by (4) and (5), respectively.

idr =−I∗ sinα
iqr = I∗ cosα (4)

ide = idr cos∆θ − iqr sin∆θ =−I∗ sin(α +∆θ)
iqe = idr sin∆θ + iqr cos∆θ = I∗ cos(α +∆θ). (5)

In MDPS systems, the torque ripple is serious in the low
speed operating regions because the motor has low pass filter
characteristics. In the high speed operating regions the torque
ripples are attenuated by the motor. In the low speed operating
regions in a surface mounted PM synchronous motor, the q-
axis current controls the motor torque and the d-axis current
is controlled to be zero to operate in the MTPA (maximum
torque per ampere) mode. In the MTPA regions, the lead angle
α in Fig. 2 is set to zero, therefore, the dq currents in (4) and
(5) can be given as follows:

idr = 0
iqr = I∗ (6)

ide =−I∗ sin(∆θ)
iqe = I∗ cos(∆θ). (7)

It is noted that the rotor position difference between the
actual rotor position and the encoder rotor position is small
for a high PPR encoder since the resolution of the encoder
signals is sufficiently high. For a low PPR encoder, on the
other hand, the rotor position difference becomes large and it
deteriorates the torque and the current control performance.
The detected rotor position from encoder can be expressed as:

θenc =
P
2

2π
n

Nenc
= Pπ

n
Nenc

f or 0 ≤ n ≤ Nenc −1 (8)

Fig. 3. Actual rotor position and quantized encoder rotor position.

where, P is the number of poles, Nenc is the number of encoder
pulses per mechanical revolution, and n denotes the index of
the encoder pulses, ranging in numbers from 0 to Nenc −1.

Fig. 3 shows the actual rotor position and the detected rotor
position from an encoder with 64PPR (pulse per revolution).
The position error in Fig. 3 is caused by the quantization of the
encoder signals. If we define the position error to be between
the actual rotor position and the detected rotor position from
the encoder as ∆θ = θr − θenc, then the maximum rotor
position error due to the encoder signal’s quantization may
be given as follows:

∆θmax = Pπ
1

Nenc
. (9)

From (7), it is noted that when the detected rotor position
has a position error ∆θ from the actual rotor position, then
the generated torque decreases due to a decrease in the q-
axis current. From (3), (6), (7), and (9), the torque differences
between the torques controlled by the actual rotor position and
the encoder signal can be derived as (10).

∆T = Te −Tenc =
3
4

φ f I∗(1− cos∆θ). (10)

The position error ∆θ in (10) repeats saw-tooth waveforms
during every cycle of the encoder pulses as shown in Fig. 3 so
that the torque difference has similar waveforms. In this case,
the maximum torque difference can be derived as (11) from
(9) and (10).

∆Tmax =
3
4

φ f I∗(1− cos∆θmax). (11)

The torque difference given in (11) refers to the torque
ripple generated by the quantized rotor position, so that the
performance index of the torque ripple for the encoder signals
can be defined as follows:

η (%) =
∆Tmax

Te
×100 = 100× (1− cos(

Pπ
Nenc

)). (12)

Fig. 4 shows the performance index of the torque ripples
according to the number of encoder pulses for a 6 pole PM
synchronous motor. The torque ripples above 500PPR are
lower than 0.1%, but the torque ripples below the 200PPR
region increases exponentially as the number of encoder
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Fig. 4. Relationships between torque ripples and number of encoder pulses.

signals decreases. The torque ripple for a 200PPR encoder
is 0.44%, but it increases to 4.3% at 64PPR, by only the
quantization of the encoder signals. In real systems, the torque
ripples may be larger than in the analysis because of the
mechanical unbalance of the motor, the magnetic saturation
in the stator and the rotor cores, the cogging, the friction
torques, and the control performance including the current and
the voltage control. Therefore, it is important to reduce the
quantization errors of the encoder signals, especially for low
PPR encoders.

