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APPLICATION OF LINEAR PROGRAMMING FOR SOLVING

FUZZY TRANSPORTATION PROBLEMS†

AMIT KUMAR∗ AND AMARPREET KAUR

Abstract. There are several methods, in the literature, for finding the
fuzzy optimal solution of fully fuzzy transportation problems (transporta-
tion problems in which all the parameters are represented by fuzzy num-
bers). In this paper, the shortcomings of some existing methods are pointed
out and to overcome these shortcomings, a new method (based on fuzzy
linear programming formulation) is proposed to find the fuzzy optimal
solution of unbalanced fuzzy transportation problems with a new repre-
sentation of trapezoidal fuzzy numbers. The advantages of the proposed
method over existing method are discussed. Also, it is shown that it is
better to use the proposed representation of trapezoidal fuzzy numbers in-
stead of existing representation of trapezoidal fuzzy numbers for finding the
fuzzy optimal solution of fuzzy transportation problems. To illustrate the
proposed method a fuzzy transportation problem (FTP) is solved by using
the proposed method and the obtained results are discussed. The proposed
method is easy to understand and to apply for finding the fuzzy optimal
solution of fuzzy transportation problems occurring in real life situations.
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Key words and phrases : Fuzzy sets, Linear programming, Ranking func-
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1. Introduction

In today’s highly competitive market, the pressure on organizations to find
better ways to create and deliver value to customers becomes stronger. How
and when to send the products to the customers in the quantities, they want
in a cost-effective manner, become more challenging. Transportation models
provide a powerful framework to meet this challenge. They ensure the efficient
movement and timely availability of raw materials and finished goods.
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The basic transportation problem was originally developed by Hitchcock [7].
In conventional transportation problems it is assumed that decision maker is
sure about the precise values of transportation cost, availability and demand of
the product. In real world applications, all the parameters of the transportation
problems may not be known precisely due to uncontrollable factors. This type of
imprecise data is not always well represented by random variable selected from a
probability distribution. Fuzzy numbers introduced by Zadeh [13] may represent
this data. So, fuzzy decision making method is needed here.

Zimmermann [14] showed that solutions obtained by fuzzy linear program-
ming are always efficient. Subsequently, Zimmermann’s fuzzy linear program-
ming has developed into several fuzzy optimization methods for solving the
transportation problems. Oheigeartaigh [10] proposed an algorithm for solv-
ing transportation problems where the capacities and requirements are fuzzy
sets with linear or triangular membership functions. Chanas et al. [1] presented
a fuzzy linear programming model for solving transportation problems with crisp
cost coefficients and fuzzy supply and demand values. Chanas and Kuchta [2]
proposed the concept of the optimal solution for the transportation problem
with fuzzy coefficients expressed as fuzzy numbers, and developed an algorithm
for obtaining the optimal solution. Saad and Abbas [12] discussed the solution
algorithm for solving the transportation problem in fuzzy environment.

Liu and Kao [9] described a method for solving fuzzy transportation problems
based on extension principle. Gani and Razak [5] presented a two stage cost
minimizing fuzzy transportation problem in which supplies and demands are
trapezoidal fuzzy numbers. To deal with uncertainties of supply and demand
parameters, Gupta and Mehlawat [6] transformed the past data pertaining to
the amount of supply of the ith supply point and the amount of demand of the
jth demand point using level (λ, ρ) interval-valued fuzzy numbers.

Dinagar and Palanivel [3] investigated fuzzy transportation problem, with
the aid of trapezoidal fuzzy numbers and proposed fuzzy modified distribution
method to find the optimal solution in terms of fuzzy numbers. Pandian and
Natarajan [11] proposed a new algorithm namely, fuzzy zero point method for
finding a fuzzy optimal solution for a fuzzy transportation problems, where the
transportation cost, supply and demand are represented by trapezoidal fuzzy
numbers.

In this paper, a new method (based on fuzzy linear programming formulation)
is proposed to find the fuzzy optimal solution of unbalanced fuzzy transporta-
tion problems with a new representation of trapezoidal fuzzy numbers. The
advantages of the proposed method over existing method are discussed. Also,
it is shown that it is better to use the proposed representation of trapezoidal
fuzzy numbers instead of existing representation of trapezoidal fuzzy numbers
for finding the fuzzy optimal solution of fuzzy transportation problems. To il-
lustrate the proposed method a fuzzy transportation problem (FTP) is solved
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by using the proposed method and the obtained results are discussed. The pro-
posed method is easy to understand and to apply for finding the fuzzy optimal
solution of fuzzy transportation problems occurring in real life situations.

This paper is organized as follows: In Section 2, some basic definitions and
arithmetic operations are reviewed. In Section 3, formulation of FTP is presented
and the shortcomings of the existing methods are pointed out. Also application
of ranking function for solving FTP is presented. In Section 4, a new method
is proposed to find fuzzy optimal solution of fuzzy transportation problems. In
Section 5, a new representation of trapezoidal fuzzy numbers, named as JMD
representation of trapezoidal fuzzy numbers, is proposed and the method, pro-
posed in Section 4, are modified with JMD representation of trapezoidal fuzzy
numbers. Also, it is shown that it is better to use the JMD representation
of trapezoidal fuzzy numbers instead of existing representation of trapezoidal
fuzzy numbers for finding the fuzzy optimal solution of fuzzy transportation
problems. The advantages of the proposed method are discussed in Section 6.
In Section 7, to illustrate the proposed method a numerical example is solved
and the obtained results are discussed. The conclusions are discussed in Section
8.

