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PSEUDO SYMMETRIC AND PSEUDO RICCI SYMMETRIC
WARPED PRODUCT MANIFOLDS

Uday Chand De, Cengizhan Murathan, and Cihan Özgür

Abstract. We study pseudo symmetric (briefly (PS)n) and pseudo Ricci
symmetric (briefly (PRS)n) warped product manifolds M ×F N . If M
is (PS)n, then we give a condition on the warping function that M is
a pseudosymmetric space and N is a space of constant curvature. If M
is (PRS)n, then we show that (i) N is Ricci symmetric and (ii) M is
(PRS)n if and only if the tensor T defined by (2.6) satisfies a certain
condition.

1. Introduction

As is well known, symmetric spaces play an important role in differential
geometry. The study of Riemannian symmetric spaces was initiated in the late
twenties by E. Cartan [2], who, in particular, obtained a classification of these
spaces.

Let (M, g), n = dimM be a Riemannian manifold, i.e., a manifold M with
the metric tensor g with arbitrary signature and let ∇ be the Levi-Civita con-
nection of (M, g). A Riemannian manifold is called locally symmetric [2] if
∇R = 0, where R is the Riemannian curvature tensor of (M, g). This condi-
tion of local symmetry is equivalent to the fact that at every point p ∈ M , the
local geodesic symmetry F (p) is an isometry [11]. The class of Riemannian
symmetric manifolds is very natural generalization of the class of manifolds of
constant curvature.

During the last five decades, the notion of locally symmetric manifolds have
been weakened by many authors in several ways to a different extent such as
conformally symmetric manifolds by M. C. Chaki and B. Gupta [5], recurrent
manifolds introduced by A. G. Walker [15], conformally recurrent manifolds by
T. Adati and T. Miyazawa [1], pseudo symmetric manifolds introduced by M.
C. Chaki [3], weakly symmetric manifolds by L. Tamássy and T. Q. Binh [14],
projective symmetric manifolds by G. Soos [13], pseudo conformally symmetric
spaces by U. C. De and H. A. Biswas [7], almost pseudo conformally symmetric
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spaces by U. C. De and A. K. Gazi [8], weakly conformally symmetric spaces by
U. C. De and S. Bandyopadhyay [6], pseudosymmetric manifolds by R. Deszcz
[9], etc.

In 1967, R. N. Sen and M. C. Chaki [12] studied certain curvature restrictions
on a certain kind of conformally flat space of class one and they obtained the
following expression of the covariant derivative of the curvature tensor:

(1.1) Rh
ijk,l = 2λlR

h
ijk + λiR

h
ljk + λjR

h
ilk + λkRh

ijl + λhRlijk,

where Rh
ijk are the components of the curvature tensor R, Rlijk = ghlR

h
ijk,

λi is a non-zero covariant vector and ‘,’ denotes covariant differentiation with
respect to the metric tensor gij .

Later in 1987, M. C. Chaki [3] called a manifold whose curvature tensor
satisfies (1.1), as a pseudo symmetric manifold. If all λi = 0, then the manifold
reduces to a symmetric manifold in the sense of E. Cartan. An n-dimensional
pseudo symmetric manifold is denoted by (PS)n.

This is to be noted that the notion of pseudo symmetric manifold studied
in particular by R. Deszcz [9] is different from that of M. C. Chaki [3].

In 1988, M. C. Chaki introduced the notion of a pseudo Ricci symmetric
manifold. A non-flat Riemannian manifold (Mn, g), n ≥ 2, is called pseudo
Ricci symmetric [4] if its Ricci tensor S satisfies the condition

(1.2) Sij,k = 2AkSij + AiSkj + AjSik,

where A is a non zero 1-form. Such an n-dimensional manifold is denoted by
(PRS)n. If Sij,k = 0, then the manifold is called Ricci-symmetric.

