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ANALYSIS OF A NONAUTONOMOUS PREDATOR-PREY

MODEL INCORPORATING A PREY REFUGE AND TIME

DELAY
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Abstract. In this paper we have considered a nonautonomous predator-
prey model with discrete time delay due to gestation, in which there are
two prey habitats linked by isotropic migration. One prey habitat contains
a predator and the other (a refuge) does not. Here, we have established
some sufficient conditions on the permanence of the system by using in-
equality analytical technique. By Lyapunov functional method, we have
also obtained some sufficient conditions for global asymptotic stability of
this model. We have observed that the per capita migration rate among
two prey habitats and the time delay has no effect on the permanence of
the system but it has an effect on the global asymptotic stability of this
model. The aim of the analysis of this model is to identify the param-
eters of interest for further study, with a view to informing and assisting
policy-maker in targeting prevention and treatment resources for maximum
effectiveness.
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1. Introduction

The study of the consequences of hiding behaviour of prey on the dynamics
of predator-prey interactions can be recognized as a major theme in applied
mathematics and theoretical ecology [5-8,10,11]. In nature, prey populations
often have access to areas where they are safe from their predators [12]. Such
prey refugees are traditionally considered to play two significant roles, serving
both to prevent prey extinction and to damp predator-prey oscillations [12].
They are therefore a potentially important means of increasing species richness
in communities and of stabilizing sizes, biomass and productivity. The dynamic
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relationship between prey and predator has long been and will continue to be
one of the dominant issues in both ecology and mathematical ecology due to its
universal existence and importance [2]. These problems may appear to be simple
mathematically at first sight, they are often very challenging and complicated.
Although the predator-prey theory has seen much progress, many long standing
mathematical and ecological problems remain open [1,2,9].

Predator-prey interactions often exhibit spatial refugia which afford the prey
some degree of protection from predation and reduce the chance of extinction
due to predation. Maynard Smith [11] shows that the presence of a constant
proportion refuge does not alter the dynamical stability of the neutrally stable
Lotka-Volterra model, but a constant number of refuge of any size replaces the
neutrally stable behaviour with a stable equilibrium. It was shown by Hassel
[5] that adding a large refuge to a model, which in the absence of a refuge
exhibits divergent oscillations, replaces the oscillatory behaviour with a stable
equilibrium. These mathematical models and a number of experiments indicate
that refugia have a stabilizing effect on predator-prey interactions. But Taylor
[14] has mentioned that, it would be an over simplification to assume this is
always the case. Goh [3] considered a situation with two prey habitats linked
by entry-exit process. One prey habitat has a predator and the other (a refuge)
does not. Goh’s model simply assumes that predator efficiency is high enough to
set the equilibrium abundance of prey outside the refuge well below the carrying
capacity and it shows that a refuge sometimes stabilizes the positive equilibrium
but never destabilizes it. McNair [12] modifies Goh’s model by incorporating
distributed time lag in prey refuge and shows that a prey refuge destabilizes
predator-prey equilibrium, even when the isolated refuge is stable. Recently, Ma
et al. [10] shows that the effects of refuges can stabilize the interior equilibrium
point and destabilize it under a very restricted set of conditions. All these
systems are modelled by autonomous differential equations.

Nonautonomous phenomenon often occurs in many realistic ecoepidemiologi-
cal models. The nonautonomous phenomenon occurs mainly due to the seasonal
variety, which makes the population to behave periodically. Pathogen contact
rate and infectivity vary seasonally and is generally larger in spring and autumn
than in summer and winter. This seasonal pattern is related to moderate tem-
peratures in spring and autumn which improves pathogen survival and favors
high insect activity. Since biological and environmental parameters are naturally
subject to fluctuation in time, the effects of a periodically varying environment
are considered as important selective forces on systems in a fluctuating environ-
ment. To investigate this kind of phenomenon, in the model, the coefficients
should be periodic functions, then the system is called periodic system. The
nonautonomous predator-prey models can be regarded as an extension of the
periodic predator-prey models. Therefore, the research on the nonautonomous
predator-prey dynamical models is also very important.

