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Abstract. The block LU factorization is used to solve the coupled Stokes equations

arisen from an optimal control problem subject to Stokes equations. The convergence of

the spectral element solution is proved. Some numerical evidences are provided for the

model coupled Stokes equations. Moreover, as an application, this algorithm is performed

for an optimal control problem.

1. Introduction

We consider the coupled Stokes equations on a bounded and connected open
subset Ω of Rd (d = 2, 3) with a Lipschitz boundary Γ, which occurs from an optimal
control problem subject to the Stokes equations. These coupled Stokes equations
consist of two vector momentum equations and two continuity equations. These
momentum equations are connected by primal- and adjoint- velocity variables. Be-
cause of this connection, it is more difficult to solve the coupled Stokes equations
compared with the standard Stokes equations numerically. Many works have been
devoted to solve an optimal control problem related to Stokes equations theoretical-
ly or numerically(see [2], [3], [4], [15], [21] and etc). Lately, a mixture use of finite
element methods and FOSLS was studied in [18]. Uzawa algorithm for the coupled
Stokes equations was analyzed in [17] analytically. But most numerical works for an
optimal control problem are done by finite element methods even if spectral element
methods(=:SEM) are popular and accurate.

In the necessity of developing a numerical method, we follow a common approach
to solving the Stokes problem by carrying out block LU factorization (see [10], [12],
[22] for example) which decouples the velocity and pressure variables. For this
purpose, we rearrange the equations and variables of velocity and pressure and
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then the coupled Stokes equations will be written as a vector formulation. The
Gaussian elimination gets rid of the continuity equations so that the coupled Stokes
equations can be solved by decoupling the velocity and pressure variables. Hence,
it is possible to apply the backward substitution algorithm for solving the coupled
Stokes equations by the pressure variables first and then the velocity variables.
For Navier-Stokes equations, more effective way was introduced to avoid solving
Helmholtz equations for each iteration many times(for more detail, see [1], [9], [12],
[19] and etc).

For discretization of the coupled Stokes equations in this paper, SEM will be
employed because it is one of popular and accurate methods among other numerical
methods(see [6], [7], [11] for example). In relation with an optimal control problem,
spectral methods are used for its discretization (see [8], [13] for example).

In section 2, the validity of block LU factorization is provided for the coupled
Stokes equations. The backward substitution algorithm for the coupled Stokes
equations in Galerkin formulation is presented. In section 3, the SEM discretization
is introduced for the backward substitution algorithm developed in section 2. The
spectral convergence is also provided. In section 4, some numerical evidences are
presented to support the convergence results for a model problem. Further, the
developed algorithm is applied to an optimal control problem. Finally, we mention
the conclusion in last section.

2. Coupled Stokes

We begin with some notations on Sobolev spaces. Let H1
0(Ω) := H1

0 (Ω)×H1
0 (Ω)

and L2
0(Ω) := L2

0(Ω) × L2
0(Ω) where H1

0 (Ω) is the standard Sobolev space whose
norm and seminorm are denoted as ‖ · ‖1 and | · |1, respectively. Let L2

0(Ω) be the
subspace of L2(Ω) with mean zero. The L2− inner product and norm are denoted
by (·, ·) and ‖ · ‖. With the standard dual space H−1(Ω) of H1

0 (Ω) equipped with
the dual norm ‖ · ‖−1, let H

−1(Ω) := H−1(Ω)×H−1(Ω).

Let us consider the coupled Stokes equations as follows; Find (u,v) ∈ [H1
0(Ω)]

2

and (p, q) ∈ L2
0(Ω) such that

(2.1)





−ν∆u+∇p+
1

δ
v = g in Ω,

−ν∆v +∇q − u = −û in Ω,

∇ · u = 0 in Ω,

∇ · v = 0 in Ω,

u = v = 0 on Γ,
∫

Ω

p dΩ =

∫

Ω

q dΩ = 0,

for given functions û and g in H−1(Ω).

One may note that (2.1) is the consequence of minimizing the L2 quadratic
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functional

(2.2) J(u, f) =
1

2
‖u− û‖2 + δ

2
‖f‖2

subject to

(2.3)





−ν∆u+∇p = f + g in Ω,

∇ · u = 0 in Ω,

u = 0 on Γ,
∫

Ω

p dΩ = 0,

where û is a given target velocity and δ is a positive penalty parameter (see [15]).
We further assume that f ,g ∈ H−1(Ω) . Multiplying the second equation in (2.1)
by 1

δ
and the last equation by 1√

δ
and then scaling q by

√
δq one more time, one

may have the equivalent coupled Stokes equations as

(2.4)





−ν∆u+∇p+
1

δ
v = g in Ω,

−ν

δ
∆v +

1√
δ
∇q − 1

δ
u = −1

δ
û in Ω,

∇ · u = 0 in Ω,

1√
δ
∇ · v = 0 in Ω.

Let us define the following scaled Laplace ∆̃, gradient ∇̃ and divergence ∇̃·
matrix operators as

(2.5) ∆̃ :=

[
∆ 0
0 1

δ
∆

]
, ∇̃ :=

[∇ 0
0 1√

δ
∇

]
, ∇̃· :=

[∇· 0
0 1√

δ
∇·

]
,

and introduce variable vectors and a matrix as

(2.6) U =

[
u
v

]
, P =

[
p
q

]
, F =

[
g

− 1
δ
û

]
, C =

[
0 1

δ

− 1
δ

0

]
,

where u = (u1, u2)
T and v = (v1, v2)

T . The notation (·)T means the transpose of a
vector or matrix.

