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THE STRUCTURE OF THE REGULAR LEVEL SETS

Seungsu Hwang

Abstract. Consider the L2-adjoint s′∗g of the linearization of the scalar

curvature sg . If ker s′∗g ̸= 0 on an n-dimensional compact manifold, it is
well known that the scalar curvature sg is a non-negative constant. In
this paper, we study the structure of the level set φ−1(0) and find the
behavior of Ricci tensor when ker s′∗g ̸= 0 with sg > 0. Also for a non-

trivial solution (g, f) of z = s′∗g (f) on an n-dimensional compact manifold,

we analyze the structure of the regular level set f−1(−1). These results
give a good understanding of the given manifolds.

1. Introduction

Let M be an n-dimensional compact manifold and M1 the set of all smooth
Riemannian structures on M of volume 1. The scalar curvature sg is a non-
linear function of the metric g. Its linearization at g in the direction of the
symmetric two-tensor h is given by

s′g(h) = −∆gtrh+ δgδgh− g(h, rg).

Here, ∆g is the negative Laplacian of g, rg is its Ricci tensor, and δg is the
metric dual of the map on the bundle of symmetric tensors induced by covariant
differentiation. The L2-adjoint operator s′∗g of s′g with respect to the canonical

L2-inner product given by ⟨, ⟩ =
∫
M

g(, )dvg is

(1) s′∗g (f) = Dgdf − g∆gf − frg.

If ker s′∗g ̸= 0, sg is known to be a non-negative constant. More specifically,

Theorem 1.1 ([5], [6]). If ker s′∗g ̸= 0, either (M, g) is Ricci-flat and ker s′∗g =

R · 1, or sg is a positive constant and ker s′∗g ⊂ ker (△g − sg
n−1 ).

Based on this result, Fisher-Marsden suggested the conjecture which states
that if ker s′∗g ̸= 0 for a Riemmanian metric g with sg > 0, then (M, g) is a
standard sphere. It turns out by [10] and [11] that there are counter-examples of
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Fisher-Marsden conjecture. For example, a finite quotient of a warped product
(S1 ×ϕ2 Sn−1, dt2 + ϕ2(t)g0) satisfies ker s

′∗
g ̸= 0.

On each connected component of the level set φ−1(0), the normal vector
field Nφ = dφ/|dφ| to φ−1(0) is well defined, which will be shown in the next
section. Let z be the traceless Ricci tensor given by z = rg − sg

n g. From
the observation of the structures of the counter-examples mentioned above, we
have the following characterization of the structure of the level set φ−1(0).

Theorem 1.2. Let φ be a non-trivial function in ker s′∗g on an n-dimensional
compact manifold M . Then, on each connected component of the level set
φ−1(0) with the normal vector field Nφ = dφ/|dφ|,

(2) z(X,Nφ) = 0

for any tangent vector X to φ−1(0). Moreover,

(3) z(Nφ, Nφ) ≤ 0

on some connected component of φ−1(0).

On the other hand, we consider the total scalar curvature of M defined by

S(g) =
∫
M

sgdvg

for g ∈ C, a subset of M1, consisting of constant scalar curvature metrics.
Then the Euler-Lagrange equation of S restricted to C is given by

(4) zg = s′∗g (f),

where zg is the traceless Ricci tensor and f is a function on M with vanishing
mean value; c.f. [3]. It has been conjectured that a non-trivial solution (M, g, f)
of (4) is isometric to a standard n-sphere. Analysis of the structure of the
components of f−1(−1), as in the case of φ−1(0) for φ ∈ ker s′∗g , gives a good
understanding of the given manifold (M, g).

On each connected component of the regular level set f−1(−1), the normal
vector field Nf = df/|df | to f−1(−1) is well defined. In the following, we have
a characterization of the level set f−1(−1).

Theorem 1.3. Let (g, f) be a non-trivial solution of (4) on an n-dimensional
compact manifold M . Then, on each connected component of the regular level
set f−1(−1) with the normal vector field Nf = df/|df |,

(5) z(X,Nf ) = 0

for any tanget vector X to f−1(−1). Moreover,

(6) z(Nf , Nf ) ≤ 0

on some connected component of f−1(−1).
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2. Proofs of Theorems 1.2 and 1.3

There are some similarities between the proofs of Theorems 1.2 and 1.3. We
first prove Theorem 1.2.