Considering the above facts, in this paper we have considered a nonautonomous
predator-prey model with discrete time delay due to gestation, in which there
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are two prey habitats linked by isotropic migration. One prey habitat contains a
predator and the other (a refuge) does not. Here, we have established some suffi-
cient conditions on the permanence of the system by using inequality analytical
technique. By Lyapunov functional method, we have also obtained some suffi-
cient conditions for global asymptotic stability of this model. We have observed
that the per capita migration rate among two prey habitats and the time delay
has no effect on the permanence of the system but it has an effect on the global
asymptotic stability of this model. The aim of the analysis of this model is to
identify the parameters of interest for further study, with a view to informing
and assisting policy-maker in targeting prevention and treatment resources for
maximum effectiveness.

2. The Basic Mathematical Model

Here, we have considered a nonautonomous predator-prey model with discrete
time delay due to gestation, in which there are two prey habitats linked by
isotropic migration. One prey habitat contains a predator and the other (a
refuge) does not. Our mathematical model is formulated as the following system
of nonautonomous delay differential equations:

dx1(t)

dt
= x1(t)[r1(t)− k1(t)x1(t)]−m(t)(x1(t)− x2(t)),

dx2(t)

dt
= x2(t)[r2(t)− k2(t)x2(t)− a(t)x3(t)] +m(t)(x1(t)− x2(t)),

dx3(t)

dt
= −d(t)x3(t)− b(t)x2

3(t) + c(t)x3(t− τ)x2(t− τ)

(2.1)

Here, (x1(t), x2(t), x3(t)) are the densities (or fractions) of the prey refuge,
the prey non-refuge and the predator population, respectively at time t.

The quantities r1(t), r2(t), k1(t), k2(t),m(t), a(t), d(t), b(t), c(t) are:
r1(t) : Intrinsic birth rate function of the prey refuge population.
r2(t) : Intrinsic birth rate function of the prey non-refuge population.
k1(t) : The rate of crowding effects on the prey refuge population.
k2(t) : The rate of crowding effects on the prey non-refuge population.
m(t) : Per capita migration rate function of the prey population.
a(t) : The capturing rate function of the prey (non-refuge) by the predator.
d(t) : Intrinsic death rate function of the predator population.
b(t) : The rate of crowding effects on the predator population.
c(t) : The growth rate function of the predator due to predation of prey

(non-refuge) and the rate of growth is of the form:

c(t)x3(t− τ)x2(t− τ), τ > 0 is the fixed time delay due to gestation lag.

Here we assume that the functions r1(t), r2(t), k1(t), k2(t),m(t), a(t), d(t), b(t),

c(t) are positive continuous bounded and have positive lower bounds.
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The initial conditions of (2.1) are given as

x1(θ) = ϕ1(θ), x2(θ) = ϕ2(θ), x3(θ) = ϕ3(θ), −τ ≤ θ ≤ 0, (2.2)

where ϕ = (ϕ1, ϕ2, ϕ3)
T ∈ C such that ϕi(θ) ≥ 0 (i = 1, 2, 3), ∀ θ ∈ [−τ, 0],

and C denotes the Banach space C([−τ, 0],R3) of continuous functions map-
ping the interval [−τ, 0] into R3 and denotes the norm of an element ϕ in C by
‖ϕ‖ = sup−τ≤θ≤0{|ϕ1(θ)|, |ϕ2(θ)|, |ϕ3(θ)|}. For a biological meaning, we further
assume that ϕi(0) > 0, i = 1, 2, 3.

Let C = C([−h, 0],Rn) is a Banach space of continuous functions mapping
the interval [−h, 0] into Rn and designate the norm of an element ϕ in C by
‖ϕ‖ = sup−h≤θ≤0 |ϕ(θ)|. If σ ∈ R, A ≥ 0, and x ∈ C([σ − h, σ + A],Rn), then
for any t ∈ [σ, σ +A], we let xt ∈ C be defined by xt(θ) = x(t+ θ),−h ≤ θ ≤ 0.

Let us consider the following system of differential equations

dx(t)

dt
= f(t, xt) (2.3)

on Ω, where Ω is a subset of R× C, and f : Ω → Rn is a given function.
A function x is said to be a solution of equation (2.3) on [σ − h, σ + A) if

there are σ ∈ R and A > 0 such that x ∈ C([σ − h, σ + A),Rn), (t, xt) ∈ Ω and
x(t) satisfies equation (2.3) for t ∈ [σ, σ + A). For given σ ∈ R, ϕ ∈ C, we say
x(σ, ϕ, f) is a solution of equation (2.3) with initial value ϕ at σ or simply a
solution through (σ, ϕ) [4].