2. Preliminaries

In this section some basic definitions, arithmetic operations and ranking func-
tion are reviewed.

2.1. Basic definitions. In this section, some basic definitions are reviewed.

Definition 1 ([4]). A fuzzy set Ã, defined on the universal set of real numbers
R, is said to be a fuzzy number if its membership function has the following
characteristics:
(i) Ã is convex i.e., µÃ(λx1+(1−λ)x2) ≥ minimum (µÃ(x1), µÃ(x2)) ∀ x1, x2 ∈
R, ∀ λ ∈ [0, 1].

(ii) Ã is normal i.e., ∃ x0 ∈ R such that µÃ(x0) = 1.
(iii) µÃ is piecewise continuous.

Definition 2 ([4]). A fuzzy number Ã is said to be non-negative fuzzy number
if and only if µÃ(x) = 0, ∀ x < 0.

Definition 3 ([4]). A fuzzy number Ã = (m,n, α, β) is said to be a trapezoidal
fuzzy number if its membership function is given by

µÃ(x) =





1− m−x
α , m− α ≤ x ≤ m

1 , m ≤ x ≤ n
1− x−n

β , n ≤ x ≤ n+ β
, where n−m ≥ 0, α ≥ 0, β ≥ 0.

Definition 4 ([4]). A trapezoidal fuzzy number Ã = (m,n, α, β) is said to be
non-negative trapezoidal fuzzy number if and only if m− α ≥ 0
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Definition 5 ([4]). A trapezoidal fuzzy number Ã = (m,n, α, β) is said to be
zero trapezoidal fuzzy number if and only if m = 0, n = 0, α = 0, β = 0.

Definition 6 ([4]). Two trapezoidal fuzzy numbers Ã1 = (m1, n1, α1, β1) and

Ã2 = (m2, n2, α2, β2) are said to be equal i.e., Ã1 = Ã2 if and only if m1 =
m2, n1 = n2, α1 = α2, β1 = β2.

Definition 7 ([8]). A ranking function is a function < : F (R) → R, where F (R)
is a set of fuzzy numbers defined on set of real numbers, which maps each fuzzy
number into the real line.
Let Ã = (m,n, α, β) be a trapezoidal fuzzy number then <(Ã) = 1

2 (m + n) +
1
4 (β − α).

2.2. Arithmetic operations. In this section addition and multiplication op-
erations of trapezoidal fuzzy numbers are reviewed [4]:

Let Ã1 = (m1, n1, α1, β1) and Ã2 = (m2, n2, α2, β2) be two trapezoidal fuzzy
numbers then

(i) Ã1 ⊕ Ã2 = (m1 +m2, n1 + n2, α1 + α2, β1 + β2)

(ii) Ã1 ⊗ Ã2 ' (m′, n′, α′, β′),
where m′ =minimum(m1m2,m1n2, n1m2, n1n2),
n′ =maximum(m1m2,m1n2, n1m2, n1n2),
α′ = m′− minimum ((m1 − α1)(m2 − α2), (m1 − α1)(n2 + β2), (n1 + β1)
(m2 − α2), (n1 + β1)(n2 + β2)),
β′ = maximum ((m1 − α1)(m2 − α2), (m1 − α1)(n2 + β2), (n1 + β1)
(m2 − α2), (n1 + β1)(n2 + β2))− n′

3. Fuzzy transportation problem

In conventional transportation problems it is assumed that decision maker is
sure about the precise values of transportation cost, availability and demand of
the product. In real world applications, all these parameters of the transporta-
tion problems may not be known precisely due to uncontrollable factors. To
deal with such situations, fuzzy set theory is applied in literature to solve the
transportation problems.

Several authors [3,9,11] have proposed different methods for solving balanced
fuzzy transportation problems by representing the transportation cost, availabil-
ity and demand as normal fuzzy numbers. The balanced fuzzy transportation
problems, in which a decision maker is uncertain about the precise values of
transportation cost, availability and demand may be formulated as follows:

Minimize

p∑

i=1

q∑

j=1

c̃ij ⊗ x̃ij

subject to

q∑

j=1

x̃ij = ãi,

p∑

i=1

x̃ij = b̃j ,

p∑

i=1

ãi =

q∑

j=1

b̃j , i, j = 1, 2, 3, ..., p
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x̃ij is a non-negative trapezoidal fuzzy number, where
p = total number of sources ; q = total number of destinations
ãi = the fuzzy availability of the product at ith source
b̃j = the fuzzy demand of the product at jth destination
c̃ij = the fuzzy transportation cost for unit quantity of the product from ith

source to jth destination
x̃ij = the fuzzy quantity of the product that should be transported from ith

source to jth destination (or fuzzy decision variables) to minimize the total fuzzy
transportation cost
p∑

i=1

ãi = total fuzzy availability of the product

q∑
j=1

b̃j = total fuzzy demand of the product

p∑
i=1

q∑
j=1

c̃ij ⊗ x̃ij = total fuzzy transportation cost

Remark 1. If
p∑

i=1

ãi =
q∑

j=1

b̃j then the FTP is said to be balanced fuzzy trans-

portation problem, otherwise it is called unbalanced fuzzy transportation problem.