The differential operator dD of C∞(S2M) into Λ2M ⊗ T ∗M is defined as

dDh(X,Y, Z) = (DXh)(Y,Z)− (DY h)(X,Z).

Let φ be a non-trivial function in ker s′∗g . Then φ satisfies the following equation

(7) φz = Ddφ+
s

n(n− 1)
φg.

Let Γ = φ−1(0). It is known that there are no critical points of φ on Γ; c.f.
[6]. Therefore, Γ is a union of hypersurfaces of M . Note that |dφ| is constant
on Γ, since by (7)

X(|dφ|2) = 2⟨DXdφ, dφ⟩ = 0

for any tangent vector X to Γ. Thus a normal vector field Nφ = dφ/|dφ| is
defined on all of Γ. Here Γ is totally geodesic, since Dgdφ = 0 on Γ. First we
need the following lemma.

Lemma 2.1. For p ∈ Γ and a tangent vector X ∈ TpΓ which is orthogonal to
∇φ, we obtain

z(X,∇φ) = 0.

Proof. By Ricci identity (see, for example, [11]),

dDDdφ(X,Y, Z) = R(X,Y, Z,∇φ).

Thus, from the equation (1) with φ,

0 = (dDs′∗g φ)(X,Y, Z)

= R(X,Y, Z,∇φ) +

(
s

n− 1
dφ ∧ g − dφ ∧ r − φdDr

)
(X,Y, Z).

Here, dφ ∧ h is defined as

(dφ ∧ h)(X,Y, Z) = dφ(X)h(Y,Z)− dφ(Y )h(X,Z)

for h ∈ C∞(S2M). From

R(X,Y, Z,W ) = W(X,Y, Z,W ) +
1

n− 2
(g(X,Z)r(Y,W ) + g(Y,W )r(X,Z)

− g(Y, Z)r(X,W )− g(X,W )r(Y, Z))

− s

(n− 1)(n− 2)
(g(X,Z)g(Y,W )− g(Y, Z)g(X,W )),

we obtain

R(X,Y, Z,∇φ) = W(X,Y, Z,∇φ)

−
(

1

n− 2
i∇φr ∧ g +

1

n− 2
dφ ∧ r − s

(n− 1)(n− 2)
dφ ∧ g

)
(X,Y, Z).(8)
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Here iX is the interior product. By combining these results, we get on φ−1(0)

W(X,Y, Z,∇φ)

=

(
− s

n− 2
dφ ∧ g +

n− 1

n− 2
dφ ∧ r +

1

n− 2
i∇φr ∧ g

)
(X,Y, Z).

Therefore

0 = W(X,Y,∇φ,∇φ) = dφ(X)r(Y,∇φ)− dφ(Y )r(X,∇φ).

Thus, if X is orthogonal to ∇φ with Y = ∇φ,

(9) |dφ|2r(X,∇φ) = 0,

implying that z(X,∇φ) = 0 on φ−1(0). □

The following lemma is needed to derive the inequality (3).

Lemma 2.2. The function |dφ|2+ s
n(n−1)φ

2 achieves its maximum value at Γ.

Proof. When n = 3, the idea of the proof of this lemma comes from [4]. We
will prove it for arbitrary dimension. Let Φ = |dφ|2. Bochner formula and the
equation (7) give

1

2
∆Φ = |Ddφ|2 + ⟨d∆φ, dφ⟩+ r(dφ, dφ)

= |Ddφ|2 + z(dφ, dφ)− s

n(n− 1)
Φ

= φ2|z|2 + z(dφ, dφ) +
s2

n(n− 1)2
φ2 − s

n(n− 1)
Φ,

where we used the fact that ∆φ = − s
n−1φ and φ2|z|2 = |Ddφ|2 − s2

n(n−1)2φ
2.