III. TORQUE RIPPLE REDUCTION WITH ROTOR POSITION
ESTIMATION

A. Rotor position estimation

The surface mounted PM synchronous motor used in this
paper has 3 phases and 6 poles. The absolute rotor position
is detected by combining the absolute rotor position with
60 electrical degrees from the hall effect sensors, with the
low resolution incremental encoder position obtained from the
hall effect sensors. In a conventional MDPS system, a high
resolution encoder with 2048PPR was applied, therefore, the
resolution of the rotor position was 0.176deg in mechanical
angle and 0.527deg in electrical angle. The low resolution
encoder used in this paper has 64PPR so that the resolution of
the mechanical angle is 5.625deg, that is, 16.875deg in elec-
trical angle. Such low PPR position information may generate
serious current harmonics and torque ripples as mentioned in
the previous chapter. Therefore, it is necessary to acquire the
rotor position with a high resolution from the low PPR encoder
signals. Fortunately, a more accurate rotor speed and rotor
position can be acquired by the appropriate signal processing
of the rising edge and the falling edge instants of the encoder
signals.

An encoder signal remaining constant at high or low levels
gives no information on rotor speed or rotor position, but the
rising edge and the falling edge signals may give the frequency
of the rotor, that is, the rotor speed. The rotor position can be
estimated in a high resolution by using the information on rotor
speeds. In addition, the estimated rotor position is calibrated
at every rising edge of the encoder signal.

To estimate the rotor speed from the encoder signals, we
can consider two methods. One is counting the number of

Fig. 5. Encoder pulses and estimated rotor position.

encoder pulses during a given constant period, and the other
is measuring the period between the rising edges or the falling
edges of the encoder pulses. Counting the number of encoder
pulses is effective when the encoder has a sufficient number of
encoder pulses during one revolution as is the case with a high
PPR encoder. However, it is not a good candidate for a low
PPR encoder because the number of encoder pulses becomes
too small at low speeds. In this paper, therefore, the motor
speed is estimated by measuring the period of the adjacent
rising edges of the encoder signals. The period between the
adjacent rising edges of the encoder signals can be measured
by counting the number of high frequency counting signals,
such as PWM trigger signals, whose frequency is 20kHz. Fig.
5 shows the relationships between the encoder signal, the
PWM counting signal, and the counter to estimate the rotor
position.

When Nc(k)is the number of counting pulses between the
(k-1)th and the k-th rising edges of the encoder signal, the
time between the two rising edges of the encoder pulse is:

Tc(k) = Nc(k) ·T (13)

where, T is the sampling period of the PWM. If the motor
speed is 60rpm, the frequency of a 64 PPR encoder signal
is 64Hz and the number of counting pulses Nc(k)will be 312,
since Nc(k)= 20kHz/64Hz = 312.5. This counting number will
increase at lower speeds, but it will decrease at higher speeds.

From the detected time between the two edges of the
encoder signal, the mechanical frequency of the motor can
be given as follows:

fm(k) =
1

Nenc
· 1

Tc(k)
=

1
NencNc(k)T

. (14)

The estimated electrical rotor speed ω̂r(k) can be derived
as (15), under the assumption that the motor speed is constant
during one cycle of the encoder signals,

ω̂r(k) = 2π fe(k) = 2π × P
2

fm(k) =
Pπ

NencNc(k)T
. (15)

From the estimated rotor speed given in (15), the rotor
position between θ̂r(k)and θ̂r(k+1)can be estimated as (16).
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Fig. 6. Torque ripple and approximation.

_
θ r (k+nT ) = θr(k)+

n

∑
i=0

ω̂r(k) ·T. (16)

It can be noted that the rotor position between the rising
edges of the encoder signals can be estimated at every PWM
sampling time. The estimated rotor position is also calibrated
at every rising edge of the encoder signal. Furthermore, the
absolute rotor position is updated every 60 electrical degrees.