Theorem 2.1[4]. Suppose Ω is an open subset in R× C, and f ∈ (Ω,Rn) . If
(σ, ϕ) ∈ Ω, then there is a solution of (2.3) passing through (σ, ϕ).

Theorem 2.2[4]. Suppose Ω is an open subset in R × C, f : Ω → Rn is con-
tinuous and f(t, ϕ) is Lipschitzian in ϕ in each compact set in Ω. If (σ, ϕ) ∈ Ω,
then there is a unique solution of (2.3) passing through (σ, ϕ).

Theorem 2.3. Every solution of system (2.1) with initial conditions (2.2) exists
in the interval [0,∞) and x1(t) > 0, x2(t) > 0, x3(t) > 0, for all t ≥ 0.

Proof. Since the right hand side of system (2.1) is completely continuous and
locally Lipschitzian on C, the solution (x1(t), x2(t), x3(t)) of (2.1) with initial
conditions (2.2) exists and is unique on [0, α), where 0 < α ≤ +∞. Firstly,
we show that x1(t) > 0 for all t ∈ [0, α). Otherwise, there exists a t1 ∈ (0, α)
such that x1(t1) = 0, ẋ1(t1) ≤ 0 and x1(t) > 0 for all t ∈ [0, t1). Hence there
must have x2(t) > 0 for all t ∈ [0, t1). If this statement is not true, then there
exists a t2 ∈ (0, t1) such that x2(t2) = 0 and x2(t) > 0 on [0, t2). We claim that
x3(t) > 0 for all t ∈ [0, t2). If this statement is not true, then there exists a
t3 ∈ (0, t2) such that x3(t3) = 0 and x3(t) ≥ 0, ∀ t ∈ [−τ, t3]. Furthermore,

dx3(t)

dt
≥ −d(t)x3(t)− b(t)x2

3(t), ∀ t ∈ [0, t3].
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Then, x3(t) ≥ x3(0)exp

∫ t

0

[−d(s)− b(s)x3(s)]ds > 0, ∀ t ∈ [0, t3].

⇒ x3(t3) ≥ x3(0)exp

∫ t3

0

[−d(s)− b(s)x3(s)]ds > 0,

which is a contradiction. Hence, x3(t) > 0 for all t ∈ [0, t2). Integrating the
second equation of system (2.1) from 0 to t2, we have:

x2(t2) = x2(0) exp{−
∫ t2

0

(m(s) + k2(s)x2(s) + a(s)x3(s))ds}

+

∫ t2

0

(r2(u)x2(u) +m(u)x1(u)) exp{
∫ u

t2

(m(s) + k2(s)x2(s)

+a(s)x3(s))ds}du > 0,

which is a contradiction with x2(t2) = 0. So x2(t) > 0, for all t ∈ [0, t1) and
hence x3(t) > 0, for all t ∈ [0, t1). Integrating the first equation of system (2.1)
from 0 to t1, we have:

x1(t1) = x1(0) exp{−
∫ t1

0

(m(s) + k1(s)x1(s))ds}

+

∫ t1

0

(r1(u)x1(u) +m(u)x2(u)) exp{
∫ u

t1

(m(s) + k1(s)x1(s))ds}du > 0,

which is a contradiction with x1(t1) = 0. So x1(t) > 0, for all t ≥ 0 and hence
x2(t) > 0, x3(t) > 0, for all t ≥ 0. This completes the proof.

3. Permanence of system (2.1)

Here we wish to discuss the permanence of the system (2.1) with initial condi-
tions (2.2), which demonstrates how this system will be permanent under some
conditions.

Let f l = inf
t≥0

f(t), fu = sup
t≥0

f(t), for a continuous and bounded function f(t)

defined on [0,+∞).

