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Abstract. In this paper, we study the impulsive dynamic systems on time
scales with initial time difference. By employing cone-valued Lyapunov
functions, some comparison theorems and several practical φ0-stability cri-
teria for impulsive system on time scales with initial time difference are
obtained.
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1. Introduction

The theory of impulsive dynamic systems has recently attracted extensive
attention [1-4]. Impulsive dynamic systems describe the processes experiencing
sudden changes and are crucial when we try to upbuild the math model of real
process in economics, physics, biotechnology, populations dynamics and chemical
technology. For example, Lakshmikantham [2] obtained some results on practical
stability for impulsive dynamic systems, Wang and Liu [3] investigated the φ0-
stability of hybrid impulsive systems on time scales, to make the results more
useful for our real life, Wang and Wu [4] studied the practical φ0-stability for
impulsive systems with time scales, Lakshmikantham [5] also gave some criteria
on the stability of hybrid impulsive systems.

To consider some questions corresponding to the problems in actual circum-
stance, we simply have to face with the errors made at stating line which denotes
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the great significance to study the nonlinear equations with initial time differ-
ence. Many scholars did work with respect to the problems with initial time
difference. Such as Chen et al. [6] considered φ0-stability for discrete hybrid
system with initial time difference. Li et al. [7] focused on the stability and
boundness of nonlinear differential equations with initial time difference, Chen
et al. [8] practical φ0-stability of nonlinear differential system with initial time
difference, and so as McRae [9], Song et al. [10] and so on.

As a main tool to discuss the φ0-stability of nonlinear systems, the method of
cone and cone-valued Lyapunov functions was initialed by Lakshmikantham and
Leela [11]. On this basis, Akpan and Akinyele [12] gave some criteria on the φ0-
stability of ordinary differential equations and present an example to illustrate
the advantage of using cone-valued Lyapunov functions. Besides, Wang and Liu
[3], Wang and Wu [4], Akinyele and Adeyeye [13] and so on also draw help from
this method. Apart from these works, [14-18] are also the results of this nature.

In this paper, we investigate the practical φ0-stability for impulsive dynamic
systems on time scales with initial time difference. Although, there has been
some results about the φ0-stability of impulsive dynamic systems, such as Wang
and Liu [3], Wang and Wu [4] and so on. However, to the best of our knowledge,
there is hardly any result on the impulsive system which has different initial data.
Accordingly, our results are not only more practical but also innovative. We
obtain some new comparison theorems by employing the method of cone-valued
Lyapunov functions. And on this basis, several criteria on practical φ0-stability
are obtained.

2. Preliminary

In this section, we shall present some basic concepts for later use, see [1,
10]. Let T be any subset of R with order and topological structure defined in a
canonical way, then it is called a time scale.

Definition 1. The mappings σ, ρ : T→ T defined as

σ(t) = inf{s ∈ T : s > t} and ρ(t) = sup{s ∈ T : s < t}

are called jump operators.

Definition 2. A nonmaximal element t ∈ T is said to be right-scattered (rs) if
σ(t) > t and right-dense (rd) if σ(t) = t. A nonminimal element t ∈ T is called
left-scattered (ls) if ρ(t) < t and left-dense (ld) if ρ(t) = t.

Definition 3. For each t ∈ T, Let N be a neighborhood of t. Then for given
ε > 0, there exists a right neighborhood Nε ⊂ N of t such that

u(σ(t))− u(t)

µ(t, s)
< D+u∆(t) + ε, s ∈ Nε,
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where µ(t, s) = σ(t) − s, D+u∆(t) is called the generalized derivative (or Dini
derivative). If t is right-scattered and u is continuous at t,

D+u∆(t) =
u(σ(t))− u(t)

µ∗(t)

where µ∗(t) = σ(t)− t.

Definition 4. A proper subset K of Rn is called a cone if

(S1) λK ⊆ K, λ ≥ 0;
(S2) K +K ⊆ K;
(S3) K = K;
(S4) K0 6= ∅;
(S5) K ∩ (−K) = 0,

where K and K0 denote the closure and interior of K, respectively, and ∂K
denotes the boundary of K. The order relation on Rn induced by the cone K is
defined as follows: Let x, y ∈ K, then x ≤K y iff y − x ∈ K, and x <K0 y iff
y − x ∈ K0.

