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PROJECTION ALGORITHMS WITH CORRECTION†

AURELIA NICOLA, CONSTANTIN POPA∗ AND ULRICH RÜDE

Abstract. We present in this paper two versions of a general correction
procedure applied to a classical linear iterative method. This gives us the
possibility, under certain assumptions, to obtain an extension of it to in-
consistent linear least-squares problems. We prove that some well known
extended projection type algorithms from image reconstruction in comput-
erized tomography fit into one or the other of these general versions and
are derived as particular cases of them. We also present some numerical
experiments on two phantoms widely used in image reconstruction litera-
ture. The experiments show the importance of these extension procedures,
reflected in the quality of reconstructed images.
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1. Introduction

Many classes of ”real world problems” give rise, after appropriate discretiza-
tions to large, sparse and ill-conditioned linear systems of equations of the form
Ax = b, where the m × n matrix A contains information concerning the prob-
lem, whereas b ∈ IRm represents measured ”effects” produced by the unknown
”cause” x ∈ IRn. But, due to inevitable measurements errors, the ”effect” b may
go out of the ”range of action” of the problem information matrix A, such that
the above system becomes inconsistent and must be reformulated in the least
squares sense: find x ∈ IRn such that

‖ Ax− b ‖= min{‖ Az − b ‖, z ∈ IRn}, (1)

where ‖ · ‖ denotes the Euclidean norm (〈·, ·〉 will be the Euclidean scalar prod-
uct).
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Remark 1. Concerning the matrix involved in (1) we shall suppose for the
whole paper that it has nonzero rows Ai and columns Aj , i.e.

Ai 6= 0, i = 1, . . . ,m, Aj 6= 0, j = 1, . . . , n. (2)

These assumptions are not essential restrictions of the generality of the prob-
lem (1) because, if A has null rows and/or columns, it can be easily proved
that they can be eliminated without affecting its set of classical (S(A; b), in
the consistent case) or least squares (LSS(A; b), in the inconsistent case) so-
lutions. We shall first introduce some notations. The spectrum and spectral
radius of a square matrix will be denoted by σ(B) and ρ(B), respectively. By
AT , N (A),R(A) we shall denote the transpose, null space and range of A.
PS(x) will be the orthogonal (Euclidean) projection onto a vector subspace S
of some IRq. S(A; b), LSS(A; b), xLS will stand for the set of classical and least
squares solution of (1), respectively, and the (unique) minimal norm one (in
both cases). In the consistent case for (1) we have S(A; b) = LSS(A; b). In the
general case the following properties are known (see e.g. [1])

xLS ⊥ N (A), b = bA + b∗A, bA = PR(A)(b), b∗A = PN (AT )(b), (3)

LSS(A; b) = xLS +N (A) and x ∈ LSS(A; b) ⇔ Ax = PR(A)(b), (4)

S(A; b) = xLS +N (A) and x ∈ S(A; b) ⇔ Ax = b. (5)

The spectral norm of A will be defined by

‖ A ‖= sup
x6=0

‖ Ax ‖
‖ x ‖ = sup

‖x‖=1

‖ Ax ‖. (6)

Remark 2. The minimal norm solution xLS is the unique element of LSS(A; b)
(or S(A; b)) which belongs to R(AT ).
Algorithm General Projections (GP).
Initialization: x0 ∈ IRn

Iterative step:
xk+1 = Qxk +Rb, (7)

where Q : n×n and R : n×m are real matrices. Now, we introduce the following
basic assumptions on the above considered matrices Q and R.