Definition. The system (2.1) is said to be permanent (uniformly persistent),
i.e., the long-term survival (will not vanish in time) of all components of the
system (2.1), if there are positive constants vi and wi (i = 1, 2, 3) such that:

v1 ≤ lim inf
t→∞

x1(t) ≤ lim sup
t→∞

x1(t) ≤ w1,

v2 ≤ lim inf
t→∞

x2(t) ≤ lim sup
t→∞

x2(t) ≤ w2,

v3 ≤ lim inf
t→∞

x3(t) ≤ lim sup
t→∞

x3(t) ≤ w3,
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hold for any solution (x1(t), x2(t), x3(t)) of (2.1) with initial conditions (2.2).
Here vi and wi (i = 1, 2, 3) are independent of (2.2).

Theorem 3.1[13]. Consider the following equation:

ẋ(t) = ax(t− τ)− bx(t)− cx2(t),

where a, b, c, τ > 0; x(t) > 0, for −τ ≤ t ≤ 0. We have

(I) if a > b, then lim
t→∞

x(t) =
a− b

c
; and (II) if a < b, then lim

t→∞
x(t) = 0.

Theorem 3.2. Let X(t) = (x1(t), x2(t), x3(t)) denote any solution of system
(2.1) and (2.2). Suppose system (2.1) satisfies

cuM∗ − dl > 0, where M∗ = max{r
u
1

kl1
,
ru2
kl2

}. (3.1)

Then ∃ a T2 > 0 such that

x1(t), x1(t) ≤ M1 and x3(t) ≤ M2, ∀ t ≥ T2, where M1 > M∗

and M2 >
cuM∗ − dl

bl
.

(3.2)

Proof. We define V (t) = max{x1(t), x2(t)}.
Calculating the upper-right derivative of V (t) along the solution of system (2.1)
and (2.2), we have the followings:

(1) if x1(t) ≥ x2(t), then D+V (t) = ẋ1(t) ≤ x1(t)[r1(t)− k1(t)x1(t)]

≤ x1(t)[r
u
1 − kl1x1(t)] (3.3)

(2) if x1(t) ≤ x2(t), then D+V (t) = ẋ2(t) ≤ x2(t)[r2(t)− k2(t)x2(t)]

≤ x2(t)[r
u
2 − kl2x2(t)] (3.4)

From (3.3) and (3.4), we can obtain the followings:

(i) if max{x1(0), x2(0)} ≤ M1, then max{x1(t), x2(t)} ≤ M1, ∀ t ≥ 0.

(ii) if max{x1(0), x2(0)} > M1, and let − α = max
i=1,2

{M1(r
u
i − kliM1)}, α > 0,

we consider the following three possibilities:

(a) V (0) = x1(0) > M1, (x1(0) > x2(0));

(b) V (0) = x2(0) > M1, (x1(0) < x2(0));

(c) V (0) = x1(0) = x2(0) > M1.

If (a) holds, then ∃ an ε > 0, s.t. if t ∈ [0, ε), V (t) = x1(t) > M1,
and we have D+V (t) = ẋ1(t) < −α < 0.
If (b) holds, then ∃ an ε > 0, s.t. if t ∈ [0, ε), V (t) = x2(t) > M1,
and we have D+V (t) = ẋ2(t) < −α < 0.
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If (c) holds, then ∃ an ε > 0, s.t. if t ∈ [0, ε), V (t) = xi(t) > M1, (i = 1, 2).
Similar to (a) and (b), we have D+V (t) = ẋi(t) < −α < 0 (i = 1, 2).
From investigating (a), (b) and (c), we conclude that if V (0) > M1,
then ∃ T1 > 0, s.t.

V (t) = max{x1(t), x2(t)} ≤ M1, ∀ t ≥ T1.

In addition, from the third equation of (2.1), we obtain

ẋ3(t) ≤ −dlx3(t)− blx2
3(t) + cuM1x3(t− τ), ∀ t ≥ T1 + τ.

By condition (3.1) and Theorem 3.1, we conclude that

∃ a T2 ≥ T1 + τ s.t. x3(t) ≤ M2, ∀ t ≥ T2, where M2 >
cuM∗ − dl

bl
,

since M1 can be chosen sufficiently close to M∗. This completes the proof.