Definition 5. The set K∗ = {φ ∈ Rn, (φ, x) ≥ 0, for all x ∈ K} is said to be
adjoint cone if it satisfies the properties (S1 − S5). Furthermore,

x ∈ K0 iff (φ, x) > 0,
and

x ∈ ∂K iff (φ, x) = 0, for some φ ∈ K∗
0 , K0 = K − {0}.

For the concept of scalar product, we define as following:

(α, β) =

n∑

i=1

aibi, for α, β ∈ Rn,

where α = (a1, a2, · · · , an), β = (b1, b2, · · · , bn).
Definition 6. A function g : S → Rn, S ∈ Rn is said to be quasi-monotone
relative to K, if x, y ∈ D and y−x ∈ ∂K implies that there exists φ0 ∈ K∗

0 such
that

(φ0, y − x) = 0 and (φ0, g(y)− g(x)) ≥ 0.

scriptsmall

Definition 7. Some classes of functions
K = {a ∈ C(R+,R+) : a is strictly increasing and a(0) = 0};
PC = {x : T→ Rn, xk ∈ Crd{[tk−1, tk],Rn}, k = 1, 2, · · · , and there exist
x(t−k ) and x(t+k ), k = 1, 2, · · · with x(t−k ) = x(t+k )};
S(ρ) = {x ∈ Rn : (φ0, x) < ρ, ρ > 0}.

Let V ∈ Crd[T× s(ρ),K], for any fixed t ≥ t0, t0 < s ≤ t, s 6= tk,

D+V ∆(s, x(s)) =
1

µ∗(s)
[
V (s+ µ∗(s), x+ µ∗(s)f(s, x)))− V (s, x)

µ∗(s)
],
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where µ∗(t) = σ(t)− t. For s = tk, we define

∆V (s, x(s)) = V (s, x+ Ik(x))− V (s, x).

3. Comparison results

Consider the impulsive dynamic system

x∆ = f(t, x), t ∈ T, t 6= tk
x(t+) = Ik(x(t)) + x(t), t = tk, k = 1, 2, · · ·
x(t+0 ) = x0 ≥ 0,

(1)

which under the following assumptions:

(i) tk are right-dense for each k = 1, 2, · · · , 0 < t1 < t2 < · · · < tk < · · · ,
and limt→∞ tk = ∞;

(ii) f ∈ Crd[T × Rn,Rn] is rd-continuous in [tk−1, tk] × Rn and for each
x ∈ Rn, k = 1, 2, · · · , lim(t,y)→(t+k ,x) f(t, y) = f(t+k , x);

(iii) Ik ∈ Crd[Rn,Rn].

We also need the scalar impulsive dynamic system

u∆ = g(t, u), t ∈ T, t 6= tk
u(t+k ) = Jk(uk(t)), k = 1, 2, · · ·
u(t+0 ) = u0 ≥ 0,

(2)

where g ∈ Crd[T×K,Rn], and Jk ∈ Crd[K,K].

Definition 8. The function x ∈ PC ∩ Crd{[tk−1, tk],Rn} is said to be solution
of (1), if

x∆ = f(t, x), x(t+0 ) = x0, for all t ∈ T\{tk}, k = 1, 2, · · · ,
and for each k = 1, 2, · · · , x(t+k )− x(t−k ) = Ik(xk).

Let x(t, t0, x0) and y(t, s0, y0) be the solutions of (1) through two initial values
(t0, x0) and (s0, y0), respectively. Without loss of generality, we may assume that
t0 > s0 and η = t0 − s0, where s0 ∈ (t0, t1). We assume throughout the paper
that h(t) = x(t+ η, t0, x0)− y(t, s0, y0).

(H) For any (t0, x0) ∈ [T × S(ρ)] (or (s0, y0) ∈ [T × S(ρ)]), the solution
x(t, t0, x0) (or y(t, s0, y0)) of (1) exists for all t ≥ t0 (or t ≥ s0), t ∈ T, unique
and continuous with respect to the initial data.
Lemma 1 (see [1]). Let m ∈ Crd[T,Rn] be a mapping that is differentiable for
each t ∈ T and that satisfies

m∆(t, x) ≤ g(t,m(t)), t ∈ T,
where g ∈ Crd[T,Rn] and g(t, u)µ∗(t) be nondecreasing in u for each t ∈ T.
Then m(t0) ≤ u0 implies that

m(t) ≤ r(t), t ∈ T,
where r is the maximal solution of u∆ = g(t, u), u(t0) = u0 ≥ 0 existing on T.
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We can now prove some new comparison results for the impulsive system (1).
Lemma 2. Let assumption (H) holds. Suppose that x(t, t0, x0) and y(t, s0, y0)
be the solutions of (1). Furthermore,

