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Abstract

The power series approximation method is proposed for real time implementations of a discrete flux observer. The proposed
method improves the performance of the discrete flux observer in the case of a low sampling rate and high speed range, where
the simple discrete flux observer converted by the Euler method cannot estimate the actual flux precisely. The performance of
discrete flux observers with different orders of approximation is compared to find out the proper order of approximation. The
validity of the proposed method is verified through simulation and experiment.
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I. INTRODUCTION

A flux observer is often used in industrial drive systems to
estimate the rotor flux which is required for sensorless vector
control or direct field-oriented control of induction motors.
The performance of the system depends on the accuracy of
the flux estimation because the system design is based on
the assumption that the estimated flux coincides with the real
motor flux.

Many research publications have focused on the perfor-
mance of a flux observer at the range of very low speed
because a precise estimation of the real rotor flux is quite
difficult at this range [1]–[4]. This paper, on the other hand,
focuses on the performance of a flux observer at the high speed
range, especially with a low sampling rate.

For a digital implementation, the Euler method is a simple
method to convert a continuous time observer into a discrete
time observer. If the sampling rate isn’t high enough, this
simple flux observer cannot estimate the real flux precisely,
which results in a degradation of the system performance.

The power series approximation is proposed in this paper
for real time implementations of a discrete flux observer. The
proposed method improves the performance of the observer
with a low sampling rate and under a high speed drive
range. The accuracy of the discrete time flux observer can
be improved by increasing the order of the power series
approximation at the cost of a high computational load. Four
cases with different orders of approximation are compared to
find out the proper order of approximation by considering the
system performance and the computational complexity.
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II. A SIMPLE DISCRETE FLUX OBSERVER

An induction motor model can be expressed by the state
equations as follows,
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is,Φr and vs are the stator current vector, the rotor flux

vector and the state voltage vector respectively.
The observer for the flux estimation of induction motors can

be constructed as follows,

d
dt

x̂ = Âx̂+Bu+G(î− is) (2)

where G is the observer gain matrix to compensate for
the error. The “ ˆ ” symbol denotes the estimated variables.
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To implement the flux observer (2) on a microprocessor, it
is necessary to convert the continuous-time state equations
into the discrete form. Even though the system matrix Â
contains the time-varying component ω̂ , (2) can be considered
as a linear time invariant system during one sampling period
because the rotor speed ω̂ varies slowly.

The Euler method is the simplest and most common method
to convert continuous-time state equations into discrete-time
state equations. The following equation is the discrete form of
(1) converted by the Euler method, where Ts is the sampling
time.

x(n+1)−x(n)
Ts

= Ax(n)+Bu(n)+G(î(n)− is(n)) (3)

If the induction motor is driven by a PWM inverter, it is
natural to coincide the sampling period of the controller with
the switching period of the power switches. In commercial
inverters, the switching frequency of the power switch is
usually higher than 8 kHz because this frequency value is
proper considering both the audible noise and the switching
loss. In the case of medium capacity drives, however, excessive
heat is generated with this switching frequency. To reduce the
amount of heat caused by the switching loss, the switching
frequency needs to be decreased, which results in a reduction
of the sampling rate. The reduction of the sampling rate causes
a problem in that the simple discrete flux observer cannot
estimate the real flux value correctly.

III. SIMULATION I : SIMPLE DISCRETE FLUX OBSERVER

A computer simulation is performed using Matlab/
Simulink. The target machine is an induction motor rated at 1.5
kW and 220 Vrms. The flux regulator controls the magnitude
of the estimated flux in relation to its rated value.

Fig. 1 shows the real flux and the estimated flux obtained
by the discrete flux observer (3) in low speed operation. Fig. 1
also shows the real current and the estimated current. In Fig.
1(a), where the switching frequency is 8 kHz, the estimated
flux is similar to the real flux. As the switching frequency
decreases to 2 kHz, the estimated current becomes slightly
different from the real current as shown in Fig. 1(b). However,
the estimated flux is still close to the real flux.

If the motor speed increases to a medium speed range near
the rated value, the estimated flux is a little bit different from
the real flux, as shown in Fig. 2(a), even though the switching
frequency is 8 kHz. If the switching frequency reduces to 2
kHz at this speed, the difference between the estimated flux
and the real flux becomes significant, as shown in Fig. 2(b).
Similar to the flux estimation, the error between the estimated
current and the actual current becomes larger as the motor
speed increases and the switching frequency decreases.

It can be concluded from the above results that, if the
switching frequency isn’t high enough, the simple discrete flux
observer converted by the Euler method is not suitable for the
medium speed operation of induction motors.