Theorem 3.3. Suppose that system (2.1) and (2.2) satisfies the following con-
ditions:

0 <
cuM∗ − dl

bl
< M2 <

rl2
au

, min{ r
l
1

ku1
,
rl2 − auM2

ku2
} >

du

cl
,

where M∗ = max{r
u
1

kl1
,
ru2
kl2

}.
(3.5)

Then system (2.1) and (2.2) is uniformly persistent.

Proof. Let x(t) = (x1(t), x2(t), x3(t)) is a solution of (2.1) and (2.2). Therefore

ẋ1(t) ≥ x1(t)[r
l
1 − ku1x1(t)]−m(t)(x1(t)− x2(t)),

ẋ2(t) ≥ x2(t)[r
l
2 − ku2x2(t)− auM2] +m(t)(x1(t)− x2(t)), ∀ t ≥ T2.

From the given condition (3.5), we have rl2 − auM2 > 0.

Let L∗ = min{ rl1
ku
1
,

rl2−auM2

ku
2

}, we choose L as 0 < L1 < L∗.
Define V1(t) = min{x1(t), x2(t)}. Then calculating the lower-right derivative of
V1(t) along the solution of system (2.1) and (2.2), we obtain:

(1) if x1(t) ≤ x2(t), thenD+V1(t) = ẋ1(t) ≥ x1(t)[r
l
1−ku1x1(t)], (3.6)

(2) if x1(t) ≥ x2(t), then D+V1(t) = ẋ2(t) ≥ x2(t)[r
l
2−ku2x2(t)−auM2], ∀ t ≥ T2

(3.7)
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From (3.6) and (3.7), we can derive the followings:

(i) if V1(T2) = min{x1(T2), x2(T2)} ≥ L1,

then min{x1(t), x2(t)} ≥ L1, ∀ t ≥ T2

(ii) if V1(T2) = min{x1(T2), x2(T2)} < L1,

and let µ = min{x1(T2)(r
l
1 − ku1L1), x2(T2)(r

l
2 − ku2L1 − auM2)},

we consider the following three cases:

(a) V1(T2) = x1(T2) < L1, (x1(T2) < x2(T2));

(b) V1(T2) = x2(T2) < L1, (x2(T2) < x1(T2));

(c) V1(T2) = x1(T2) = x2(T2) < L1.

If (a) holds, then ∃ an ε > 0, s.t. if t ∈ [T2, T2 + ε), V1(t) = x1(t) < L1,
and we have D+V1(t) = ẋ1(t) > µ > 0.
If (b) holds, then ∃ an ε > 0, s.t. if t ∈ [T2, T2 + ε), V1(t) = x2(t) < L1,
and we have D+V1(t) = ẋ2(t) > µ > 0.
If (c) holds, then ∃ an ε > 0, s.t. if t ∈ [T2, T2+ ε), V1(t) = xi(t) < L1, (i = 1, 2).
Similar to (a) and (b), we have D+V1(t) = ẋi(t) > µ > 0 (i = 1, 2).
From investigating (a), (b) and (c), we conclude that if
V1(T2) = min{x1(T2), x2(T2)} < L1, then ∃ T3 > T2 > 0, s.t.

V1(t) = min{x1(t), x2(t)} ≥ L1, ∀ t ≥ T3.

From the third equation of (2.1), we have

ẋ3(t) ≥ −dux3(t)− bux2
3(t) + clL1x3(t− τ), ∀ t ≥ T3 + τ.

By using condition (3.5), we have clL1 > du, since L1 can be chosen sufficiently
close to L∗. Therefore by Theorem 3.1, we conclude that

∃ a T4 ≥ T3 + τ s.t. x3(t) ≥ L2, ∀ t ≥ T4, where L2 <
clL∗ − du

bu
,

since L1 can be chosen sufficiently close to L∗.

(3.8)

From the above discussions, we conclude that ∃ T4 > 0 s.t. every solu-
tion of system (2.1) and (2.2) eventually enters and remains in the region Ω =
{(x1, x2, x3) | L ≤ xi ≤ M, i = 1, 2, 3}, ∀ t ≥ T4, where L = min{L1, L2} and
M = max{M1,M2}. This completes the proof.

