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A CHARACTERIZATION OF CONIC SECTIONS

Dong-Soo Kim and Seung Hee Kang

Abstract. We study some properties of tangent lines of conic sec-
tions. As a result, we establish a characterization of conic sections.

1. Introduction

The best known plane curves are straight lines and circles, which are
characterized as the plane curves of constant curvature. The next most
familiar plane curves are arguably the conic sections.

A differential geometric characterization of conic sections were stud-
ied by the first author and others in terms of the curvature and the
support function ([3], [8]).

As was described in [5], a circle is characterized by the fact that the
chord joining any two points on it meets the circle at the same angle.
For a generalization of this property to space curves, see [1]. In this
regard, it is interesting to consider what simple geometric properties
characterize conic sections.

In this note, we examine the conic sections concerning the chord
passing through a focus and discuss the converse problems of well known
properties about the conic sections.

Let’s fix a line L and a point F which is not on L. For a positive
constant e, consider the locus C(e) of points P whose distances from F
and L are, respectively, in a constant ratio e. Then the locus C(e) is a
conic section with a focus F , a corresponding directrix L and eccentricity
e. That is, C(e) is a parabola if e = 1; an ellipse if 0 < e < 1; and a
hyperbola if e > 1.

Then the following are well-known, or can be easily checked.
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Proposition 1. ([6], pp. 535, 558, 559) Suppose that the tangent to a
conic section C(e) at a point P on the conic section intersects a directrix
at a point Q. If F is the corresponding focus, then ∠PFQ is a right
angle.

It follows immediately from Proposition 1 that
Proposition 2. The tangent lines to a conic section C(e) at the ends
of a focal chord (a chord through the focus F ) intersect at a point Q on
the corresponding directrix and the segment QF is perpendicular to the
chord.

As a matter of fact, it is natural to ask the converse of such properties
hold. We mainly focus on such in this note. For some characterizations
of parabolas, see [4] and [7].

2. Main Results

In this section, we prove the following:

Theorem 3. A connected plane curve C is a conic section C(e) for
some e > 0 if there exists a fixed line L and a fixed point F (/∈ L) which
satisfy the following condition:
(RA) If a tangent line to C at a point P intersects L at a point Q, then
∠PFQ is a right angle.

Proof. Suppose that a connected plane curve C satisfies Condition
(RA). Then, obviously, neither the line L nor the point F meet the
curve C. We may introduce a coordinate system (x, y) of R2; x-axis is
the line L, F = (0, c), c 6= 0, and C lies on the upper half plane.

We denote by I1 a maximal interval of t ∈ R such that there exists
a tangent line to C through (t, 0) with positive slope, m1(t). Then C is
locally, nothing but the envelope of the following 1-parameter family of
lines:

(2.1) y = m1(t)(x− t).

Letting F (x, y, t) = m1(t)x− y− tm1(t), the curve C is given by ([3],
p.59)

(2.2)

F (x, y, t) = m1(t)x− y − tm1(t) = 0,

∂F (x, y, t)

∂t
= m′1(t)x−m1(t)− tm′1(t) = 0.

From (2.2), we see that the curve C is parametrized by
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(2.3) x1(t) = t+
m1(t)

m′1(t)
, y1(t) =

m1(t)
2

m′1(t)
, t ∈ I1.

Let’s put P1 = (x1, y1), Q = (t, 0). Since P1F is perpendicular to
QF , we obtain

(2.4) −tx1(t) + cy1(t) = c2.

Substituting x1, y1 in (2.3) into (2.4), we get a differential equation:

(2.5) m′1(t)(t
2 + c2) + tm1(t) = cm1(t)

2.

Putting v1(t) = 1
m1(t)

, then (2.5) becomes

(2.6)
dv1
dt
− t

t2 + c2
v1 = − c

t2 + c2
.

Hence an integrating factor µ of the equation (2.6) is given by

(2.7) µ = e
−

∫
t

t2+c2
dt

=
1√

t2 + c2
.