I −Q = RA. (8)

if Q̃ = QPR(AT ), then ‖ Q̃ ‖ < 1. (9)

As examples of such kind of algorithms we can give Kaczmarz, Cimmino (see
also section 3) and many other ”row-action” methods from image reconstruction
from projections (see e.g. the well known monographs [2, 10] and references
therein). Unfortunately, it is well know that the sequence (xk)k≥0 generated
with these algorithms converges to an element of S(A; b) only in the consistent
case of (1), whereas in the inconsistent one, although it still converges its limit is
a solution of a weighted formulation of (1) ([5, 3]) or lies at a certain distance from
LSS(A; b) ([13]). In order to overcome this difficulty, in the next section of the
paper we propose two version with correction of the above General Projections
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algorithm (7). Under additional assumptions on the correction vector and the
matrices Q,R from (7) we prove that the new algorithms generate sequences
of approximations that always converge to an arbitrary element of LSS(A; b)
or xLS . In section 3 we present well known projection algorithms that fit into
this general construction: Kaczmarz Extended, KECG, Cimmino Extended and
a general extension procedure proposed in [6]. Section 4 is devoted to some
numerical experiments on two phantoms widely used in the image reconstruction
literature.

2. The GP algorithm with correction

The version with correction of the algorithm (7) is the following.
Algorithm General Projections with Correction.
Initialization: x0 ∈ IRn

Iterative step:

xk+1 = Qxk +Rb+ vk. (10)

In the two following subsections of the paper, we shall introduce two sets of
additional assumptions on the elements Q, R and vk of the iteration (10) such
that it will generate a sequence (xk)k≥0 convergent to a least squares solution
of (1).

2.1. First set of additional assumptions. Beside (8) and (9) we shall require
the following additional assumptions:

if x ∈ N (A) then Qx = x ∈ N (A), (11)

∀y ∈ IRm, Ry ∈ R(AT ), (12)

vk ∈ R(AT ), (13)

and for εk defined by

εk = vk +Rb∗A, (14)

we suppose that there exist constants c > 0 and δ ∈ [0, 1) such that

‖ εk ‖≤ cδk, ∀k ≥ 0. (15)

Lemma 1. In the above hypothesis, if (xk)k≥0 is the sequence generated by the
algorithm (10) then

PN (A)(x
k) = PN (A)(x

0), ∀k ≥ 0. (16)

Proof. We use mathematical induction. For k = 0 the property is true and let k
be an arbitrary fixed nonnegative integer such that (16) holds for it. Let’s first
remark that from (11) and (9) we get

Q = Q(PN (A) + PR(AT )) = QPN (A) + Q̃ = PN (A) + Q̃. (17)

Then, form (10), (17) and the induction hypothesis we successively obtain

xk+1 = Q̃xk +Rb+ vk + PN (A)(x
0), (18)
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in which the first three terms belong to R(AT ) because of (9), (12) and (13),
respectively. From (18) we get PN (A)(x

k+1) = PN (A)(x
k) = PN (A)(x

0) and the
proof is complete. ¤

According to (16) we can now define the error vector of the iteration (10) as

ek = xk − (PN (A)(x
0) + xLS). (19)

Theorem 1. In the above hypothesis, the sequence (xk)k≥0 generated by the
algorithm (10) converges and

lim
k→∞

xk = PN (A)(x
0) + xLS ∈ LSS(A; b). (20)

Proof. From (9) it results that (I − Q̃) is invertible and (see e.g. [1])

(I − Q̃)−1 =
∑

j≥0

Q̃j . (21)

By using the property of xLS from Remark 1 and (9) we get

QxLS = Q̃xLS , (22)

which together with (8) and (3) gives us

(I − Q̃)xLS = xLS −QPR(AT )(xLS) = xLS −QxLS = (I −Q)xLS = RAxLS = RbA,

thus

xLS = (I − Q̃)−1RbA and (I −Q)xLS = RbA. (23)

Then, from (19), (10), (17), (16), (23), (22), the equality Q̃PN (A) = 0 and (14)
we successively obtain

ek+1 = Qxk +Rb+ vk − (PN (A)(x
0) + xLS) = Q̃xk +Rb+ vk − xLS

= Q̃xk +Rb+ vk − (Q̃xLS +RbA)

= Q̃xk +Rb∗A − Q̃PN (A)(x
0)− Q̃xLS + vk

= Q̃ek + εk, ∀k ≥ 0.