B. Torque ripple reduction

The motor torque has ripples caused by the mechanical
unbalance, the magnet saturation, the cogging torque, etc.
Nevertheless the sinusoidal currents are applied to the stator
windings. The torque ripple mainly includes multiples of the
6th order harmonics of the fundamental frequency. As shown
in Fig. 6, the torque ripple waveform includes many kinds
of harmonics, therefore, it is not easy to model the torque
ripples exactly. But the major component of the torque ripple
is the 6th order harmonic so that the torque ripple can be
reduced by injecting an extra currents that cancel the 6th order
torque harmonic. The 6th order torque harmonic in Fig. 6
depends on the average torque and rotor position, so it can
be approximated as follows:

T 6
har =−k6iqo sin(6θr) (17)

where, iqo is the nominal q-axis current corresponding to the
average torque.

The coefficient of the 6th order torque harmonic k6 can be
decided as (18) from the measured torque ripples in Fig. 6.

k6 =
T 6

har peak

iqo
=

0.04Nm
65A

= 0.00062 Nm/A. (18)

If we add the extra torque that cancels the 6th order torque
harmonic to the torque command, then the 6th order torque
harmonic will disappear. The compensating q-axis current
corresponding to the extra torque may be expressed as:

iqc =−T 6
har
kt

=
k6

kt
iqo sin(6θr). (19)

The reference q-axis current includes the nominal q-axis
current iqo for average torque and the compensating q-axis
current to reduce the torque ripple and it is given in (20).

TABLE I
SPECIFICATIONS OF PM SYNCHRONOUS MOTOR

Parameters value
Number of Poles 6
Stator resistance @70°C 0.023 Ω
d-axis inductance 68 uH
q-axis inductance 68 uH
Back emf constant 0.0109 Vsec
Moment of inertia 0.00011 kgm2

Coefficient of viscous friction 0.00021 Nmsec

i∗q = iqo + iqc (20)

IV. EXPERIMENTAL RESULTS

Fig. 7 shows a block diagram of the proposed torque
control of a PM synchronous motor for a MDPS system. The
reference torque is generated from the main controller based
on information such as the vehicle speed, the engine RPM, the
torque sensor output, and the steering angle. The dq reference
currents consist of the nominal dq current corresponding to the
required torque and the compensating dq current to reduce the
torque ripple. The compensating dq current depends on the
torque magnitude and it has 6th order harmonic currents to
cancel the 6th order torque ripple.

The dq reference currents are compared with the dq currents
transformed from the abc currents based on the estimated rotor
position. A proportional-integral (PI) current controller with
decoupling generates the dq reference voltages. Three phase
voltages corresponding to the dq reference voltages are applied
to the motor through a space vector PWM inverter and the DC
link voltage across the battery is 12V. The rotor speed and the
rotor position are estimated by measuring the period of the
low PPR encoder signals.

The torque control with rotor position estimation is imple-
mented by a DSP, TMS320F28335. The control frequency
for the current command generation and the rotor speed
calculation is 420Hz, the current control frequency is 1.68kHz,
and the PWM frequency for the voltage control is 20kHz.
The PM synchronous motor has 3 phases and 6 poles, and
the permanent magnets are mounted on the surface of the
rotor core so that the d-axis and the q-axis inductances are
almost equal. Fig. 8 shows the experimental system and the
specifications of a PM synchronous motor are listed in Table
1.

Fig. 9(a) shows the mechanical and electrical encoder
angles, the estimated rotor position, and the phase current
based on the encoder signal at a constant speed of 60rpm. The
reference torque is 3.2Nm and the q-axis current is 65A. Fig.
9(b) shows similar waveforms, except that the phase current
is based on the estimated rotor position, when the motor
speed accelerates from 30rpm to 85rpm. It shows that the
estimated rotor position has a high resolution at both constant
and variable speeds.

