
Journal of the Korean Data & 한국데이터정보과학회지
Information Science Society
2011, 22(3), 613–618

Cox proportional hazard model with L1 penalty
†

Changha Hwang1 · Jooyong Shim2

1Department of Statistics, Dankook University
2Department of Data Science, Inje University

Received 25 April 2011, revised 19 May 2011, accepted 23 May 2011

Abstract

The proposed method is based on a penalized log partial likelihood of Cox propor-
tional hazard model with L1-penalty. We use the iteratively reweighted least squares
procedure to solve L1 penalized log partial likelihood function of Cox proportional haz-
ard model. It provide the efficient computation including variable selection and leads to
the generalized cross validation function for the model selection. Experimental results
are then presented to indicate the performance of the proposed procedure.
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1. Introduction

Let ti be the response variables corresponding to covariate vector, xi or transformation
on it, where i = 1, 2, · · · , n. In fact we can not observe ti’s but the observed variable,
yi = min(ti, ci) and δi = I(ti ≤ ci), where I(·) denotes the indicator function and ci
is the censoring variable corresponding to xi for i = 1, 2, · · · , n. ci’s are assumed to be
independently distributed with unknown survival distribution functions.
The proportional hazard model (Cox, 1972, 1975) includes the hazard function of the ith
subject with covariate vector xi of the form such that

h(ti|xi) = h0(ti) exp(β′xi), (1.1)

where h0(ti) is a unspecified baseline hazard function and β is a p× 1 regression parameter
vector. Generally, all the p covariates may not affect the survival patterns so that some β’s
may be zeros in true hazard function. Many variable selection techniques for linear regression
models have been extended to the context of survival models, including the best-subset
selection, stepwise selection, and Bootstrap procedures (Sauerbrei and Schumacher, 1992).
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Recently the Lasso (least absolute shrinkage and selection operator, Tibshirani, 1997) has
been proposed for Cox proportional hazards model. By shrinking some regression parameters
to zero, this method provides the selection of important variables and the estimation of
regression parameters simultaneously.

We consider the minimization of the penalized log partial likelihood function with L1
norm which is known to have the sparsity on estimation of regression parameters (Williams,
1995). We use the IRWLS (iteratively reweighted least squares) procedure to solve the
penalized log partial likelihood function with L1 norm of Cox proportional hazard model.
It provide the efficient computation including variable selection and leads to the generalized
cross validation function for the model selection.

The rest of paper is organized as follows. In Section 2 we briefly review the penalized
estimation for the Cox model. In Section 3 we propose IRWLS procedure to penalized
estimation for the Cox model. In Section 4 we perform the numerical studies with simulated
data sets. In Section 5 we give the conclusions.

2. Penalized estimation for the Cox model

Under the assumption of no ties, we can see that for each uncensored time yi,

P ( a failure in [yi, yi +4y)|Ri) ≈
∑
j∈Ri

exp(β′xj)h0(yi)4y, (2.1)

P ( a failure of i at yi| a failure in Ri at yi) =
exp(β′xi)∑

j∈Ri
exp(β′xj)

, (2.2)

where Ri is the risk set at time yi. Cox (1972, 1975) proposed the proportional hazard
model by treating the conditional likelihood (2.2) as an ordinary likelihood. The log partial
likelihood of the Cox proportional hazard model is given by

l(β) =

n∑
i=1

δi

β′xi − log{
n∑

j=i

exp(β′xj}

 . (2.3)

When ties are present, the technique in Breslow (1974) can be used. The maximum likelihood

estimate of β is obtained by solving
∂

∂β
l(β) = 0, which usually needs the iterative methods.

Under the proportional hazard model, the survival function is obtained as follows,

S(t : x) = S0(t) exp(β′x), where S0(t) = exp(−
∫ t

0

h0(u)du). (2.4)

Breslow (1974) proposed the estimates of the survival function by assuming the piecewise
constant baseline hazard functions. Tsiatis (1978) obtained the estimate of the survival
function by assuming that the cumulative baseline hazard function is a step function.
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To select important variables under Cox proportional hazard model, Tibshirani (1997)
applied Lasso (Tibshirani, 1996) to Cox proportional hazard model:

min− l(β), subject to ||β||1 =
∑
i

|βi| < s, (2.5)

where s > 0 is the specified parameter.
Zhang and Lu (2007) applied the adaptive Lasso to Cox proportional hazard model:

min− l(β) + λ

p∑
i=1

|βi|/|β̃i|, (2.6)

where λ > 0 is the regularization parameter and β̃ is the estimator obtained by minimizing
−l(β).

3. IRWLS procedure to L1-penalized estimation for the Cox model

We consider the minimization of the penalized log partial likelihood function with L1 norm
which is known to have the sparsity on estimation of β (Williams, 1995),

L(β) = −l(β) + λ||β||1. (3.1)

The penalized log partial likelihood function L(β) in (3.1) is not differentiable with respect
to β, we need to modify L(β) for IRWLS procedure.