(24)

A recursive application of formula (24) gives

ek = Q̃ke0 +

k−1∑

j=0

Q̃jεk−1−j , ∀k ≥ 1. (25)

But, according to (15) and (9) we obtain ∀k ≥ 1

‖
k−1∑

j=0

Q̃jεk−1−j ‖ ≤
k−1∑

j=0

‖ Q̃ ‖j‖ εk−1−j ‖≤ c



k−1∑

j=0

‖ Q̃ ‖j δk−1−j




≤
k−1∑

j=0

γjγk−1−j = kγk−1,

(26)
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with

γ = max{‖ Q̃ ‖, δ} ∈ [0, 1). (27)

Then, from (25), (26) and (27) we get

0 ≤‖ ek ‖≤ γk ‖ e0 ‖ +kγk−1, ∀k ≥ 1 (28)

thus, because γ < 1 (see (27))

lim
k→∞

‖ ek ‖= lim
k→∞

γk ‖ e0 ‖ +kγk−1 = 0,

which together with the definition of ek in (19) gives us (20) and completes the
proof. ¤

2.2. Second set of additional assumptions. Beside (8) and (9) we shall
request the following additional assumptions:

xk ∈ R(AT ), ∀k ≥ 0 (29)

and for εk defined by (14), the property (15).

Theorem 2. In the above hypothesis, the sequence (xk)k≥0 generated by the
algorithm (10) converges and

lim
k→∞

xk = xLS . (30)

Proof. We first remark that the properties (22) and (23) still hold in this new
situation. According to the assumption (29), we shall define in this case the
error vector for the algorithm (10) by

ek = xk − xLS . (31)

Then, by using (31), (10), (29), (22), (23), (3) and (14) we obtain

ek+1 = xk+1 − xLS = Q̃xk +Rb+ vk − xLS

= Q̃xk +Rb+ vk − (Q̃xLS +RbA)

= Q̃(xk − xLS) + vk +Rb∗A
= Q̃ek + εk,

(32)

i.e. equation (24). We now follow exactly the same steps as in the second part
of the proof in Theorem 1 and get (30) (including the convergence rate estimate
(28)). ¤

Remark 3. The number of assumptions in the second set is smaller that in
the first set. This is explained by the property (29) which, on a side contains
behind it many important properties of the matrices Q, R and the correction vk,
and on the other side because of the particular result obtained in (30) (i.e. we
approximate only the minimal norm solution, not every least squares solution as
in (20)).
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3. Some particular cases

3.1. Applications for the first set of additional assumptions

Kaczmarz-like algorithms Extended
As a first example we consider Kaczmarz’s successive projection method from
[8] (see also [15]).
Algorithm Kaczmarz (K).
Initialization: x0 ∈ IRn

Iterative step:

xk+1 = PH1
◦ · · · ◦ PHm

(xk), (33)

where

PHi(x) = Pi(x) +
bi

‖ Ai ‖2Ai, Pi(x) = x− 〈x,Ai〉
‖ Ai ‖2Ai. (34)

Algorithm K can be written in the form (7) with Q given by

Q = P1 ◦ · · · ◦ Pm (35)

and R the n×m matrix of which i-th column is

(R)i =
1

‖ Ai ‖2P1 ◦ · · · ◦ Pi−1(Ai), i = 1, . . . ,m (36)

where by P0 we denoted the unit matrix (for i = 1). The properties (8)-(9) and
(11)-(12) are proved in [15]. If we define the applications

Φ = ϕ1 ◦ · · · ◦ ϕn, ϕj(y) = y − 〈y,Aj〉
‖ Aj ‖2A

j , (37)

we can define the Kaczmarz Extended algorithm, proposed in [12]. .
Algorithm Kaczmarz Extended (KE).
Initialization: x0 ∈ IRn, y0 = b
Iterative step:

yk+1 = Φyk, (38)

bk+1 = b− yk+1, (39)

xk+1 = Qxk +Rbk+1. (40)