(i) for V ∈ Crd[T× S(ρ),Rn], V (t, x) is locally Lipschitzian in x relative to
K, and

D+V ∆(s, h(s), η) = 1
µ∗(s)V (s+ µ∗(s), x+ µ∗(s)f(s, x)))− V (s, x)

≤ g(s, V (s, h), η)), t0 < s ≤ t, s 6= tk

where s ∈ Crd[T × K,Rn], g(t, u)µ∗(t) is nondecreasing in u for each
t ∈ T;

(ii) r(t, t0, u0, η) is the maximal solution of (1).

Then V (t0, x0 − y0) < 0 implies

V (t, x(t+ η, t0, x0)− y(t, s0, y0)) ≤ r(t, t0, u0), t ∈ T.
Proof. Set m(t) = V (t, h(t), η). Then the proof is similar to the proof of Lemma
1. ¤

Theorem 1. Assume that the assumption (H) holds, x(t, t0, x0) and y(t, s0, y0)
are the solutions of (1) through two initial values (t0, x0) and (s0, y0), respec-
tively, and

(i) V ∈ Crd[T×S(ρ),K], V (t, x) is locally Lipschitz in x relative to K, for
some φ0 ∈ K∗

0 , t0 < s ≤ t, s 6= tk,

(φ0, D
+V ∆(s, h(s), η)) ≤K (φ0, g(s, V (s, h(s), η)), η)),

where g ∈ Crd[T × K,Rn], g is rd-continuous in [tk−1, tk] × K, K is
a cone in Rn, and for each u ∈ K, lim(t,v)→(t+K ,u) g(t, v) = g(t+K , u),

g(t, u)µ∗(t) is nondecreasing in u for each t ∈ T;
(ii) r(t, t0, u0, η) is the maximal solution of the system (2), and

(φ0, V (t+k , h(tk) + IK(x(tk))− IK(y(tk)), η)) ≤K (φ0, JK(V (s, t+k , h(tk))), η)).

Then (φ0, V (t+0 , x0 − y0)) ≤K (φ0, u0) implies

(φ0, V (t, x(t+ η, t0, x0)− y(t, s0, y0))) ≤K (φ0, r(t, t0, u0, η)), t ∈ T.
Proof. Set m(t) = V (t, x(t + η, t0, x0) − y(t, s0, y0)). Then it is easy to derive
the following inequality by assumption (i) and (ii), for t0 < s ≤ t,

(φ0, D
+m∆(s)) ≤K (φ0, g(s,m(s))), s 6= tk,

and

(φ0,m(s)) ≤K (φ0, JK(m(s))), s = tk,

which implies

D+m∆(s) ≤ g(s,m(s)), s 6= tk, (3)

and

m(s) ≤ JK(m(s)), s = tk. (4)
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Consider the interval [t0, t1], m(t0) = V (t0, x0 − y0) = u0. We have

(φ0, D
+m∆(s)) ≤K (φ0, g(s,m(s))),

which implies D+m∆(s) ≤ g(s,m(s)), thus we get by Lemma ??,

m(t) ≤ r0(t, t0, u0), t ∈ [t0, t1],

where r0(t, t0, u0) is the maximal solution of (2) with r0(t
+
0 , t0, u0) = u0. Hence,

it follows that for φ0 ∈ K0, (φ0,m(t)) ≤ (φ0, r0(t, t0, u0)).
As J1(u) is nondecreasing, the using (ii),

m(t+1 ) ≤ J1(m(t1)) ≤ m(t1) ≤ r0(t1, t0, u0) = u+
1 ,

where u+
1 ≤ J1(r0(t1, t0, u0)) = r0(t

+
1 ).

By (3), (4) and Lemma ??,

m(t) ≤ r1(t, t1, u
+
1 ), t ∈ (t1, t2],

where r1(t, t1, u
+
1 ) is the maximal solution of (3) with r1(t

+
1 , t1, u

+
1 ) = u+

1 and
implies

(φ0,m(t)) ≤ (φ0, r1(t, t1, u
+
1 )), t ∈ (t1, t2].