(a)

(b)

Fig. 1. The flux and the current estimated by the simple discrete flux observer
at 10 Hz (300 rpm). (a) Sampling rate: 8 kHz. (b) Sampling rate: 2 kHz.

IV. THE POWER SERIES APPROXIMATION OF DISCRETE
FLUX OBSERVERS

Assuming that the motor speed ω is piecewise constant
and the control input u is also constant during each sampling
interval, the sampled system of (1) can be expressed as a linear
difference equation [5].

x(n+1) = Φx(n)+Γu(n) (4)

Φ = eATs (5)

Γ =
∫ Ts

0
eAσ dσB (6)

The exact solution of (4) is to evaluate the matrix expo-
nential in (5) and (6). Because Φ contains the time-varying
component ω̂, Φ should be re-calculated at each sampling
interval. As the calculation of the matrix exponential requires
high computational load, (5) need to be simplified. One
method for the evaluation of a matrix exponential is to use
a power series expansion.

eATs = I+ATs +
A2Ts

2
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To reduce the computational load, a finite number of terms of
(7) are taken for an approximation of the matrix exponential.
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(a)

(b)

Fig. 2. The flux and the current estimated by the simple discrete flux observer
at 50 Hz (1500 rpm). (a) Sampling rate: 8 kHz. (b) Sampling rate: 2 kHz.

The 1st order approximation takes the first two terms of (7).
The result is the same as (3), which is converted by the Euler
method.

x(n+1) = x(n)+ATsx(n)+BTsu(n) (8)

In this paper, more terms are included during the approxima-
tion for the purpose of better precision.

The 2nd order approximation uses the first three terms of
(7) for the calculation of Φ and Γ.

x(n+1)= x(n)+ATsx(n)+
A2Ts
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2
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(9) can be rearranged as follows.

x(n+1) = x(n)+ATs

[
x(n)

2
+
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2

]
+BTsu(n) (10)

x∗1(n+1) = x(n)+ATsx(n)+BTsu(n) (11)

(11) is the same equation as (8). The second term of (10) is the
weighted sum of the present state and the next state obtained
by first order approximation.

The 3rd order approximation uses the first four terms of (7)
for the calculation of Φ and Γ. The 3rd order approximation
requires one more computation of the state equation.

(a)

(b)

Fig. 3. The flux and the current estimated by the discrete observer with a
2nd order approximation at 50 Hz (1500 rpm). (a) Sampling rate: 8 kHz. (b)
Sampling rate: 2 kHz.
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(12) can be rearranged as follows.
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(14)

x∗3(n+1) = x(n)+ATsx(n)+BTsu(n) (15)

The second term of (14) is the weighted sum of the present
state x(n) and the next state x∗3(n+1) obtained by (15).

The procedure of the 4th order approximation is similar to
that of the 3rd order approximation, except for adding one
more calculation of the state equation.

As the order of approximation increases for better precision,
the calculation of the state equation also increases with the cost
of more calculation time. The structure of the state equation in
every calculation step is the same as in (8) except that x(n) in
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(a)

(b)

Fig. 4. The flux and the current estimated by the discrete observer with a
3rd order approximation at 50 Hz (1500 rpm). (a) Sampling rate: 8 kHz. (b)
Sampling rate: 2 kHz.

the second term of state equation (8) is replaced by weighted
sums of the present state and the future state. Therefore the
same equation can be used repeatedly during the evaluation
of state equations, which makes the programming relatively
simple.

V. SIMULATION II : DISCRETE FLUX OBSERVERS WITH
THE POWER SERIES APPROXIMATION

In Fig. 3 and Fig. 4, the actual flux values are compared with
the estimated flux values of two discrete flux observers which
are converted through the 2nd and 3rd order approximations,
respectively. The speed of the target motor is 1,500 rpm at 50
Hz and the sampling rate of the control loop is 8 kHz and 2
kHz, which are the same conditions as in Fig. 2. Compared to
Fig. 2, the flux observers with the power series approximation
estimate the real flux with high precision. Observing Fig.
3 and Fig. 4, the power series approximation improves the
performance of the discrete flux observer remarkably. It is also
noted that, even if the order of approximation is increased from
2nd order to 3rd order, there are no significant improvements
in the medium speed range.

Fig 5 shows the performance of the discrete flux observer
with the 2nd order approximation at low speed operation. The
flux observer estimates the actual flux precisely as expected.

(a)

(b)

Fig. 5. The flux and the current estimated by the discrete observer with a
2nd order approximation at 10 Hz (300 rpm). (a) Sampling rate: 8 kHz. (b)
Sampling rate: 2 kHz.