3.1. Shortcomings of the existing methods. There are several methods
to find the optimal solution of fuzzy transportation problems. But, there are
shortcomings in some existing methods which are as follows:
(i) In the existing methods [1,9,10], fuzzy transportation problems are first con-
verted into equivalent crisp transportation problem (CTP) using α-cut method,
which are then solved by standard methods. The final results of a FTP are thus
real numbers, which represents a compromise in terms of fuzzy numbers.
(ii) Using the existing methods [1,9,10], it is not possible to convert an unbal-
anced fuzzy transportation problem into balanced fuzzy transportation problem
without using α-cut technique.
(iii) It is very difficult to apply existing methods for finding the fuzzy optimal
solution of fuzzy transportation problems.
(iv) Dinagar and Palanivel [3] proposed a method for solving fuzzy transporta-
tion problems and by applying the proposed method for solving a FTP they
obtained the following fuzzy optimal solution:
(a) The fuzzy optimal quantity of the product that should be transported, from
second source to third destination, third source to first destination and third
source to third destination are trapezoidal fuzzy numbers (−5,−1, 6, 12),
(−5,−1, 3, 7), and (−11,−3, 6, 12) respectively.
(b) The minimum total fuzzy transportation cost is (−122,−2, 139, 257).
It is clear that there exist negative part in all the obtained trapezoidal fuzzy
numbers, which depicts that quantity of the product and transportation cost
may be negative. But the negative quantity of the product and negative trans-
portation cost has no physical meaning.
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Similarly the results obtained by using the existing methods [11] has no physical
meaning.

3.2. Application of ranking function for solving fuzzy transportation
problems. The fuzzy optimal solution of the balanced fuzzy transportation
problem:

Minimize

p∑

i=1

q∑

j=1

c̃ij ⊗ x̃ij

subject to

q∑

j=1

x̃ij = ãi,

p∑

i=1

x̃ij = b̃j ,

p∑

i=1

ãi =

q∑

j=1

b̃j , i, j = 1, 2, 3, ..., p

x̃ij is a non-negative trapezoidal fuzzy number is a fuzzy number x̃ij which
satisfies the following characteristics:
(i) x̃ij is a non-negative fuzzy number

(ii)
q∑

j=1

x̃ij = ãi, i = 1, 2, 3, ..., p and
p∑

i=1

x̃ij = b̃j , j = 1, 2, 3, ..., q

(iii) If there exist any non-negative fuzzy number x̃′
ij

such that
q∑

j=1

x̃′
ij = ãi, i = 1, 2, 3, ..., p and

p∑
i=1

x̃′
ij = b̃j , j = 1, 2, 3, ..., q

then <(
p∑

i=1

q∑
j=1

c̃ij ⊗ x̃ij) < <(
p∑

i=1

q∑
j=1

c̃ij ⊗ x̃′
ij)

4. Proposed method to find the fuzzy optimal solution of balanced
fuzzy transportation problems with existing representation of

trapezoidal fuzzy numbers

In this section, to overcome all the shortcomings, discussed in Section 3.1,
a new method (based on fuzzy linear programming formulation), is proposed
to find the fuzzy optimal solution of FTP occurring in real life situations by
representing all the parameters as trapezoidal fuzzy numbers. The steps of the
proposed method are as follows:

Step 1. Find the total fuzzy availability
p∑

i=1

ãi and the total fuzzy demand

q∑
j=1

b̃j . Let
p∑

i=1

ãi = (m,n, α, β) and
q∑

j=1

b̃j = (m′, n′, α′, β′). Examine that the

problem is balanced or not, i.e.,
p∑

i=1

ãi =
q∑

j=1

b̃j or
p∑

i=1

ãi 6=
q∑

j=1

b̃j .

Case (i) If the problem is balanced, i.e.,
p∑

i=1

ãi =
q∑

j=1

b̃j , then Go to Step 2.

Case (ii) If
p∑

i=1

ãi 6=
q∑

j=1

b̃j then convert the unbalanced problem into balanced



Application of linear programming for solving fuzzy transportation problems 837

problem as follows:

Case (a) If m − α ≤ m′ − α′, α ≤ α′, n − m ≤ n′ − m′, and β ≤ β′ then
introduce a dummy source with fuzzy availability (m′−m,n′−n, α′−α, β′−β).
Assume the fuzzy transportation cost for unit quantity of the product from the
introduced dummy source to all destinations as zero trapezoidal fuzzy number
then Go to Step 2.
Case (b) If m−α ≥ m′−α′, α ≥ α′, n−m ≥ n′−m′, and β ≥ β′ then introduce
a dummy destination with fuzzy demand (m−m′, n−n′, α−α′, β−β′). Assume
the fuzzy transportation cost for unit quantity of the product from all sources
to the introduced dummy destination as zero trapezoidal fuzzy number then Go
to Step 2.
Case (c) If neither Case(a) nor Case(b) is satisfied then introduce a dummy
source with fuzzy availability (maximum {0, (m′ − α′)− (m− α)} + maximum
{0, (α′ − α)}, maximum {0, (m′ − α′) − (m − α)} + maximum {0, (α′ − α)} +
maximum {0, (n′−m′)−(n−m)}, maximum {0, (α′−α)}, maximum {0, (β′−β)})
and dummy destination with fuzzy demand (maximum {0, (m−α)− (m′ −α′)}
+ maximum {0, (α − α′)}, maximum {0, (m − α) − (m′ − α′)} + maximum
{0, (α − α′)} + maximum {0, (n − m) − (n′ − m′)}, maximum {0, (α − α′)},
maximum {0, (β−β′)}). Assume the fuzzy transportation cost for unit quantity
of the product from the introduced dummy source to all destinations and from all
sources to the introduced dummy destination as zero trapezoidal fuzzy number
then Go to Step 2.
Step 2. Now the balanced fuzzy transportation problem may be formulated as
follows:

Minimize
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij

subject to
n∑

j=1

x̃ij = ãi, i = 1, 2, 3, ...,m; m = p or p+ 1

m∑
i=1

x̃ij = b̃j , j = 1, 2, 3, ..., n; n = q or q + 1

m∑
i=1

ãi =
n∑

j=1

b̃j

x̃ij is a non-negative trapezoidal fuzzy number, where
m = total number of sources ; n = total number of destinations ; c̃ij = (m′

ij , n
′
ij ,

α′
ij , β

′
ij) ; ãi = (mi, ni, αi, βi) ; b̃j = (m′

j , n
′
j , α

′
j , β

′
j) ; x̃ij = (mij , nij , αij , βij)

m∑
i=1

ãi = total fuzzy availability of the product

n∑
j=1

b̃j = total fuzzy demand of the product

m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij = total fuzzy transportation cost
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Step 3. Now our objective is to find x̃ij such that

Minimize <(
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij)

subject to
n∑

j=1

x̃ij = ãi, i = 1, 2, 3, ...,m

m∑
i=1

x̃ij = b̃j , j = 1, 2, 3, ..., n

m∑
i=1

ãi =
n∑

j=1

b̃j

x̃ij is a non-negative trapezoidal fuzzy number.

Step 4. Let
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij = (m0, n0, α0, β0), then the fuzzy linear program-

ming problem (FLPP), obtained in Step 3, may be written as:

Minimize <(m0, n0, α0, β0)

subject to (
n∑

j=1

mij ,
n∑

j=1

nij ,
n∑

j=1

αij ,
n∑

j=1

βij) = (mi, ni, αi, βi), i = 1, 2, 3, ...,m

(
m∑
i=1

mij ,
m∑
i=1

nij ,
m∑
i=1

αij ,
m∑
i=1

βij) = (m′
j , n

′
j , α

′
j , β

′
j), j = 1, 2, 3, ..., n

m∑
i=1

(mi, ni, αi, βi) =
n∑

j=1

(m′
j , n

′
j , α

′
j , β

′
j)

(mij , nij , αij , βij) is a non-negative trapezoidal fuzzy number.
Step 5. The FLPP, obtained in Step 4, is converted into following crisp linear
programming problem:

Minimize ( (m0+n0)
2 + (β0−α0)

4 )

subject to
n∑

j=1

mij = mi , i = 1, 2, 3, ...,m;
n∑

j=1

nij = ni, i = 1, 2, 3, ...,m

n∑
j=1

αij = αi, i = 1, 2, 3, ...,m;
n∑

j=1

βij = βi, i = 1, 2, 3, ...,m

m∑
i=1

mij = m′
j , j = 1, 2, 3, ..., n;

m∑
i=1

nij = n′
j , j = 1, 2, 3, ..., n

m∑
i=1

αij = α′
j , j = 1, 2, 3, ..., n;

m∑
i=1

βij = β′
j , j = 1, 2, 3, ..., n

mij − αij , nij −mij ,mij , nij , αij , βij ≥ 0 ∀i, j.
Step 6. Find the optimal solution mij , nij , αij , βij by solving the crisp linear
programming problem, obtained in Step 5.
Step 7. Find the fuzzy optimal solution (x̃ij) by putting the values of
mij , nij , αij , βij in x̃ij = (mij , nij , αij , βij).
Step 8. Find the minimum total fuzzy transportation cost by putting the values

of x̃ij in
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij .
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Remark 2. If
p∑

i=1

ãi 6=
q∑

j=1

b̃j i.e., (m,n, α, β) 6= (m′, n′, α′, β′) and neither Case

(a) m−α ≤ m′−α′, α ≤ α′, n−m ≤ n′−m′, β ≤ β′ nor Case (b) m−α ≥ m′−α′,
α ≥ α′, n −m ≥ n′ −m′, β ≥ β′ is satisfied then there may exist infinite non-
negative trapezoidal fuzzy numbers (m1, n1, α1, β1) and (m′

1, n
′
1, α

′
1, β

′
1) such that

(m,n, α, β)⊕ (m1, n1, α1, β1) = (m′, n′, α′, β′)⊕ (m′
1, n

′
1, α

′
1, β

′
1) but we want to

find trapezoidal fuzzy numbers (m1, n1, α1, β1) and (m′
1, n

′
1, α

′
1, β

′
1) which satis-

fies the following characteristics:
(i) (m1, n1, α1, β1) and (m′

1, n
′
1, α

′
1, β

′
1) are non-negative trapezoidal fuzzy num-

bers.
(ii) (m,n, α, β)⊕ (m1, n1, α1, β1) = (m′, n′, α′, β′)⊕ (m′

1, n
′
1, α

′
1, β

′
1).

(iii) If there exist non-negative trapezoidal fuzzy numbers (x, y, α′′, β′′) and
(x1, y1, α

′′
1 , β

′′
1 ) such that (m,n, α, β)⊕ (x, y, α′′, β′′) = (m′, n′, α′, β′)

⊕(x1, y1, α
′′
1 , β

′′
1 ) then <(x, y, α′′, β′′) > <(m1, n1, α1, β1) and

<(x1, y1, α
′′
1 , β

′′
1 ) > <(m′

1, n
′
1, α

′
1, β

′
1).