Making the conformal change g̃ = φ−2g gives

∆̃u = φ2∆u− (n− 2)φ⟨dφ, du⟩

for any smooth function u on M , and so

∆̃Φ = 2φ4|z|2 + 2φ2z(dφ, dφ) +
2s2

n(n− 1)2
φ4 − 2s

n(n− 1)
φ2Φ

−(n− 2)φ⟨dφ, dΦ⟩

= 2φ4|z|2 + 2s2

n(n− 1)2
φ4 +

2(n− 3)

n(n− 1)
sφ2Φ− 2(n− 3)φ2z(dφ, dφ),

since φz(dφ, dφ) = 1
2 ⟨dφ, dΦ⟩+

s
n(n−1)φΦ. Therefore, from

∆̃φ2 = − 2s

n− 1
φ4 − 2(n− 3)φ2Φ,

(10) ∆̃

(
Φ+

s

n(n− 1)
φ2

)
= 2φ4|z|2 − 2(n− 3)φ2z(dφ, dφ).
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Let F = Φ+ s
n(n−1)φ

2. Then by (10) and the fact that dF = 2φz(dφ, ·),

(11) ∆̃F +
(n− 3)

φ
g̃(dF, dφ) = 2φ4|z|2 ≥ 0.

Now let Mφ,−ϵ = {x ∈ M |φ(x) < −ϵ} and M ϵ
φ = {x ∈ M |φ(x) > ϵ}. By

the maximum principle, F = Φ+ s
n(n−1)φ

2 does not have its maximum on the

interior of the open set Mφ,−ϵ ∪M ϵ
φ for a small positive ϵ. As ϵ goes to zero,

we get a point p in Γ at which the function Φ + s
n(n−1)φ

2 has its maximum

value. □

Proof of Theorem 1.2. The first statement of the theorem holds by Lemma 2.1.
We shall prove the second statement. By Lemma 2.2, Φ + s

n(n−1)φ
2 has its

maximum value at Γ = φ−1(0). However, since Φ + s
n(n−1)φ

2 is constant on

each connected component of Γ, it achieves its maximum on some connected
component, say Γ0, of Γ.

By this observation, we obtain

(12) Nφ

(
|dφ|2 + s

n(n− 1)
φ2

)
≤ 0

on φ−1(ϵ) = ∂M ϵ
φ for a sufficiently small positive ϵ, and

(13) Nφ

(
|dφ|2 + s

n(n− 1)
φ2

)
≥ 0

on φ−1(−ϵ) = ∂Mφ,−ϵ. Note that

Nφ

(
|dφ|2 + s

n(n− 1)
φ2

)
= 2⟨DNφdφ, dφ⟩+

2s

n(n− 1)
φΦ

1
2(14)

= 2φz(Nφ, dφ).

By combining (12), (13), and (14), we may conclude that on Γ0

(15) z(Nφ, dφ) ≤ 0,

which implies the inequality (3). □

The proof of Theorem 1.3 goes similarly. A non-trivial solution (g, f) of (4)
satisfies the following equation

(16) (1 + f)z = Ddf +
s

n(n− 1)
fg.

Lemma 2.3. Let B = f−1(−1). The set B is a union of hypersurfaces and
finite points.

Proof. Let B′ be the set of critical points of f in B. Then B \B′ is a union of
hypersurfaces. For p ∈ B′, we have

Ddfp(ξ, ξ) =
s

n(n− 1)
gp(ξ, ξ) > 0
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for any nonzero tangent vector ξ in the tangent space TpM at p. Thus p is
a non-degenerate critical point of f . Such non-degenerate critical points are
isolated, and so the set B′ should be finite. □

Note also that |df | is constant on B \B′, where B′ is the set of critical points
in B as defined in the proof of Lemma 2.3. It follows from

X(|df |2) = 2⟨DXdf, df⟩ = 0

for any tangent vector X to B. Thus Nf = df/|df | is defined on B \B′. Similar
to Lemma 2.1, we have:

Lemma 2.4. For p ∈ B \B′ and a tangent vector X ∈ Tp(B \B′) orthogonal
to ∇f , we have

z(X,∇f) = 0.

Proof. The proof is similar. By Ricci identity,

dDDdf(X,Y, Z) = R(X,Y, Z,∇f).

From (4),

R(X,Y, Z,∇f) =

(
df ∧ r + (1 + f)dDr − s

n− 1
df ∧ g

)
(X,Y, Z).

Thus, by (8) we have on f−1(−1)

W(X,Y, Z,∇f)

=

(
− s

n− 2
df ∧ g +

n− 1

n− 2
df ∧ r +

1

n− 2
i∇fr ∧ g

)
(X,Y, Z).

In particular,

0 = W(X,Y,∇f,∇f) = df(X)r(Y,∇f)− df(Y )r(X,∇f).