Remark 4. In view of (37), the step (38) is a Kaczmarz like iteration (33)-(34)
applied to the consistent system

AT y = 0. (41)

Moreover (see e.g. [15, 12]), for y0 = b we find

lim
k→∞

yk = b∗A. (42)

By analogy with the properties in (9) and (17) we obtain

if Φ̃ = ΦPR(A) then Φ = PN (AT )+Φ̃, Φ̃PN (AT ) = PN (AT )Φ̃ = 0, ‖ Φ̃ ‖< 1. (43)
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Proposition 1. The KE algorithm can be written in the form of (10) with the
correction vk given by

vk = −RΦk+1b, (44)

such that the assumptions (13) and (15) hold.

Proof. From (38) we obtain yk+1 = Φk+1y0 = Φk+1b, which yields, by also using
(39)

xk+1 = Qxk +Rbk+1 = Qxk +Rb+ (−RΦk+1b),

i.e. (10) with vk from (44). Assumption (13) then results directly from (44) and
(12). According to (15), from (44) and (43) we obtain

vk = −RΦk+1b = −R
(
Φ̃k+1b+ b∗A

)
= −RΦ̃k+1b−Rb∗A. (45)

Then from (45) and again (43) (last inequality) we get

‖ εk ‖≤‖ vk +Rb∗A ‖=‖ RΦ̃k+1b ‖≤‖ R ‖‖ b ‖‖ Φ̃ ‖k+1, (46)

i.e. (15) with c =‖ R ‖‖ b ‖‖ Φ̃ ‖ and δ =‖ Φ̃ ‖∈ [0, 1). ¤

We now consider Kaczmarz algorithm with relaxation parameter (ω-Kaczmarz,
for short).
Algorithm ω-Kaczmarz.
Initialization: ω > 0, x0 ∈ IRn

Iterative step:

xk+1 = Pω
H1

◦ · · · ◦ Pω
Hm

(xk), (47)

where

Pω
Hi

(x) = (1− ω)x+ ωPHi(x) (48)

and PHi(b;x) from (34). It can be written in the form (7) as

xk+1 = Qωxk +Rωb (49)

with

Qω = Pω
1 Pω

2 . . . Pω
m, Rω = ω col

(
1

‖ A1 ‖2Q
ω
0A1, . . . ,

1

‖ Am ‖2Q
ω
m−1Am

)
, (50)

where

Pω
i = (1− ω)I + ωPi, Qω

0 = I, Qω
i = Pω

1 . . . Pω
i , i = 1, . . . ,m, (51)

with Pi from (34). In [10] it is proved that, if

ω ∈ (0, 2) (52)

then the matrices Qω, Rω from (49) satisfy (8)-(9) and (11)-(12). Its extended
version, proposed in [12] is Kaczmarz Extended with Relaxation Parameters
(KERP, for short).
Algorithm KERP.
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Initialization: ω, α ∈ (0, 2), x0 ∈ IRn, y0 = b
Iterative step:

yk+1 = Φαyk, (53)

bk+1 = b− yk+1, (54)

xk+1 = Qxk +Rbk+1, (55)

where

Φα = ϕα
1 ◦ · · · ◦ ϕα

n, ϕα
j (y) = (1− α)y + αϕj(y), (56)

with ϕj(y) from (37). The algorithm KERP can be written in the form (10) as

xk+1 = Qωxk +Rωb+ vk, (57)

with

vk = −Rω(Φα)k+1b. (58)

A similar result as in Proposition 1 can then be obtained with the constants c
and δ defined by

c =‖ Rω ‖‖ b ‖‖ Φα ‖, δ =‖ Φα ‖∈ [0, 1). (59)

Algorithm KECG.
The classical CG algorithm applied to the normal equation of (1), ATAx = AT b
gives us the CG for Least Squares method (CGLS) from below (see [1, 9]).