5. Proposed method to find the fuzzy optimal solution of balanced
fuzzy transportation problems with new representation of

trapezoidal fuzzy numbers

In this section, a new representation of trapezoidal fuzzy numbers, named as
JMD representation of trapezoidal fuzzy numbers, is proposed and the method,
proposed in Section 4, is modified with JMD representation of trapezoidal fuzzy
numbers. Also, it is shown that it is better to use the JMD representation of
trapezoidal fuzzy numbers instead of existing representation of trapezoidal fuzzy
numbers for finding the fuzzy optimal solution of fuzzy transportation problems.

5.1. JMD representation of trapezoidal fuzzy numbers. In this section,
some new definitions are introduced:

Definition 8. Let (m,n, α, β) be a trapezoidal fuzzy number then its JMD
representation is (x, α, γ, β)JMD, where x = m − α, α = α ≥ 0, γ = n − m ≥
0, β = β ≥ 0.

Definition 9. A trapezoidal fuzzy number Ã = (x, α, γ, β)JMD is said to be zero
trapezoidal fuzzy number if and only if x = 0, α = 0, γ = 0, β = 0.

Definition 10. A trapezoidal fuzzy number Ã = (x, α, γ, β)JMD is said to be
non-negative trapezoidal fuzzy number if and only if x ≥ 0.

Definition 11. Two trapezoidal fuzzy numbers Ã = (x1, α1, γ1, β1)JMD and B̃

= (x2, α2, γ1, β2)JMD are said to be equal i.e., Ã = B̃ if and only if x1 = x2,
α1 = α2, γ1 = γ2, β1 = β2.

Definition 12. The ranking formula, presented in Definition 7, is converted
into the following ranking formula
Let (x, α, γ, β)JMD be a trapezoidal fuzzy number then <(x, α, γ, β) = 4x+3α+2γ+β

4 .
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5.1.1. Arithmetic operations of JMD type trapezoidal fuzzy numbers.
The arithmetic operations of JMD type trapezoidal fuzzy numbers can be easily
defined by using the following steps:
Step 1. Convert the given JMD type trapezoidal fuzzy numbers into (m,n, α, β)
type trapezoidal fuzzy numbers by using the Definition 8.
Step 2. Now apply the arithmetic operations of (m,n, α, β) type trapezoidal
fuzzy numbers, discussed in Section 2.2.
Step 3. Convert the (m,n, α, β) type trapezoidal fuzzy number, obtained from
Step 2, into JMD type trapezoidal fuzzy number.

5.2. Proposed method. In this section the method, proposed in Section 4, to
find the fuzzy optimal solution of FTP occurring in real life situations is modified
by representing all the parameters as JMD type trapezoidal fuzzy numbers.
The steps of the proposed method are as follows:

Step 1. Find the total fuzzy availability
p∑

i=1

ãi and the total fuzzy demand

q∑
j=1

b̃j . Let
p∑

i=1

ãi = (x, α, γ, β)JMD and
q∑

j=1

b̃j = (y, λ, δ, µ)JMD. Examine that

the problem is balanced or not, i.e.,
p∑

i=1

ãi =
q∑

j=1

b̃j or
p∑

i=1

ãi 6=
q∑

j=1

b̃j .

Case (i) If the problem is balanced, i.e.,
p∑

i=1

ãi =
q∑

j=1

b̃j , then Go to Step 2.

Case (ii) If
p∑

i=1

ãi 6=
q∑

j=1

b̃j then convert the unbalanced problem into balanced

problem as follows:
Case (a) If x ≤ y, α ≤ λ, γ ≤ δ and β ≤ µ then introduce a dummy source with
fuzzy availability (y−x, λ−α, δ−γ, µ−β)JMD. Assume the fuzzy transportation
cost for unit quantity of the product from the introduced dummy source to all
destinations as zero trapezoidal fuzzy number then Go to Step 2.
Case (b) If x ≥ y, α ≥ λ, γ ≥ δ and β ≥ µ then introduce a dummy destination
with fuzzy demand (x − y, α − λ, γ − δ, β − µ)JMD. Assume the fuzzy trans-
portation cost for unit quantity of the product from all sources to the introduced
dummy destination as zero trapezoidal fuzzy number then Go to Step 2.
Case (c) If neither Case(a) nor Case(b) is satisfied then introduce a dummy
source with fuzzy availability (maximum {0, y−x}, maximum {0, λ−α}, maxi-
mum {0, δ−γ}, maximum {0, µ−β})JMD and (maximum {0, x−y}, maximum
{0, α − λ}, maximum {0, γ − δ}, maximum {0, β − µ})JMD. Assume the fuzzy
transportation cost for unit quantity of the product from the introduced dummy
source to all destinations and from all sources to the introduced dummy desti-
nation as zero trapezoidal fuzzy number then Go to Step 2.
Step 2. Now the balanced fuzzy transportation problem may be formulated as
follows:

Minimize
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij
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subject to
n∑

j=1

x̃ij = ãi, i = 1, 2, 3, ...,m;m = p or p+ 1

m∑
i=1

x̃ij = b̃j , j = 1, 2, 3, ..., n; n = q or q + 1

m∑
i=1

ãi =
n∑

j=1

b̃j

x̃ij is a non-negative trapezoidal fuzzy number
where, c̃ij = (x′

ij , α
′
ij , γ

′
ij , β

′
ij)JMD ; ãi = (xi, αi, γi, βi)JMD ;

b̃j = (x′
j , α

′
j , γ

′
j , β

′
j)JMD ; x̃ij = (xij , αij , γij , βij)JMD.