Multiplying both sides of (2.6) by µ in (2.7), we get

(2.8)
1√

t2 + c2
dv1
dt
− t

(
√
t2 + c2)3

v1 = − c

(
√
t2 + c2)3

,

which is an exact differential equation. By integrating (2.8), we find

(2.9) v1(t) =
1

c
(e1

√
t2 + c2 − t), e1 ∈ R,

or equivalently, we obtain

(2.10)

m1(t) =
c

e1
√
t2 + c2 − t

=
c(t+ e1

√
t2 + c2)

(e21 − 1)t2 + e21c
2
, e1 ∈ R, t ∈ I1.

Together with (2.3), (2.10) gives

(2.11)

x1(t) =
c2e1√

t2 + c2 − e1t
, y1(t) =

c
√
t2 + c2√

t2 + c2 − e1t
, e1 ∈ R, t ∈ I1,

which shows that e1 6= 0.
Similarly, we denote by I2 a maximal interval of t ∈ R such that there

exists a tangent line to C through (t, 0) with negative slope, m2(t). Using
a similar argument as the above, we see that m2(t) is given by
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(2.12)

m2(t) =
c

e2
√
t2 + c2 − t

=
c(t+ e2

√
t2 + c2)

(e22 − 1)t2 + e22c
2
, e2 ∈ R, t ∈ I2,

and the curve C is locally parametrized by

(2.13)

x2(t) =
c2e2√

t2 + c2 − e2t
, y2(t) =

c
√
t2 + c2√

t2 + c2 − e2t
, e2 ∈ R, t ∈ I2,

where e2 6= 0.

We divide by two cases as follows.
Case 1. F lies on the upper half plane, that is, c > 0.

Since m1(t) and y1(t) are positive, it follows from (2.10) and (2.11)
that e1 > −1 and the interval I1 is given by

(2.14) I1 =


(−∞, c√

e21−1
), if e1 > 1

(−∞,∞), if e1 = 1

(−∞, e1c√
1−e21

), if −1 < e1 < 1.

Similarly, we see that e2 < 1 and the interval I2 is given by

(2.15) I2 =


( e2c√

1−e22
,∞), if −1 < e2 < 1

(−∞,∞), if e2 = −1

( −c√
e22−1

,∞), if e2 < −1.

From (2.10) and (2.11), for e1 > −1 we get

(2.16) lim
t→−∞

m1(t) = 0, lim
t→−∞

(x1, y1) = (0,
c

1 + e1
).

For e2 < 1, we also obtain from (2.12) and (2.13) that

(2.17) lim
t→∞

m2(t) = 0, lim
t→∞

(x2, y2) = (0,
c

1− e2
).

Since C is connected, (2.16) and (2.17) imply

(2.18) −e2 = e1(= e).

On the other hand, if we denote by H1(x1, 0) and H2(x2, 0) the foots
of perpendiculars from the points P1(x1, y1) and P2(x2, y2) to the line
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L, respectively, then it follows directly from (2.11) and (2.13) that

(2.19)
P1F

P1H1
= |e1|,

P2F

P2H2
= |e2|.

This, together with (2.18), shows that the curve C is a conic section
with a focus F , a corresponding directrix L, and eccentricity |e|.

Now we consider the remaining case.

Case 2. F lies on the lower half plane, that is, c < 0.
In this case, the intervals I1 and I2 are given by

(2.20) I1 =

{
(−∞, c√

e21−1
), if e1 < −1

∅, otherwise,

and

(2.21) I2 =

{
( −c√

e22−1
,∞), if e2 > 1

∅, otherwise.

As in Case 1, we obtain for e1 < −1

(2.22) lim
t→−∞

m1(t) = 0, lim
t→−∞

(x1, y1) = (0,
c

1 + e1
),

and for e2 > 1

(2.23) lim
t→∞

m2(t) = 0, lim
t→∞

(x2, y2) = (0,
c

1− e2
).

Hence we get −e2 = e1(= e) with |e| > 1. Furthermore, it follows
from (2.11) and (2.13) that

(2.24)
P1F

P1H1
=

P2F

P2H2
= |e|.

Thus C is a conic section with the eccentricity |e| > 1, that is, C is
the upper branch of a hyperbola with a focus F and a corresponding
directrix L.

Together with Case 1, this completes the proof of Theorem 3.
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