As the motor speed increases to a higher speed range with
low sampling frequency, the 2nd order approximation is no
longer enough for a precise estimation of the real flux. Fig.
6 through to Fig. 8 show the improvement of the estimation
accuracy when the order of approximation is increased. The
motor speed is 4500 rpm with a sampling frequency of 2 kHz
and 8 kHz. When the sampling frequency is 8 kHz, all three
methods estimate the real flux precisely.

However, if the sampling frequency is reduced to 2 kHz,
the performance of the 2nd order approximation becomes
inferior to that of the 3rd and 4th order approximations, and
the performance of the 4th order approximation is better than
that of the 3rd order approximation.

Observing the simulation results, the 2nd order approxima-
tion has enough precision near the rated speed range. However,
when the motor speed increases to a higher speed range,
the order of approximation needs to be increased for precise
estimation of the real flux.

VI. EXPERIMENT

The validity of the simulation results is verified through
an experiment. The target motor of the experimental system
is similar to that of the simulation. As the real flux is
not measurable, only the real current is compared with the
estimated current. Because of the computational load, only
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(a)

(b)

Fig. 6. The flux estimated by the discrete observer with a 2nd order
approximation at 150 Hz (4500 rpm). (a) Sampling rate: 8 kHz. (b) Sampling
rate: 2 kHz.

the simple discrete observer and the observer with a 2nd order
approximation are implemented on the DSP.

Fig. 9 and Fig. 10 show the performance of the simple
discrete observer and the discrete observer with a 2nd order
approximation at low speed operation. With the sampling
frequency of 8kHz, the estimated current coincides with the
real current in both cases. If the sampling frequency is reduced
to 2kHz, however, the estimated current with the simple
discrete observer becomes somewhat different from the real
current as shown in Fig. 9(b), which is similar to the simulation
result of Fig. 1.

The experimental results of Fig. 11 and Fig. 12 verify the
simulation results of Fig. 2 and Fig. 3, respectively.

In the case of medium speed operation, the observer with a
2nd order approximation estimates the real current precisely
with the sampling frequency of 2kHz and 8kHz, as shown in
Fig. 12. On the other hand, the difference between the real
current and the current estimated by the simple observer is
large even with the 8 kHz sampling frequency, as shown in Fig.
11(a). The difference becomes larger if the sampling frequency
reduces to 2 kHz, as shown in Fig. 11(b).

Through the experiment, the validity of Simulation I and
Simulation II is confirmed, even though the estimated flux
cannot be compared with the real flux.

VII. CONCLUSION

From the simulation results and experimental results, it
can be concluded that the power series approximation is an
effective method for improving the accuracy of the discrete
flux observer for medium and high speed drive of induction
motors. Even though the order of approximation increases
higher than the 2nd order, the performance improvement
of the discrete flux observer is insignificant in the medium
speed range. In contrast, in the high speed range, high order
approximations such as 3rd order or 4th order approximation
are more precise than the 2nd order approximation.

Considering the accuracy and the computational load, the
power series approximation with the 2nd order approximation

(a)

(b)

Fig. 7. The flux estimated by the discrete observer with a 3rd order approx-
imation at 150 Hz (4500 rpm). (a) Sampling rate: 8 kHz. (b) Sampling rate:
2 kHz.

(a)

(b)

Fig. 8. The flux estimated by the discrete observer with a 4th order approx-
imation at 150 Hz (4500 rpm). (a) Sampling rate: 8 kHz. (b) Sampling rate:
2 kHz.

is suitable for the flux observer design of general purpose
motor drives. On the other hand, if high speed operation is
required such as for machine tool applications, higher order
approximations are adequate at the cost of high computational
load.
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(a)

(b)

Fig. 9. The real current(yellow), the estimated current(blue) and the estimated
flux(red) estimated by the simple discrete flux observer at 10 Hz (300 rpm).
(a) Sampling rate: 8 kHz. (b) Sampling rate: 2 kHz.

(a)

(b)

Fig. 10. The real current(yellow), the estimated current(blue) and the estimated
flux(red) estimated by the discrete observer with a 2nd order approximation
at 10 Hz (300 rpm). (a) Sampling rate: 8 kHz. (b) Sampling rate: 2 kHz.

(a)

(b)

Fig. 11. The real current(yellow), the estimated current(blue) and the estimated
flux(red) estimated by the simple discrete flux observer at 50 Hz (1500 rpm).
(a) Sampling rate: 8 kHz. (b) Sampling rate: 2 kHz.

(a)

(b)

Fig. 12. The real current(yellow), the estimated current(blue) and the estimated
flux(red) estimated by the discrete observer with a 2nd order approximation
at 50 Hz (1500 rpm). (a) Sampling rate: 8 kHz. (b) Sampling rate: 2 kHz.
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