Step 3. Now our objective is to find x̃ij such that

Minimize <(
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij)

subject to
n∑

j=1

x̃ij = ãi, i = 1, 2, 3, ...,m

m∑
i=1

x̃ij = b̃j , j = 1, 2, 3, ..., n

m∑
i=1

ãi =
n∑

j=1

b̃j

x̃ij is a non-negative trapezoidal fuzzy number.

Step 4. Let
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij = (x0, α0, γ0, β0)JMD, then the fuzzy linear pro-

gramming problem (FLPP), obtained in Step 3, may be written as:

Minimize <(x0, α0, γ0, β0)

subject to (
n∑

j=1

xij ,
n∑

j=1

αij ,
n∑

j=1

γij ,
n∑

j=1

βij)JMD = (xi, αi, γi, βi)JMD, 1 ≤ i ≤ m

(
m∑
i=1

xij ,
m∑
i=1

αij ,
m∑
i=1

γij ,
m∑
i=1

βij)JMD = (x′
j , α

′
j , γ

′
j , β

′
j)JMD, 1 ≤ j ≤ n

m∑
i=1

(xi, αi, γi, βi)JMD =
n∑

j=1

(x′
j , α

′
j , γ

′
j , β

′
j)JMD

(xij , αij , γij , βij)JMD is a non-negative trapezoidal fuzzy number.
Step 5. The FLPP, obtained in Step 4, is converted into following crisp linear
programming problem:
Minimize 1

4 (4x0 + 3α0 + 2γ0 + β0)

subject to
n∑

j=1

xij = xi , i = 1, 2, 3, ...,m;
n∑

j=1

αij = αi, i = 1, 2, 3, ...,m

n∑
j=1

γij = γi, i = 1, 2, 3, ...,m;
n∑

j=1

βij = βi, i = 1, 2, 3, ...,m

m∑
i=1

xij = x′
j , j = 1, 2, 3, ..., n;

m∑
i=1

αij = α′
j , j = 1, 2, 3, ..., n

m∑
i=1

γij = γ′
j , j = 1, 2, 3, ..., n;

m∑
i=1

βij = β′
j , j = 1, 2, 3, ..., n

xij , αij , γij , βij ≥ 0 ∀ i, j.



842 A. Kumar and A.Kaur

Step 6. Find the optimal solution xij , αij , γij , βij by solving the crisp linear
programming problem, obtained in Step 5.
Step 7. Find the fuzzy optimal solution (x̃ij) by putting the values of
xij , αij , γij , βij in x̃ij = (xij , αij , γij , βij)JMD.
Step 8. Find the minimum total fuzzy transportation cost by putting the values

of x̃ij in
m∑
i=1

n∑
j=1

c̃ij ⊗ x̃ij .

Remark 3. The proposed JMD representation of trapezoidal fuzzy number may
be called as “JAI MATA DI” or “JAI MEHAR DI” and the proposed method may
be called as Mehar’s method for solving fuzzy transportation problems. Mehar is
a lovely daughter of Parmpreet Kaur (Research scholar under the supervision of
Dr. Amit Kumar).

5.3. Advantages of JMD representation over existing representation
of trapezoidal fuzzy numbers. In this section, advantages of JMD represen-
tation over existing representation of trapezoidal fuzzy numbers are discussed:

By comparing the methods, proposed in Section 4 and Section 5.2, the fol-
lowing results are obtained:
(i) If all the parameters are represented by (m,n, α, β) type trapezoidal fuzzy
numbers and a balanced fuzzy transportation problem with m constraints and
n variables is converted into a balanced crisp transportation problem, then the
number of constraints in CTP = 4 × number of constraints in fuzzy transporta-
tion problem + 2 × number of fuzzy variables.

(ii) If all the parameters of fuzzy transportation problems are represented by
JMD type trapezoidal fuzzy numbers and a balanced fuzzy transportation prob-
lem with m constraints and n variables is converted into a balanced crisp trans-
portation problem, then the number of constraints in CTP = 4 × number of
constraints in fuzzy transportation problem.

On the basis of above results, it can be easily seen that if all the parameters
are represented by JMD type trapezoidal fuzzy numbers then the number of
constraints in the converted CTP will be less then as compared to the number
of constraints obtained by using the existing representation of trapezoidal fuzzy
numbers.

Remark 4. Non-negative restrictions on fuzzy variables i.e, x̃ij is a non-negative
trapezoidal fuzzy number, is also considered as a constraint. Similarly, non-
negative restrictions on crisp variables i.e, xij ≥ 0 is also considered as a con-
straint.

6. Advantages of the proposed method

By using the proposed method a decision maker has the following advantages:
(i) The final results are non-negative trapezoidal fuzzy numbers i.e., there is no
negative part in the obtained trapezoidal fuzzy numbers.
(ii) Using the proposed method methods an unbalanced fuzzy transportation
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problem can be easily converted into balanced fuzzy transportation problem
without using α-cut technique.
(iii) It is easy to apply the proposed methods, compare to the existing methods,
to find the fuzzy optimal solution of FTP occurring in real life situations.

7. Numerical example

To illustrate the method, proposed in Section 5.2, a FTP is solved by using
the proposed method. Also the obtained results are compared with the results
obtained by using the method, proposed in Section 4.

Example 7.1. A company has two sources S1 and S2 and three destinations
D1, D2 and D3 ; the fuzzy transportation cost for unit quantity of the product
from ith source to jth destination is c̃ij, where

[c̃ij ]2×3 =

(
(10, 10, 10, 10)JMD (50, 10, 10, 20)JMD (80, 10, 20, 10)JMD

(60, 10, 10, 10)JMD (70, 10, 20, 20)JMD (20, 10, 20, 10)JMD

)
.