We repeat the process to get

(φ0,m(t)) ≤ (φ0, rk(t, tk, u
+
k )), t ∈ (tk, tk+1],

where rk(t
+
K , tk, u

+
k ) = u+

K .
Hence, by mathematical induction, we get the desired estimate for t ≥ t0, and

the proof is completed. ¤

4. Practical φ0-stability criteria

Definition 9 (see [14]). The solution x(t) = x(t, t0, x0) of the system (1) is said
to be

(S1) practically stable, if given (λ,A) with 0 < λ < A, there exists a σ(λ,A) ≥
0 such that ‖x0−y0‖ < λ, η ≤ σ implies ‖x(t+η, t0, x0)−y(t, s0, y0)‖ <
A, t ≥ t0 for some t0 ∈ T;

(S2) uniformly practically stable, if (S1) holds for all t0 ∈ T;
(S3) practically quasi-stable, if for given (λ,B,N) > 0 and some t0 ∈ T,

there exists a σ(λ,B,N) ≥ 0 such that ‖x0 − y0‖ < λ, η ≤ σ implies
‖x(t+ η, t0, x0)− y(t, s0, y0)‖ < B, t ≥ t0;

(S4) strongly practically quasi-stable, if (S1) and (S3) hold simultaneously;
(S5) attractive, if given δ ≥ 0, ε ≥ 0 and n0 ∈ N+

n0
, there exists T =

T (n0, ε), σ = σ(δ, ε), such that ‖x0 − y0‖ < δ, η ≤ σ implies ‖x(t +
η, t0, x0)− y(t, s0, y0)‖ < B, t ≥ t0, for some t0 ∈ T;

(S6) practically asymptotically stable, if (S1) and (S6) hold simultaneously
with δ = λ;

(S7) uniformly practically asymptotically stable, if (S7) holds for all t0 ∈ T.
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Definition 10 (see [13]). The trivial solution of (1) is φ0-equistable if given ε > 0
and t0 ∈ T, there exists a positive function δ = δ(t0, ε) that is rd-continuous in
t0 for each ε such that for φ0 ∈ K∗

0 ,

(φ0, x0) < δ implies (φ0, x
∗(t.t0, x0)) < ε, t ≥ t0, t ∈ T,

where x∗(t.t0, x0)) is the maximal solution of (1).
Definition 11 (see [3]). The system (1) is said to be practical φ0-stable if given
(λ,A) with 0 < λ < A, for φ0 ∈ K∗

0 ,

(φ0, x0) < λ implies (φ0, x
∗(t.t0, x0)) < A, t ≥ t0, t ∈ T,

where x∗(t.t0, x0)) is the maximal solution of (1). Other practical φ0-stability
can be similarly defined.

Theorem 2. Assume that

(i) V is continuous in (tk, tk+1] × Rn, and for each x ∈ Rn, there exists
lim(t,y)→(t+k ,x) V (t, y) = V (t+k , x), and

D+(φ0, V (t, h(t))) ≤ 0, c1 ∈ K;

(ii) there exists b ∈ K, such that

b(φ0, h(t)) ≤ (φ0, V (t, h(t)));

(iii) x ∈ s(h, ρ) implies Ik(x) ∈ s(h, ρ).

Then the trivial solution of (1) is practical φ0-stable.

Proof. From condition (i), it is clear that

(φ0, V (t, h(t))) ≤ (φ0, V (t0, x0 − y0)). (5)

Then for φ0 ∈ K∗
0 ,

‖φ0‖ · ‖V (t, h(t))‖ ≤ ‖φ0‖ · ‖V (t0, x0 − y0)‖.
As V is continuous, then for given λ1 > 0, t ∈ T, there exists δ1 = δ1(t0, λ1) > 0,
such that,

‖x0 − y0‖ < λ1 implies ‖V (t0, x0 − y0)‖ < δ1.

Thus, if φ0 ∈ K∗
0 , we get

‖φ0‖ ·‖x0−y0‖ < ‖φ0‖ ·λ1 = λ implies ‖φ0‖ ·‖V (t0, x0−y0)‖ < ‖φ0‖ ·δ1 = δ
(6)

It follows from (6) that

(φ0, x0 − y0) < λ implies (φ0, V (t0, x0 − y0)) < δ.

