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Failure rate of a bivariate exponential distribution
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Abstract

It is well known that if the parent distribution has a nonnegative support and has
increasing failure rate, then all the order statistics have increasing failure rate (IFR).
The result is not necessarily true in the case of bivariate distributions with dependent
structures. In this paper we consider a symmetric bivariate exponential distribution and
show that, two marginal distributions are IFR and the distributions of the minimum
and maximum are constant failure rate and IFR, respectively.
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1. Introduction

The distribution of minimum and maximum of two randoms X and Y play an important
role in various statistical applications. For example in reliability studies, min(X,Y ) is the
observable time of failure if the components are arranged in the series system and max(X,Y )
is the observable if the components are arranged in the parallel system.

In the case of independent and identically distributed random variables from distribution
F (·), min(X,Y ) and max(X,Y ) constitute order statistics for a random sample of size 2
from a distribution F (·). In reliability theory literature, it is well known that if the parent
distribution has a nonnegative support and has increasing failure rate (IFR), then all the
order statistics have IFR, see for example Barlow and Porschan (1981), a monograph by
Kamps (1995) and Finkelstein and Esaulova (2005).

Nagaraja and Baggs (1996) have studied the order statistics of bivariate exponential ran-
dom variables and noted that even if the marginal distribution is IFR, min(X,Y ) and
max(X,Y ) do not necessarily have IFR. For example, for Raftery’s (1984) bivariate ex-
ponential distribution, the marginal distributions are exponential and yet the failure rate of
min(X,Y ) is non-monotonic for certain values of parameters.

In this paper we consider a random variable (X,Y ) having a Freund’s symmetric bivariate
exponential distribution. We are interested in the failure rates of X, Y , min(X,Y ) and
max(X,Y ). In section 2, we obtain the marginal distributions of X and Y for the bivariate
exponential distribution, and in section 3, we show that 1) the failure rate of X(Y ) is
decreasing failure rate (DFR), constant failure rate (CFR), or IFR according to the value
of parameter, 2) the failure rate of min(X,Y ) is CFR, 3) the failure rate of max(X,Y ) is
IFR, and 4) the conditional failure rate of max(X,Y ) given min(X,Y ) is CFR.
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2. Marginal distribution of X(Y )

Consider a random variable (X,Y ) having the Freund’s (1961) bivariate exponential dis-
tribution,

f(x, y) =


αβ

′
exp[−β′

y − (α+ β − β′
)x], 0 < x < y,

α
′
β exp[−α′

x− (α+ β − α′
)y], 0 < y < x.

(2.1)

where α, α′, β, β
′
> 0. This distribution arises in the following setting: X and Y are

lifetimes of two components assumed to be independent exponentials with parameters α, β,
respectively; but, a dependence between X and Y is introduced by taking a failure of
either component to change the parameter of the life distribution of the other component;
if component 1 fails, the parameter for Y is changed to β′; and if component 2 fails, the
parameter for X is changed to α′. In this paper, we assume that α = β = λ and α′ = β′ = θλ
for θ > 0 in the model (2.1). Then (2.1) can be simplified as the symmetric bivariate
exponential distribution

f(x, y) = θλ2 exp {−2λmin(x, y)− θλ |x− y|} , (2.2)

Weier (1981) and Hong et. al. (1995) considered the estimation problems for this model.
The identical marginal densities are given by

fX(t) = fY (t) =
1− θ
2− θ

· 2λ exp(−2λt) +
1

2− θ
· θλ exp(−θλt) ifθ 6= 2, (2.3)

and

fX(t) = fY (t) =
1

2
· 2λ exp(−2λt) +

1

2
· (2λ)2t exp(−2λt) ifθ = 2. (2.4)

The marginal density of X is the same as that of Y , but this does not provide any
information about the independency.
Remark 1. Note that the marginal density of X is not exponential, but a mixture of

two exponential densities when θ 6= 2 and a mixture of exponential and gamma densities
when θ = 2.

Now the expectation of X(Y ) is obtained as

E(X) = E(Y ) =
θ + 1

2θλ
.

The correlation coefficient is given by

ρ =
θ2 − 1

θ2 + 3
.