The fuzzy availability of the product at first and second sources are
(70, 20, 0, 10)JMD and (40, 20, 10, 10)JMD and the fuzzy demand of the product at
first, second and third destinations are (30, 10, 10, 20)JMD, (20, 10, 10, 10)JMD

and (40, 10, 0, 30)JMD respectively. The company wants to determine the fuzzy
quantity of the product that should be transported from each of the sources to
each destination so that the total fuzzy transportation cost is minimum.

Solution: The fuzzy optimal solution of the chosen FTP by using the method
based on FLPF, proposed in Section 5.2, can be obtained as follows:

Step 1. Total fuzzy availability = (110, 40, 10, 20)JMD and total fuzzy demand
= (90, 30, 20, 60)JMD.
Since total fuzzy availability 6= total fuzzy demand, so it is an unbalanced fuzzy
transportation problem.
Now as described in the proposed method (using Case(c) of Step 1 of the pro-
posed method), the unbalanced fuzzy transportation problem can be converted
into a balanced fuzzy transportation problem, by introducing a dummy source S3

with fuzzy availability (0, 0, 10, 40)JMD and a dummy destination D4 with fuzzy
demand (20, 10, 0, 0)JMD so that total fuzzy availability = total fuzzy demand
i.e., (110, 40, 10, 20)JMD ⊕ (0, 0, 10, 40)JMD = (90, 30, 20, 60)JMD ⊕ (20, 10, 0, 0)JMD.
Assuming the fuzzy transportation cost for unit quantity of the product from
dummy source S3 to all destinations and from all sources to dummy destination
D4 as zero trapezoidal fuzzy number i.e., c̃14 = c̃24 = c̃31 = c̃32 = c̃33 = c̃34 =
(0, 0, 0, 0)JMD.
Step 2. Let x̃ij = (xij , αij , γij , βij)JMD be the fuzzy quantity of the product
that should be transported from the ith source to the jth destination so that
the total fuzzy transportation cost is minimum. The obtained balanced fuzzy
transportation problem may be formulated into the following FLPP:
Minimize ((10, 10, 10, 10)JMD ⊗ x̃11⊕ (50, 10, 10, 20)JMD ⊗ x̃12⊕ (80, 10, 20, 10)JMD ⊗
x̃13 ⊕ (0, 0, 0, 0)JMD ⊗ x̃14 ⊕ (60, 10, 10, 10)JMD ⊗ x̃21 ⊕ (70, 10, 20, 20)JMD ⊗ x̃22 ⊕
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(20, 10, 20, 10)JMD⊗ x̃23⊕(0, 0, 0, 0)JMD⊗ x̃24⊕(0, 0, 0, 0)JMD⊗ x̃31⊕(0, 0, 0, 0)JMD⊗
x̃32 ⊕ (0, 0, 0, 0)JMD ⊗ x̃33 ⊕ (0, 0, 0, 0)JMD ⊗ x̃34)

subject to x̃11 ⊕ x̃12 ⊕ x̃13 ⊕ x̃14 = (70, 20, 0, 10)JMD

x̃21 ⊕ x̃22 ⊕ x̃23 ⊕ x̃24 = (40, 20, 10, 10)JMD

x̃31 ⊕ x̃32 ⊕ x̃33 ⊕ x̃34 = (0, 0, 10, 40)JMD

x̃11 ⊕ x̃21 ⊕ x̃31 = (30, 10, 10, 20)JMD

x̃12 ⊕ x̃22 ⊕ x̃32 = (20, 10, 10, 10)JMD

x̃13 ⊕ x̃23 ⊕ x̃33 = (40, 10, 0, 30)JMD

x̃14 ⊕ x̃24 ⊕ x̃34 = (20, 10, 0, 0)JMD

x̃11, x̃12, x̃13, x̃14, x̃21, x̃22, x̃23, x̃24, x̃31, x̃32, x̃33, x̃34 are non-negative trapezoidal
fuzzy numbers.
Step 3. Using Step 3 to Step 5 of the proposed method, the formulated FLPP
is converted into the following crisp linear programming problem:
Minimize 1

4 (100x11+90α11+70γ11+40β11+270x12+220α12+160γ12+90β12+
400x13+320α13+230γ13+120β13+300x21+240α21+170γ21+90β21+370x22+
300α22 + 220γ22 + 120β22 + 160x23 + 140α23 + 110γ23 + 60β23)
subject to
x11+x12+x13+x14 = 70, α11+α12+α13+α14 = 20, γ11+γ12+γ13+γ14 = 0,
β11+β12+β13+β14 = 10, x21+x22+x23+x24 = 40, α21+α22+α23+α24 = 20,
γ21 + γ22 + γ23 + γ24 = 10, β21 +β22 +β23 +β24 = 10, x31 +x32 +x33 +x34 = 0,
α31+α32+α33+α34 = 0, γ31+γ32+γ33+γ34 = 10, β31+β32+β33+β34 = 40,
x11+x21+x31 = 30, α11+α21+α31 = 10, γ11+γ21+γ31 = 10, β11+β21+β31 = 20,
x12+x22+x32 = 20, α12+α22+α32 = 10, γ12+γ22+γ32 = 10, β12+β22+β32 = 10,
x13+x23+x33 = 40, α13+α23+α33 = 10, γ13+γ23+γ33 = 0, β13+β23+β33 = 30,
x14+x24+x34 = 20, α14+α24+α34 = 10, γ14+γ24+γ34 = 0, β14+β24+β34 = 0
x11, α11, γ11, β11, x12, α12, γ12, β12, x13, α13, γ13, β13, x14, α14, γ14, β14, x21, α21, γ21,
β21, x22, α22, γ22, β22, x23, α23, γ23, β23, x24, α24, γ24, β24, x31, α31, γ31, β31, x32, α32,
γ32, β32, x33, α33, γ33, β33, x34, α34, γ34, β34 ≥ 0.