Algorithm CGLS.
Initialization: x0 ∈ IRn, r0 = b−Ax0, p0 = AT r0

Iterative step:

αk =‖ AT rk ‖2 / ‖ Apk ‖2,
xk+1 = xk + αkp

k,

rk+1 = b−Axk+1 = rk − αkApk,

βk =‖ AT rk+1 ‖2 / ‖ AT rk ‖2,
pk+1 = AT rk+1 + βkp

k.

(60)

Theorem 4 ([9]). Let x0 ∈ IRn be an arbitrary vector, r = rank(A), UTAV =
diag(σ1, . . . , σr, 0, . . . , 0) a singular value decomposition of A, with σ1 ≥ σ2 ≥
· · · ≥ σr > 0 and the numbers µ and c̄ defined by

µ =
σ1 − σr

σ1 + σr
∈ [0, 1), c̄ =

‖ Ax0 − PR(A)(b) ‖
σr

. (61)

Then, the sequence (xk)k≥0 generated with the CGLS algorithm converges to
PN (A)(x

0) + xLS and we have the estimate

‖ xk − (PN (A)(x
0) + xLS) ‖ ≤ c̄ · µk, ∀k ≥ 1. (62)
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According to the above Theorem 4, if we apply the CGLS algorithm to the
(consistent) system (41) with y0 = b, we obtain a sequence (yk)k≥0 convergent
to b∗A. Moreover, from (62) we get

‖ yk − b∗A ‖ ≤ α · µk, ∀k ≥ 1, (63)

with µ from (61) and α given by

α =
‖ AT b ‖

σr
. (64)

We shall denote the k-th iteration of this algorithm by yk = CGLS(AT ; yk−1).
In [14] we proposed the following mixed Kaczmarz - Conjugate Gradient algo-
rithm.
Algorithm KECG.
Initialization: x0 ∈ IRn, y0 = b
Iterative step:

yk+1 = CGLS(AT ; yk), (65)

bk+1 = b− yk+1, (66)

xk+1 = Qxk +Rbk+1, (67)

with Q and R from (35)-(36). Let us denote, in a matrix form by

yk+1 = Π(yk) (68)

the step (65) of the KECG algorithm.

Proposition 2. The KECG algorithm can be written as (10) with the correction
vk given by

vk = Ryk+1 = −RΠk+1b, (69)

such that the assumptions (13) and (15) hold.

Proof. From (67) and (68) we obtain

xk+1 = Qxk +Rbk+1 = Qxk +Rb+ (−Ryk+1),

i.e. (10) with vk from (69). Assumption (13) then results directly from (69) and
(12). Then, from (14) and (69)) we get

‖ εk ‖=‖ vk +Rb∗A ‖=‖ −Ryk+1 +Rb∗A ‖≤‖ R ‖‖ yk+1 − b∗A ‖≤‖ R ‖ αµk+1,
(70)

i.e. (15) with c =‖ R ‖ αµ, and δ = µ (µ from (61)). ¤

Algorithm Cimmino Extended.
Our considerations in this paragraph refer to the simultaneous reflections al-
gorithm proposed by its author in [5]. Cimmino considers a consistent linear
least squares problem of the form (1). A (classical) solution of it will lie in the
intersection of the m hyperplanes defined by the equations of the system

Hi := {x ∈ IRn, 〈x,Ai〉 = bi}, i = 1, . . . ,m. (71)
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Given a current approximation xk, the next one xk+1 is constructed via

xk+1 =

m∑

i=1

ωi

ω
SHi

(x), (72)

where SHi
(x) are the reflections of xk with respect to the hyperplane (71),

defined by

SHi
(xk) = xk + 2

bi − 〈x,Ai〉
‖Ai‖2 Ai and ωi > 0, ω =

m∑

i=1

ωi. (73)

From (72) and (73) we derive for Q,R in (7) the following expressions

Q =

m∑

i=1

ωi

ω
Si, Si := I − 2

AiA
T
i

‖Ai‖2 , R =

m∑

i=1

ωi

ω

bi
‖Ai‖2Ai. (74)

Then, Cimmino’s algorithm (72) can be written as follows.