We can show that −1/3 < ρ < 1.
Remark 2. If θ = 1, then ρ = 0 and X and Y are independent random variables having

exponential distributions

fX(t) = λ exp(−λt) and fY (t) = λ exp(−λt),

respectively.
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3. Failure rates

3.1. Failure rates of X(Y)

From (2.3) and (2.4), the reliability functions are easily found to be

RX(t) = RY (t) =
1− θ
2− θ

exp(−2λt) +
1

2− θ
exp(−θλt) if θ 6= 2 (3.1)

and

RX(t) = RY (t) = (1 + λt)exp(−2λt) if θ = 2 (3.2)

Now the failure rate function of X(Y ) is easily obtained by dividing the marginal density
of X(Y ) by the corresponding reliability function. That is,

hX(t) = hY (t) =


2(1− θ)λ exp(−2λt) + θλ exp(−θλt)

(1− θ) exp(−2λt) + exp(−θλt)
, if θ 6= 2,

λ+
λ2

(1 + λt)2
, if θ = 2.

(3.3)

This gives

dhX(t)

dt
=
dfX(t)/dt ·RX(t) + f2X(t)

RX(t)2

=


(θ − 1)λ2 exp−(θ + 2)λt

RX(t)2


< 0, if 0 < θ < 1,

= 0, if θ = 1,

> 0, if θ > 1 and θ 6= 2,

λ2

(1 + λt)2
> 0, if θ = 2.

Remark 3. Note that if 0 < θ < 1, hX(t)(hY (t)) is DFR, if θ = 1, hX(t)(hY (t)) is CFR,
and if θ > 1, hX(t)(hY (t)) is IFR.

3.2. Failure rates of min(X,Y) and max(X,Y)

Let U = min(X,Y ), V = max(X,Y ), then the joint pdf of (U, V ) is given by

g(u, v) = 2θλ2 exp {−(2λ− θλ)u− θλv} , 0 < u < v.

The marginal densitie of U is given by

gU (u) = 2λ exp(−2λu).

This gives the failure rate of U as hU (t) = 2λ, which is CFR. And the marginal density
of V is

gV (v) =


2θλ

2− θ
[exp (−θλv)− exp (−2λv)] , θ 6= 2,

(2λ)2v exp (−2λv), θ = 2.
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This gives the reliability function of V as

RV (t) =

∫ ∞

t

gV (v)dt

=


2

2− θ
· exp (−θλt)−

θ

2− θ
· exp (−2λt) , θ 6= 2,

(1 + 2λt) · exp (−2λt) , θ = 2.

Then the failure rate function of V is obtained as

hV (t) =


2θλ ·

(
1

2− θ exp {−λ(2− θ)t}
−

1

2exp {λ(2− θ)t} − θ

)
, θ 6= 2,

4λ2t

1 + 2λt
, θ = 2.

(3.4)

This gives

dhV (t)

dt
=


2θ(θ − 2)2λ2 expλ(θ − 2)t

[2− θ expλ(θ − 2)t]2
> 0, if θ 6= 2,

4λ2

1 + 2λt
> 0, if θ = 2.

Remark 4. The failure rate function hV (t) is IFR.
Now we consider the limiting properties of hV (t). Let a(t) = exp {λ(θ − 2)t}, then

lim
t→∞

a(t) =

{∞, if θ > 2,

0, ifθ < 2,

and

lim
t→∞

hV (t) =


limt→∞

2θλ(1− a(t))

2− θa(t)
= λ ·min(θ, 2), ifθ < 2,

limt→∞
4λ2t

1 + 2λt
= 2λ, ifθ = 2.

Remark 5. The failure rate function hV (t) converges to λ ·min(θ, 2) as t→∞.

3.3. Conditional failure rate of max(X,Y) given min(X,Y)

The conditional density of V given U = u is obtained as

g(v|u) = g(u, v)/gU (u) (3.5)

= θλ exp−θλ(v − u), v > u.

This means that the distribution of the minimum has the exponential distribution with
failure rate θλ. Thus the conditional reliability function is

R(v|u) = exp {−θλ(v − u)} , v > u. (3.6)
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Therefore the conditional failure rate function is given by, from (3.5) and (3.6),

h(t|U) = θλ.

Hence if the component lifelengths are identical, the conditional failure rate of the system
given the first failure is constant. This is not equal to the failure rate of any component of
the system.
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