4. Global asymptotic stability

In this section, we derive sufficient conditions for global asymptotic stability
of system (2.1) with initial conditions (2.2). We now state a definition of global
asymptotic stability of solutions of system (2.1).
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Definition. System (2.1) with initial conditions (2.2) is said to be globally
asymptotically stable if

lim
t→∞

| x1(t)− u1(t) |= 0, lim
t→∞

| x2(t)− u2(t) |= 0, lim
t→∞

| x3(t)− u3(t) |= 0,

hold for any two solutions (x1(t), x2(t), x3(t)) and (u1(t), u2(t), u3(t)) of (2.1)
with initial conditions of type (2.2).

Theorem 4.1. If there exist α1 > 0, α2 > 0 and α3 > 0 such that the func-
tions Bi(t) (i = 1, 2, 3) are nonnegative on [0,∞) and for any interval sequence
{[ei, fi]}∞1 , [ei, fi] ∩ [ej , fj ] = φ and fi − ei = fj − ej > 0, for all i, j =

1, 2, . . . and i 6= j, one has
∑∞

k=1

∫ fk
ek

Bi(t)dt = ∞, then system (2.1) with

initial conditions (2.2) is globally asymptotically stable. Here,

B1(t) = α1(2Lk1(t)− r1(t)) + (α1 − α2)m(t),

B2(t) = α2{(2k2(t) + a(t))L− r2(t)}+ (α2 − α1)m(t)− α3Mc(t+ τ),

B3(t) = α3(d(t) + 2Lb(t))− α2a(t)M − α3Mc(t+ τ),

(4.1)

where L,M are given in Theorem 3.3.

Proof. Assume that (x1(t), x2(t), x3(t)) and (u1(t), u2(t), u3(t)) are any two so-
lutions of system (2.1) with initial conditions of type (2.2).

Define V1(t) =| x1(t) − u1(t) |, V2(t) =| x2(t) − u2(t) | and V3(t) =| x3(t) −
u3(t) |. Then the right-upper derivative of V1(t), V2(t) and V3(t) along the
solution of system (2.1) and (2.2) are given below:

D+V1(t) = (ẋ1(t)− u̇1(t))sgn(x1(t)− u1(t))

≤ −{2Lk1(t) +m(t)− r1(t)} | x1(t)− u1(t) | +m(t) | x2(t)− u2(t) |
(4.2)

D+V2(t) = (ẋ2(t)− u̇2(t))sgn(x2(t)− u2(t)) ≤ m(t) | x1(t)− u1(t) |

−{(2k2(t) + a(t))L+m(t)− r2(t)} | x2(t)− u2(t) |

+a(t)M | x3(t)− u3(t) |

(4.3)

D+V3(t) = (ẋ3(t)− u̇3(t))sgn(x3(t)− u3(t)) ≤ −d(t) | x3(t)− u3(t) |

−2b(t)L | x3(t)− u3(t) | +c(t){x3(t− τ) | x2(t− τ)− u2(t− τ) |

+u2(t− τ) | x3(t− τ)− u3(t− τ) |}

(4.4)

V4(t) =

∫ t

t−τ

c(s+ τ)x3(s) | x2(s)− u2(s) | ds+
∫ t

t−τ

c(s+ τ)u2(s) | x3(s)− u3(s) | ds.
(4.5)
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Calculating the right-upper derivative of V4(t) along the solution of system (2.1)
and (2.2), we have

D+V4(t) = c(t+ τ)x3(t) | x2(t)− u2(t) |

−c(t)x3(t− τ) | x2(t− τ)− u2(t− τ) | +c(t+ τ)u2(t) | x3(t)

−u3(t) | −c(t)u2(t− τ) | x3(t− τ)− u3(t− τ) | .

(4.6)

Let V (t) = α1V1(t) + α2V2(t) + α3(V3(t) + V4(t)), then by using (4.2)-(4.6),
we have

D+V (t) ≤ −B1(t) | x1(t)− u1(t) | −B2(t) | x2(t)− u2(t) |

−B3(t) | x3(t)− u3(t) |, ∀ t ≥ T4,
(4.7)

where T4 is defined in Theorem 3.3 and Bi(t), (i = 1, 2, 3) are defined in (4.1).
Integrating (4.7) from T4 to t, we have

∫ t

T4

{B1(t) | x1(t)− u1(t) | +B2(t) | x2(t)− u2(t) |

+B3(t) | x3(t)− u3(t) |}dt ≤ V (T4)− V (t)

⇒
∫ t

T4

{B1(t) | x1(t)− u1(t) | +B2(t) | x2(t)− u2(t) |

+B3(t) | x3(t)− u3(t) |< ∞.