We define the penalized log partial likelihood function given β∗ as

L(β|β∗) = −l(β) +
λ

2

p∑
i=1

(
β2
i

|β∗i |
+ |β∗i |

)
, (3.2)

then L(β|β∗) >= L(β) with equality if and only if β = β∗ (Krishnapuram et al., 2005) and
L(β|β∗) is differentiable with respect to β.

At l-th iteration of IRWLS procedure, we have

L(β|β(l)) = −l(β) +
λ

2

p∑
i=1

(
β2
i

|β(l)
i |

+ |β(l)
i |

)
. (3.3)

We denote the gradient vector of −l(β) by G(β) and the Hessian matrix by H(β). By second
order Taylor series expansion, −l(β) can be approximated as

−l(β) ≈ −l(β(l))−
1

2
G(β(l))′H(β(l))−1G(β(l)) +

1

2
||Y (l) −X(l)β||2, (3.4)

where X(l) is obtained from the Cholesky decomposition of H(β(l)) such as H(β(l)) =

X(l)′X(l) and Y (l) = (X(l)′)−1(H(β(l))β(l) −G(β(l))). The penalized log partial likelihood
function (3.3) can be written as
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L(β|β(l)) =
1

2
||Y (l) −X(l)β||2 +

λ

2

p∑
i=1

(
β2
i

|β(l)
i |

+ |β(l)
i |

)
, (3.5)

which is solved through the IRWLS procedure.
At (l + 1)th iteration, β(l+1) is obtained by minimizing L(β|β(l)) with respect to β as

β(l+1) = (X(l)′X(l) + λW (l))−1X(l)′Y (l) (3.6)

where W (l) is the diagonal matrix consisted of 1/|β(l)
i |, i = 1, · · · , p.

During iteration, we find that some βi’s tend to zero keeping the value of objective function
L(β) decreasing. This motivates that we can find sparse estimates of β which provides
decreasing value of the penalized log partial likelihood function L(β) at the same time.

Algorithm of L1-penalized estimation for Cox proportional hazard model:

1. Set v = (1 : p)′ and β(v)(0).
2. Find solution β(v)(l+1) which minimizes L(β(v)|β(v)(l)).

3. Set β
(l+1)
i = 0 which is very close to zero. Find v = {i|β(l+1)

i 6= 0}.
4. Iterate 2-4 until |L(β(v)|β(v)(l+1))− L(β(v)|β(v)(l))| < Tol.

The functional structures of L1-penalized log partial likelihood for Cox proportional hazard
model is characterized by the regularization parameter λ.

With the final estimator of β, β̂ = (X ′X + λW )−1X ′Y , the ridge regression estimator,
the number of effective parameters (Moody, 1992) is approximated by

d(λ) = tr{X(X ′X + λW )−1X ′}. (3.7)

Thus, we have the generalized cross validation (GCV) function ( Craven and Wahba, 1979,
Tibshirani, 1997) as follows:

GCV (λ) =
1

n

− l(β̂)

(1− d(λ)/n)2
, (3.8)

which is different from GCV function used in kernel regression of Cho et al. (2010), Hwang
and Shim (2010), Shim (2005), Shim and Lee (2009).

4. Numerical studies

We illustrate the performance of the IRWLS procedure to penalized estimation for Cox
proportional hazard model by comparing its performance with the Cox method with adaptive
LASSO (2.6) and the Cox method (2.3) via 50 simulated data sets. In each data set of
size n = 44, the hazard function of i th subject is set to h(ti|xi) = 0.1 exp(x′iβ) with
β = (1, 0, 1, 0, 0, 0)′. The covariate xi is generated from N(06×1, I6 × 6), the survival time
ti is set to ti = − log(ui)/h(ti|xi) with ui generated from U(0, 1) and the censored time ci
is generated from U(0, 6) and the observed time yi is yi = min(ti, ci) and δi = I(ti ≤ ci),

i = 1, 2, · · · , 44. From 50 data sets we obtained mean squared error of ( β − β̂) and its
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standard error for each method. As results we obtained mean squared error and its standard
error for the proposed method as (0.0636, 0.0161), (0.1406, 0.0188) for the Cox method with
adaptive LASSO and (0.4578, 0.1677) for the Cox method. The box plots of each estimated
regression parameter for each method are shown as in Figure 4.1. From the results we can see
that the proposed method provides a little lower estimates for β1 and β3 whose true values
are 1 than other methods, but generally the proposed method shows a more satisfying results
(stable estimates) for given simulated data sets than other methods.

Figure 4.1 Box plots of estimated regression parameters
1: proposed, 2: the Cox method with adaptive LASSO, 3: the Cox method

5. Conclusions

In this paper, we proposed the efficient method to solve the penalized log partial likelihood
function with L1 norm of Cox proportional hazard model. We use IRWLS procedure to
solve L1 penalized log partial likelihood function, which provides the efficient estimation and
variable selection simultaneously. And it leads to the generalized cross validation function for
the model selection. From the simulated data we found that the proposed method provides
the stable results for variable selection.
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