Using (5), we obtain (φ0, V (t, h(t))) < δ. Setting δ = A, then the system (1)
is practical φ0-stable with respect to (λ,A). ¤

Theorem 3. Suppose that the conditions of Theorem 2 hold, except that the
condition (i) be replaced by
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(i)∗ V is continuous in (tk, tk+1] × Rn, and for each x ∈ Rn, there exists
lim(t,y)→(t+k ,x) V (t, y) = V (t+k , x), and

D+(φ0, V (t, h(t))) ≤ −c1(φ0, V (t, h(t))), c1 ∈ K;

Then the solution of (1) is asymptotical practically φ0-stable.

Proof. It follows from Theorem 2 that the trivial solution of (1) is practical φ0-
stable. From condition (i)∗, V (t, h) is nonincreasing, then V ∗ = limt→∞ V (t, h(t))
exists. Now, we claim that V ∗ = 0. If it is not true, then for c1 ∈ K, c1(V

∗) 6= 0,
and

c1(φ0, V (t, h(t))) ≥ c1(φ0, V
∗).

By condition (i)∗, we get

D+(φ0, V (t, h(t))) ≤ −c1(φ0, V
∗). (7)

Integrating (7) from t0 to t, t ∈ (tk, tk+1], we obtain

(φ0, V (t, h(t))) ≤ −c1(φ0, V
∗)(t− t0) + (φ0, V (t0, x0 − y0)).

Hence, (φ0, V (t, h(t))) → −∞, as k → ∞, which is a contradictory to condition
(ii). Obviously, V ∗ = 0, i.e., for t ∈ (tk, tk+1],

(φ0, V (t, h(t))) → 0, as k → ∞. (8)

Combine condition (ii) with (8), we get (φ0, h(t)) → 0, as k → ∞, t ∈ (tk, tk+1].
Then the system (1) is asymptotical practically φ0-stable. ¤

Theorem 4. Suppose that the conditions of Theorem 1 hold. Furthermore,

(iii) for (t, x) ∈ T× S(ρ), a, b ∈ K, and some φ0 ∈ K∗
0 , we have

b(φ0, h(t)) ≤ (φ0, V (t, h(t))) ≤ a(φ0, h(t)).

Then the practical φ0-stability of system (2) implies the corresponding practical
φ0-stability of the system (1).

Proof. Since (2) is practical φ0-stable, then for given (a(λ), b(A)),

(φ0, u0) < a(λ) implies (φ0, r(t, t0, u0, η)) < b(A). (9)

We claim that (1) is practical φ0-stable which means

(φ0, x0 − y0) < λ implies (φ0, h(t)) < A. (10)

If it is not true, there exists a t1 ∈ T for some k, t0 ≤ tk < t1 ≤ tk+1 satisfying

(φ0, h(t
1)) ≥ A but (φ0, h(t)) < A, t0 ≤ t < t1. (11)

Let (φ0, u0) = a(φ0, x0 − y0), then by Theorem 1, we have

(φ0, V (h(t))) ≥ (φ0, r(t, t0, u0, η)), t ∈ T. (12)

Using (9), (11), (12) and condition (iii),

b(A) ≤ b(φ0, h(t
1)) ≤ (φ0, V (h(t1))) ≤ (φ0, r(t

1, t0, u0, η)) < b(A)

which is a contradiction, thus (1) is uniformly practical φ0-stable.
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Next, we will prove that (1) is strongly practical φ0-stable for (λ,A,B, T ) > 0,
t0+T ∈ T. And we need to show only the practical φ0-quasi-stability of (1). Sup-
pose that (2) is strongly practical φ0-stable with respect to (a(λ), b(A), b(B), T ) >
0.

Suppose that (φ0, x0 − y0) < λ, by (10) and (11),

b(φ0, h(t)) ≤ (φ0, V (h(t))) ≤ (φ0, r(t, t0, u0, η)) < b(B). (13)

As b ∈ K, then it follows from (13) that

(φ0, h(t)) < B, t ≥ t0 + T.

Thus, (1) is strongly practical φ0-stable and this completes the proof. ¤
Remark 1. In [4], Wang and Wu obtained a similar theorem with the aid of a
third system beside systems (1) and (2). Obviously, our results are more directly
and effectively by comparison.
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