Algorithm Cimmino (Cmm).
Initialization: ωi > 0, i = 1, . . . ,m;x0 ∈ IRn

Iterative step:

xk+1 = Qxk +Rb. (75)

The properties (8)-(9) and (11)-(12) were proved in [11]. Now, if we define the
matrix T by

T =

n∑

i=1

αj

α
Fj , with Fj = I − 2

AjAjT

‖Aj‖2 , and α =

n∑

j=1

αj , (76)

where αj > 0 are arbitrary weights we can consider the Extended Cimmino
algorithm.

Algorithm Cimmino Extended (CmmE).
Initialization: ωi > 0, i = 1, . . . ,m; αj > 0, j = 1, . . . , n, x0 ∈ IRn, y0 = b
Iterative step:

yk+1 = Tyk , (77)

bk+1 = b− yk+1 , (78)

xk+1 = Qxk +Rbk+1 . (79)

Moreover, as for Kaczmarz Extended we get for T̃ = TPR(A)

‖ T̃ ‖ < 1. (80)

The algorithm (77)-(79) can be written in the form (10), with the correction vk

given by

vk = −RT k+1b. (81)

Then, the theoretical considerations from Section 3.1 directly apply and we get
a result similar to that in Proposition 1 with c and δ given by

c =‖ R ‖‖ b ‖‖ T̃ ‖, δ =‖ T̃ ‖∈ [0, 1). (82)
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3.2 Applications for the second set of additional assumptions
In the paper [6] the author considers the following two step algorithm.

Algorithm Elfving (ELF).
Initialization:

x0 ∈ R(AT ), y0 = b−Az0, for some z0 ∈ IRn. (83)

Iterative step:
yk+1 = (I −AΓ)yk, (84)

xk+1 = Qxk +R(b− yk+1), (85)

where the matrices Q : n× n, R : n×m, Γ : m× n satisfy

Q+RA = I, (86)

and
for w ∈ R(A), z = Qz +Rw if and only if Az = w, (87)

α =‖ (I −AΓ)PR(A) ‖< 1, (88)

β =‖ QPR(AT ) ‖< 1, (89)

z ∈ N (AT ) =⇒ Γz = 0, (90)

u ∈ R(A) =⇒ Ru ∈ R(AT ). (91)

Remark 5. In the original paper [6] the assumptions (88) and (89) are weaker,
by using the spectral radii of the corresponding matrices instead of the spectral
norms.

From (84) and (85) we get for xk+1 the expression in (10), with the correction
vk given by

vk = −Ryk+1, (92)

with R from (85) and yk+1 from (84).

Proposition 3. In the above hypothesis, the matrices Q, R the approximations
xk and the corrections εk (defined as in (14), with vk from (92), satisfy the
assumptions (8), (9), (29) and (15), from section 2.2 .

Proof. Assumption (8). This is used in the same form in [6] - see (86).
Assumption (9). This is exactly (89).
Assumption (29). We shall use mathematical induction. The property holds
for x0 from (83). Let k ≥ 0 be an arbitrary fixed integer such that (29) holds for

xk. We shall prove it for xk+1. As in [6], let y0A = PR(A)(y
0), y0,∗A = PN (AT )(y

0).