Fig. 10 shows the currents and the motor torque when
the motor is driven by 64PPR encoder signals without the
compensating current for torque ripple reduction. The current
is controlled based on the encoder signals, which have an



714 Journal of Power Electronics, Vol. 10, No. 6, November 2010

Fig. 7. Torque control schemes of PMSM

Fig. 8. Photographs of experimental system.

electrical angle resolution of 16.875 degree, so that the phase
current is also quantized by the encoder signals. These quan-
tized phase currents generate the ripples in the dq currents. The
motor torque, therefore, has high frequency torque ripples due
to the dq current ripples as well as the inherent torque ripples
caused by the mechanical unbalance, the magnet saturation,
and the cogging torque. The peak to peak value of the torque
ripple is 0.2Nm, which is 6.25% of the average torque. Such a
large torque ripple will generate a mechanical vibration on the
steering handle and it also exceeds the limits of torque ripple
for MDPS systems.

Fig. 11 shows the currents and the motor torque when the
motor is driven by the estimated rotor position without the
compensating current. It can be noted that the dq current rip-
ples are significantly decreased and that the phase current has
nearly sinusoidal waveforms since the currents are controlled
by the estimated rotor position with a high resolution. The
high frequency torque ripples caused by the quantized encoder
signal disappears, but it still has the inherent torque harmonics
caused by a combination of mechanical unbalance, magnet
saturation, cogging torques, etc. The peak to peak value of the

(a) Constant speed at 60rpm (time : 100msec/div.)

(b) Acceleration from 30rpm to 85rpm (time : 500msec/div.)

Fig. 9. Actual rotor position and estimated rotor
position(θ : π rad/div., ia : 100A/div.),:

torque ripples is about 0.1Nm, which is 3.1% of the average
torque. The main component in the torque ripple is the 6th

order harmonics.

To reduce the 6th order harmonic of the motor torque, the
compensating dq currents generated from the torque ripple
compensator are added to the reference dq currents. The
dq currents and the compensating q-axis current as well
as the motor torque are shown in Fig. 12. The magnitude
of the compensating q-axis current is 1.3A, about 2.0% of
the nominal q-axis current. The compensating q-axis current
generates the pulsating torque that cancels the inherent torque
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(a) Encoder angle and currents

(b) Torque (Nm)

Fig. 10. Currents and torque for 64 PPR encoder without torque ripple
compensation

(θ : π rad/div., iq, id , ia : 50A/div., time : 100msec/div.)

(a) Estimated rotor position and currents

(b) Torque (Nm)

Fig. 11. Currents and torque for estimated rotor position without torque
ripple compensation

(θ : π rad/div., iq, id , ia : 50A/div., time : 100msec/div.)

ripples of the motor. The peak to peak of the torque ripples is
attenuated to 0.05Nm, that is 1.6% of the average torque.

V. CONCLUSIONS

The MDPS system in a vehicle can increase the fuel
efficiency and steering performance when compared to con-
ventional hydraulic steering, but reducing the torque ripples
and the material cost are important issues. In this paper, torque
ripple reduction based on the estimated rotor position from a
low resolution encoder is proposed. The effect of the encoder

(a) Estimated rotor position and currents

(b) Compensating current and torque (Nm)

Fig. 12. Currents and torque for estimated rotor position with torque ripple
compensation

θ : π rad/div., iq, id , ia : 50A/div., iqc : 5A/div., time : 100msec/div.

resolution on the torque ripple is analyzed. The rotor position
is estimated from the low resolution encoder signals to reduce
the current harmonics caused by the quantized rotor position
from the low PPR encoder. To reduce the torque ripple in a
MDPS system, the extra q-axis current that cancels the 6th

order torque harmonic is added to the reference current. By
applying the estimated rotor position and the torque ripple
compensation, the peak to peak torque ripple is reduced from
6.25% to 1.6%. The performance of the proposed torque ripple
reduction based on an estimated rotor position is verified
through experimental results.
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