Step 4. The optimal solution of the crisp linear programming problem, obtained
in Step 3, is x11 = 30, α11 = 10, γ11 = 0, β11 = 10, x12 = 20, α12 = 10, γ12 =
0, β12 = 0, x13 = 0, α13 = 0, γ13 = 0, d13 = 0, x14 = 20, α14 = 0, γ14 = 0, β14 =
0, x21 = 0, α21 = 0, γ21 = 10, β21 = 0, x22 = 0, α22 = 0, γ22 = 0, β22 = 0, x23 =
40, α23 = 10, γ23 = 0, β23 = 10, x24 = 0, α24 = 10, γ24 = 0, β24 = 0, x31 =
0, α31 = 0, γ31 = 0, β31 = 10, x32 = 0, α32 = 0, γ32 = 10, β32 = 10, x33 = 0, α33 =
0, γ33 = 0, β33 = 20, x34 = 0, α34 = 0, γ34 = 0, β34 = 0.

Step 5. Putting the values of xij , αij , γij and βij in x̃ij = (xij , αij , γij , βij)JMD,
the fuzzy optimal solution is x̃11 = (30, 10, 0, 10)JMD x̃12 = (20, 10, 0, 0)JMD,
x̃13 = (0, 0, 0, 0)JMD, x̃14 = (20, 0, 0, 0)JMD, x̃21 = (0, 0, 10, 0)JMD, x̃22 =
(0, 0, 0, 0)JMD, x̃23 = (40, 10, 0, 10)JMD, x̃24 = (0, 10, 0, 0)JMD,
x̃31 = (0, 0, 0, 10)JMD, x̃32 = (0, 0, 10, 10)JMD, x̃33 = (0, 0, 0, 20)JMD, x̃34 =
(0, 0, 0, 0)JMD.

Step 6. Putting the values of x̃11, x̃12, x̃13, x̃14, x̃21, x̃22, x̃23, x̃24, x̃31, x̃32, x̃33, x̃34

in ((10, 10, 10, 10)JMD ⊗ x̃11 ⊕ (50, 10, 10, 20)JMD ⊗ x̃12 ⊕ (80, 10, 20, 10)JMD ⊗
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x̃13 ⊕ (0, 0, 0, 0)JMD ⊗ x̃14 ⊕ (60, 10, 10, 10)JMD ⊗ x̃21 ⊕ (70, 10, 20, 20)JMD ⊗
x̃22 ⊕ (20, 10, 20, 10)JMD ⊗ x̃23 ⊕ (0, 0, 0, 0)JMD ⊗ x̃24 ⊕ (0, 0, 0, 0)JMD ⊗ x̃31 ⊕
(0, 0, 0, 0)JMD ⊗ x̃32⊕ (0, 0, 0, 0)JMD ⊗ x̃33⊕ (0, 0, 0, 0)JMD ⊗ x̃34) the minimum
total fuzzy transportation cost is (2100, 2000, 2500, 2600)JMD.

Step 7. Using Definition 8, (m,n, α, β) representation of
(2100, 2000, 2500, 2600)JMD is (4100,6600,2000,2600).

7.1. Results and discussion. The results of the numerical example, obtained
by using the methods proposed in Section 4 and 5.2, are shown in Table 1.

Table 1. Results using existing and proposed representation of
trapezoidal fuzzy numbers

Type of Number of Number of Number of Minimum total
trapezoidal constraints fuzzy constraints fuzzy
fuzzy in variables in converted transportation
number FTP in FTP CTP cost

(4× 19)+
(2× 12)

(m,n, α, β) 19 12 = 76+24 (4100,6600,2000,2600)
=100

(2100, 2000,
(x, α, γ, β)JMD 19 12 4× 19 2500, 2600)JMD

=76 =(4100,6600,2000,2600)

On the basis of results, shown in Table 1, it can be easily seen that if all the
parameters are represented by JMD type trapezoidal fuzzy numbers, instead of
(m,n, α, β) type trapezoidal fuzzy numbers, and proposed method is applied to
find the fuzzy optimal solution of fuzzy transportation problems then the mini-
mum total fuzzy transportation cost is same but the total number of constraints,
in converted CTP problem, are less than the number of constraints, obtained by
using the (m,n, α, β) type trapezoidal fuzzy numbers. Hence, it is better to use
JMD representation instead of (m,n, α, β) type trapezoidal fuzzy numbers to
find the fuzzy optimal solution of fuzzy transportation problems.

8. Conclusions

A new method with a new representation of trapezoidal fuzzy numbers is
proposed to find the fuzzy optimal solution of fuzzy transportation problems.
Since the proposed method is based on the classical transportation method so
it is easy to learn and to apply the proposed method to find the fuzzy optimal
solution of fuzzy transportation problems occurring in real life situations. The
main advantage of the proposed method is that the obtained fuzzy optimal
solution and fuzzy optimal value both are non-negative fuzzy numbers.
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