From (83) and (3) we get y0 = (bA−Az0)+b∗A, and from all the above equalities

y0,∗A = b∗A. (93)

Then, (84), (93), (90) give us

yk+1 =
[
(I −AΓ)PR(A)

]k+1
(y0A) + b∗A. (94)

From (10), (92), (85) and (94) it results

xk+1 = Qxk +R(b− yk+1) = (xk −RAxk) +RbA −R
[
(I −AΓ)PR(A)

]k+1
(y0

A). (95)
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But, from (91) and the induction hypothesis we get

xk −RAxk ∈ R(AT ), RbA ∈ R(AT ), (96)

i.e. by using again (91)

R
[
(I −AΓ)PR(A)

]k+1
(y0A) ∈ R(AT ). (97)

Then, from (95) - (97) we get xk+1 ∈ R(AT ), i.e by induction process the
assumption (29).
Assumption (15). From (14), (92), (94) we get

‖ εk ‖=‖ vk +Rb∗A ‖=‖ −R
[
(I −AΓ)PR(A)

]k+1
(y0A) ‖≤

‖ R ‖‖ (I −AΓ)PR(A) ‖‖ (y0A) ‖ · ‖ (I −AΓ)PR(A) ‖k,
i.e. (15) with (see (88))

c =‖ R ‖‖ (I −AΓ)PR(A) ‖‖ (y0A) ‖, δ =‖ (I −AΓ)PR(A) ‖∈ [0, 1) (98)

and the proof is complete. ¤

It then results that the extension procedure from [6], with the modification in
(88)-(89) is a particular case of the extension procedure from section 2.2.

4. Numerical experiments

In the experiments from this section we were not concerned with comparisons
of the extended algorithms with other existing solvers. The examples with ω-
Kaczmarz and Cimmino (as standard successive and, respectively simultaneous
ART) and their extensions are only meant to illustrate the importance of the ex-
tended versions when solving inconsistent problems. In our experiments we used
the head and mitochondrion phantoms from [3] (63×63 pixels resolution for each
of them, but with the scanning matrices with 1376 and 1378 rays, respectively,
i.e. the number of rows in A). For each phantom we had an inconsistent right
hand side b for our reconstruction problem. Beside the reconstructed images,
the following measures for the approximation errors have been computed (see
also [7]):

• xex = head or mitochondrion phantom ; N = 632 = 3969

• xex = (xex
1 , . . . , xex

N )T ;xk = (xk
1 , . . . , x

k
N )T ; x̄ex =

∑N
i=1 xex

i

N ; x̄k =
∑N

i=1 xk
i

N

• Distance =

√ ∑N
i=1(x

ex
i −xk

i )
2

∑N
i=1(x

ex
i −x̄ex)2

• Relative error =
∑N

i=1 |xex
i −xk

i |∑N
i=1 xex

i

• Standard deviation = 1√
N

√∑N
i=1(x

k
i − x̄k)2

In all tests we used x0 = 0 and:

1. 20 iterations for ω-Kaczmarz (47) and KERP (53)-(55) algorithms, and
ω = 0.2, respectively ω = 0.2, α = 0.2 for the corresponding relaxation
parameters
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2. 2000 iterations for Cimmino (75) and Cimmino Extended (77)-(79) and
ωi = 1, ∀i = 1, . . . ,m, respectively ωi = 1, ∀i = 1, . . . ,m, αj = 1, ∀j =
1, . . . , n.

Remark 6. For the algorithms ω-Kaczmarz and KERP the above values for
the relaxation parameters were found to be almost optimal by comparative tests.
Unfortunately, it doesn’t yet exist a formula or a clear procedure in this sense
for these algorithms.
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Figure 1. Left - exact, middle - ω-Kaczmarz, right - KERP
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Figure 2. Head phantom: errors for ω-Kaczmarz and KERP

Figure 3. Left - exact, middle - ω-Kaczmarz, right - KERP

Figure 4. Mitochondrion phantom: errors for ω-Kaczmarz
and KERP

Figure 5. Left-exact, middle-Cimmino, right-Cimmino Extended
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Figure 6. Head phantom: errors for Cimmino and Cimmino Extended

Figure 7. Left-exact, middle-Cimmino, right-Cimmino Extended

Figure 8. Mitochondrion phantom: errors for Cimmino and
Cimmino Extended