Hence, we may conclude that z(X,∇f) = r(X,∇f) = 0 for X orthogonal to
∇f . □

The following result may be compared to Lemma 2.2 for Γ.

Lemma 2.5. The function |df |2+ s
n(n−1)f

2 achieves its maximum value at B.

Proof. Let Mf,−ϵ = {x ∈ M | f(x) < −1 − ϵ} and M ϵ
f = {x ∈ M | f(x) >

−1 + ϵ}. Making the conformal change g̃ = h−2g with h = 1 + f gives

∆̃

(
|df |2 + s

n(n− 1)
f2

)
= 2h4|z|2 − 2(n− 3)h2z(df, df),

since

∆̃|df |2 = 2h4|z|2 − 2s

n(n− 1)
h2|df |2 + 2s2

n(n− 1)2
f2h2

−2(n− 3)h2z(df, df) +
2(n− 2)

n(n− 1)
sfh|df |2
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and

∆̃f2 = − 2s

n− 1
h2f2 + 2|df |2h2 − 2(n− 2)fh|df |2.

Thus the function G = |df |2 + s
n(n−1)f

2 satisfies

(17) ∆̃G+
(n− 3)

h
g̃(dG, df) = 2h4|z|2 ≥ 0.

Therefore, we can apply the maximum principle to G = |df |2 + s
n(n−1)f

2 on

the open set Mf,−ϵ ∪M ϵ
f for a small positive number ϵ to conclude that |df |2+

s
n(n−1)f

2 achieves its maximum at B. □

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. It suffices to prove the second statement, since the first
statement holds by Lemma 2.4. First we have

Nf

(
|df |2 + s

n(n− 1)
f2

)
= 2⟨DNf

df, df⟩+ 2s

n(n− 1)
f |df |2 = 2hz(Nf , df).

Therefore, we may deduce that z(Nf , Nf ) ≤ 0 on some connected component
of B \B′, similarly as in the proof of Theorem 1.2. □

3. Concluding remarks

In this section, we shall show the connection between the behavior of the
traceless Ricci tensor and the geometry and topology of the given manifold.
In fact, we claim that, if the dimension of the manifold is three, then the
constant scalar curvature sg satisfies sg ≤ 24π for both ker s′∗g ̸= 0 case and the
non-trivial solution of (4) case.

Let {e1, e2, Nφ} be a local orthonormal frame field near each connected

component Γi of Γ, with the normal vector field Nφ = Φ−1/2dφ on Γi. Let
Ke1,e2 be the sectional curvature of the subspace generated by e1 and e2, and
KΓi the intrinsic Gauss curvature of Γi. Note that Ke1,e2 =

sg
2 − r(Nφ, Nφ).

Thus, by the Gauss-Codazzi equations,

(18) KΓi = Ke1,e2 =
sg
2

− r(Nφ, Nφ) =
sg
6

− z(Nφ, Nφ)

since Γi is totally geodesic. However, by Theorem 1.2,

z(Nφ, Nφ) = Φ−1/2z(Nφ, dφ) ≤ 0

on some connected component Γ0 of φ−1(0). Hence we may conclude that
KΓ0 ≥ s/6 > 0. Therefore, Γ0 is homeomorphic to a 2-sphere by Gauss-Bonnet
Theorem, and

sg
6

≤
∫
Γ0

K = 4π,

proving our claim.
Note that the last result, claiming that for φ ∈ ker s′∗g , at least one compo-

nent of the level set φ−1(0) is homeomorphic to a 2-sphere, is already known
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([13], see also [8]). Here a lower bound on the intrinsic Gauss curvature is a
new discovery.

We can argue similarly for the non-trivial solution of (4). For a local or-
thonormal frame field {e1, e2, Nf} near each connected component Bi of B\B′,
the second fundamental form of Bi is given by

IIB = |df |−1Ddf =
s

6
|df |−1g.

Thus the intrinsic Gauss curvature of Bi is given by

KBi
=

s

6
− z(Nf , Nf ) +

s2

36|df |2
.

By Theorem 1.3, z(Nf , Nf ) ≤ 0 on some connected component B0 of B \ B′.

Thus KB0 ≥ sg
6 +

s2g
36|df |2 ≥ sg

6 , which implies that B0 is homeomorphic to a

2-sphere, and sg ≤ 24π as in the ker s′∗g ̸= 0 case.
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