Let (M, g) and (N,
∗
g) (dimM = q, dimN = n−q, 1 ≤ q < n) be Riemannian

manifolds covered by systems of charts {U, xα} and {V, yα}, respectively. Let
F be a positive C∞ function on M. The warped product M ×F N of (M, g)
and (N,

∗
g) is the manifold M ×N with the metric g = g ×F

∗
g. More precisely

g ×F
∗
g = π∗1g + (F ◦ π1)

2
π∗2
∗
g,

where πi (1 ≤ i ≤ 2) are natural projections from M ×N → M and M ×N →
N , respectively. The manifold (M, g) is called the base manifold [11].

In the present paper, we study pseudosymmetric and pseudo Ricci symmetric
warped product manifolds. The paper is organized as follows: In Section 2, we
give some properties of warped product manifolds. In Section 3, we consider
pseudosymmetric warped product manifolds. In Section 4, we study pseudo
Ricci-symmetric warped product manifolds.

2. Warped product manifolds

Let
{
U × V ; x1, . . . , xq, xq+1 = y1, . . . , xn = yn−q

}
be a product chart for

M × N . The local components of the metric g = g ×F
∗
g with respect to this

chart are gij = gab if i = a and j = b, gij = F
∗
gαβ if i = α and j = β and

gij = 0 otherwise, where a, b, c, . . . ∈ {1, . . . , q} , α, β, γ, . . . ∈ {q + 1, . . . , n} and
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h, i, j, . . . ∈ {1, 2, . . . , n} . We will mark by bars (resp., by stars) tensors formed
from g (resp.,

∗
g). The point and semicolon denote covariant differentiation in

M and N , respectively. The local components Γh
ij of the Levi-Civita connection

on M ×F N are the following [10]:

Γa
bc = Γ

a

bc, Γa
αβ = − 1

2gabFb
∗
gαβ , Γα

βγ =
∗
Γ

α

βγ ,

Γα
aβ = 1

2F Faδα
β , Γa

αb = Γα
ab = 0, Fa = ∂aF = ∂F

∂xa .

The local components of the curvature tensor

Rl
ijk = ∂kΓl

ij − ∂jΓl
ik + Γr

ijΓ
l
rk − Γr

ikΓl
rj ,

∂j = ∂
∂xj and the local components Rrstu = grwRw

stu of the Riemannian-
Christoffel curvature tensor and the local components Sts of the Ricci tensor S
of the warped product M ×F N , which may not vanish are the following [10]:

(2.1) Rabcd = Rabcd,

(2.2) Rαβγδ = F
∗
Rαβγδ − 1

4
(∆1F )

∗
Gαβγδ,

and ∗
Gαβγδ =

∗
gαγ

∗
gβδ −

∗
gαδ

∗
gβγ ,

where ∆1F = gabFaFb. Differentiating the local components of the curvature
tensor covariantly we get

(2.3) Rabcd,e = Rabcd·e,

and

(2.4) Rαβγδ,a = −Fa

∗
Rαβγδ +

1
2

[
Fa

F
∆1F − 1

2
∂a (∆1F )

] ∗
Gαβγδ.

For the local components Sij of the Ricci tensor of M ×F N we have

(2.5) Sab = Sab − n− q

2F
Tab,

where T is a (0, 2)-tensor with local components Tij defined by

Tαβ = Tαa = 0,

(2.6) Tab = Fa.b −
(

1
2F

)
FaFb.

Moreover, by covariant differentiation from last equations we have

(2.7) Sab,c = Sab.c − (n− q)
(

1
2F

Tab

)

.c

,

(2.8) Sab,α = Saα,b = 0

and

(2.9) Sαβ,δ =
∗
Sαβ;δ
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(for more details see [10]).

3. Pseudo symmetric warped product manifolds

In the present section, we consider pseudo symmetric warped product man-
ifolds.

Now assume that M ×F N is a (PS)n. From (2.4) we can write

(3.1) Rαβγδ,e = −Fe

∗
Rαβγδ − 1

4

(
∂e (∆1F )− 2

F
Fe∆1F

) ∗
Gαβγδ.

By (1.1), we have

Rabcd,e = 2AeRabcd + AaRebcd + AbRaecd + AcRabed + AdRabce.

In virtue of (2.1) and (2.3) the above equation turns into

Rabcd·e = 2AeRabcd + AaRebcd + AbRaecd + AcRabed + AdRabce.