(4.8)

By assumptions (4.1) about Bi(t), (i = 1, 2, 3) and the boundedness of

(x1(t), x2(t), x3(t)) and (u1(t), u2(t), u3(t)) on [0,∞), we obtain from system
(2.1) that | x1(t)− u1(t) |, | x2(t)− u2(t) | and | x3(t)− u3(t) | are bounded and
uniformly continuous on [0,∞). It follows from (4.8) that,

lim
t→∞

| x1(t)− u1(t) |= 0, lim
t→∞

| x2(t)− u2(t) |= 0 and lim
t→∞

| x3(t)− u3(t) |= 0.

This shows that system (2.1) with initial conditions (2.2) is globally asymptoti-
cally stable. This completes the proof.

Corollary 4.1. If there exist α1 > 0, α2 > 0 and α3 > 0 such that lim inft→∞ Bi(t)
> 0, for i = 1, 2, 3; where Bi(t) are given by (4.1) then system (2.1) with initial
conditions (2.2) is globally asymptotically stable.

The results of the Theorem 4.1 and Corollary 4.1 indicate that the parametric
functions and also time delay have an effect on the global asymptotic stability,
which may rule out any complicated behaviour (eg. limit cycles, chaos), of the
proposed model.
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From our everyday experience we know that the biological and environmental
parameters are subject to fluctuation in time, the effects of a periodically vary-
ing environment have an important selective forces on systems in a fluctuating
environment. To investigate this kind of phenomenon, in the model, the coef-
ficients should be periodic functions of time. Let us state a theorem related to
this.

Theorem 4.2 [15]. If system (2.1) is ψ−periodic and there are positive con-
stants vi and wi (i = 1, 2, 3) such that:

v1 ≤ lim inf
t→∞

x1(t) ≤ lim sup
t→∞

x1(t) ≤ w1,

v2 ≤ lim inf
t→∞

x2(t) ≤ lim sup
t→∞

x2(t) ≤ w2,

v3 ≤ lim inf
t→∞

x3(t) ≤ lim sup
t→∞

x3(t) ≤ w3,

hold for any solution (x1(t), x2(t), x3(t)) of (2.1) with initial conditions (2.2),
then system (2.1) has a unique positive periodic solution with period ψ.
Using Theorem 4.2, we have the following corollary.

Corollary 4.2. If system (2.1) is ψ−periodic and conditions in Theorems 3.3
and 4.1 are valid, then there exists a unique positive ψ−periodic solution which
is globally asymptotically stable.

5. Conclusions

In this paper we have considered a nonautonomous predator-prey model with
discrete time delay due to gestation, in which there are two prey habitats linked
by entry-exit dynamics. One prey habitat contains a predator and the other (a
refuge) does not. A refuge can be important for the biological control of a pest,
however, increasing the number of refuge can increase prey abundance and lead
to population outbreaks. For example, ‘hotspots’ of high spider mite densities
in almond orchards can trigger orchard-wide outbreaks [8]. These hotspots are
areas in which the predator is not successfully controlling the prey and there-
fore the preys in these hotspots can be considered as refugia. Here, we have
established some sufficient conditions on the permanence of the system by using
inequality analytical technique. By Lyapunov functional method, we have also
obtained some sufficient conditions for global asymptotic stability of this model.
We have observed that the per capita migration rate among two prey habitats
and the time delay has no effect on the permanence of the system but it has an
effect on the global asymptotic stability of this model. The aim of the analysis of
this model is to identify the parameters of interest for further study, with a view
to informing and assisting policy-maker in targeting prevention and treatment
resources for maximum effectiveness.

Here, all the coefficients in system (2.1) are time-dependent, i.e., system (2.1)
is nonautonomous. There are many methods to deal with autonomous systems,
but they may not be suitable to nonautonomous systems. Therefore, it is more
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difficult to study the dynamical behaviours in nonautonomous case. By im-
proving the Lyapunov functionals, we have studied global stability behaviour of
system (2.1).
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