Hence we conclude that M is a (PS)n. We know

(3.2) Raβγδ = 0.

So from (3.2) and (1.1) we have

Rαβγδ,e = 2AeRαβγδ.

In view of (3.1) and (2.2) the last equation can be written as

− Fe

∗
Rαβγδ − 1

4

(
∂e (∆1F )− 2

F
Fe (∆1F )

) ∗
Gαβγδ

= 2Ae

(
FR∗αβγδ −

1
4

(∆1F )
∗
Gαβγδ

)
,

which gives us

(3.3)
∗
Rαβγδ (−Fe − 2AeF ) = me

∗
Gαβγδ,

where

me =
1
4

(
∂e (∆1F )− 2

F
Fe (∆1F )− 2Ae (∆1F )

)
.

Now from (3.3) by a contraction we have

(3.4)
∗
Sβγ (−Fe − 2AeF ) = (1− n + q)me

∗
gβγ .

Contracting (3.4) we obtain

(3.5) (−Fe − 2AeF ) =
(1− n + q) (n− q)

∗
r

me.

If me 6= 0, putting (3.5) into (3.3) we find

∗
Rαβγδ =

∗
r

(1− n + q) (n− q)

∗
Gαβγδ,

which means that N is of constant curvature. So we have the following theorem:
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Theorem 3.1. If a warped product manifold M ×F N with non-constant func-
tion F such that ∂e (∆1F )− 2

F Fe (∆1F )− 2Ae (∆1F ) 6= 0 is (PS)n, then M is
(PS)n and N is a space of constant curvature.

When the manifold N is a 3-dimensional space of constant curvature and
M is 1-dimensional then the warped product is said to be a Robertson-Walker
space-time [11].

Hence we can state the following corollary:

Corollary 3.2. Under the conditions of Theorem 3.1, if dim M = 1 and
dim N = 3, then the spacetime M ×F N is a Robertson-Walker space-time.

4. Pseudo Ricci symmetric warped product manifolds

In this section, we consider pseudo Ricci symmetric warped product mani-
folds.

Now assume that M ×F N is a (PRS)n. Since Saα = 0 we have Saα,b = 0.
Hence we get from (1.2)

Saα,b = 2AbSaα + AaSbα + AαSab

which implies

(4.1) AαSab = 0.

Since Sij is nonzero in a (PRS)n, hence

(4.2) Aα = 0.

Now from (1.2) we get

Sαβ,δ = 2AδSαβ + AαSδβ + AβSδα.

In virtue of (4.2) we obtain from above Sαβ,δ = 0.

But from (2.9), we know that Sαβ,δ =
∗
Sαβ;δ. Hence it follows that

∗
Sαβ;δ = 0,

which means that N is Ricci symmetric.
Again from (1.2) we can write

Sbc,e = 2λeSbc + λbSec + λcSbe.

By the use of (2.7), we obtain

Sbc.e − n− q

2F
Tbc.e +

n− q

2F 2
FeTbc

= 2Ae

(
Sbc − n− q

2F
Tbc

)
+ Ab

(
Sec − n− q

2F
Tec

)
+ Ac

(
Sbe − n− q

2F
Tbe

)

or,

Sbc.e − 2AeSbc −AbSec −AcSbe

=
n− q

2F
Tbc.e −

[
n− q

2F 2
Fe + 2Ae

n− q

2F

]
Tbc −Ab

n− q

2F
Tec −Ac

n− q

2F
Tbe.
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Thus M is pseudo Ricci symmetric if and only if

mbce = 0,

where

mbce = −n− q

2σ
Tbc.e −

[
n− q

2F 2
Fe + 2Ae

n− q

2F

]
Tbc −Ab

n− q

2F
Tec −Ac

n− q

2F
Tbe.

Hence we can state the following theorem:

Theorem 4.1. Let M ×F N be a pseudo Ricci symmetric warped product
manifold. Then

i) N is Ricci symmetric and
ii) M is a pseudo Ricci symmetric manifold if and only if mbce = 0.
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