Then (2.4) becomes: for a given F ∈ [H−1(Ω)]2, find (U,P) ∈ [H1
0(Ω)]

2×L2
0(Ω)

satisfying

(2.7)





−ν∆̃U+ ∇̃P+ CU = F in Ω,

∇̃ ·U = 0 in Ω,

U = 0 on Γ.
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Following the proof of Theorem 5.1 in [14], one may show the existence of
unique solution (U,P) ∈ [H1

0(Ω)]
2 × L2

0(Ω) of (2.7). For reader’s convenience, we
will provide its proof. It is well-known that if Q = (q1, q2)

T ∈ L2
0(Ω), then there

exists a unique vector W := (w1,w2)
T ∈ [H1

0(Ω)]
2 := H1

0(Ω)×H1
0(Ω) satisfying

(2.8) ∇̃ ·W = Q, |W|1 ≤ C‖Q‖,

where |W|21 = |w1|21 + |w2|21 and ‖Q‖2 = ‖q1‖2 + ‖q2‖2. Hence

(Q, ∇̃ ·W)

|W|1
=

‖Q‖2
|W|1

≥ (1/C)‖Q‖,

where C is a positive constant. This implies the LBB(see[5],[14]) condition holds.
Let A : [H1

0(Ω)]
2 × [H1

0(Ω)]
2 → R be the bilinear form which is defined as

(2.9) A(U,V) := (ν∇̃U, ∇̃V) + (CU,V).

By using the definition of the scaled gradient ∇̃, the fact 0 < δ < 1 and the Poincare
inequality, it can be shown as

(2.10) A(U,U) = ν(∇u,∇u) +
ν

δ
(∇v,∇v) +

1

δ

(
(v,u)− (u,v)

)
≥ C1 ‖U‖21 ,

where C1 is a positive constant depending on ν, δ and Ω. The continuity of A(·, ·)
also holds

(2.11) |A(U,W)| ≤ C2 ‖U‖1 ‖W‖1 ,

where C2 is a positive constant depending on ν, δ and Ω.

In order to use the block LU factorizations, with rearrangement of the equations
and variables, one may rewrite (2.7) as a more convenient coupled Stokes system.
For this purpose, let us define some necessary operators H and Dt, (t = x, y) as

(2.12) H :=

[
−ν∆ 1

δ

− 1
δ

− ν
δ
∆

]
, Dx :=

[
∂x 0
0 1√

δ
∂x

]
, Dy :=

[
∂y 0
0 1√

δ
∂y

]
,

and variable vectors as

(2.13) P =

[
p
q

]
, Ui =

[
ui

vi

]
, Fi =

[
gi

− 1
δ
ûi

]
, i = 1, 2.

Hence (2.7) becomes; for a given Fi ∈ H−1(Ω), (i = 1, 2)

(2.14)



H 0 Dx

0 H Dy

Dx Dy 0





U1

U2

P


 =



F1

F2

0


 .
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Note that the coupled elliptic operator H has its domain as the space H1
0(Ω)

because it works on the velocity ui and vi in H1
0 (Ω). One may easily find that H

has a bounded inverse H−1 on H−1(Ω) (see [16] for example or the arguments in
(2.10) and (2.11)).

It is possible to define the following elementary operator L1 from S := H−1(Ω)×
H−1(Ω)× {0} to T := H−1(Ω)×H−1(Ω)× L2(Ω) by

(2.15) L1 :=




I 0 0
0 I 0

−DxH
−1 −DyH

−1 I


 .

Lemma 2.1. The operator L1 is invertible. Moreover, we have

‖L1‖ = sup
U∈S

‖L1U‖T
‖U‖S

≥ 1.

Proof. Let U := (F,G,0)T ∈ S. Then ‖L1U‖2
T

= ‖F‖2−1 + ‖G‖2−1 + ‖H‖2 =

‖U‖2
S
+ ‖H‖2 where H is the third component of vector L1U. Hence it follows that

‖L1U‖T ≥ ‖U‖S for any vector U ∈ S. Thus we have the conclusion. 2

Applying the elementary operator L1 to (2.14) yields

(2.16)



H 0 Dx

0 H Dy

0 0 E





U1

U2

P


 =



F1

F2

F3


 ,

where the operator E is given by

(2.17) E = −(DxH
−1Dx +DyH

−1Dy)

and F3 is given by

(2.18) F3 = −(DxH
−1F1 +DyH

−1F2).

Due to Lemma 2.1, (2.14) is now equivalent to (2.16). Hence (2.16) has a unique
solution (U1,U2,P) if (2.14) has a unique solution. In fact, (2.14) has a unique
solution because (2.7) does. One may note that the unique solution U1,U2 and P
can be written concisely as

(2.19) P = E−1
(
DxH

−1F1 +DyH
−1F2

)

and

(2.20) Ui = H−1
(
Fi −DiE

−1
(
DxH

−1F1 +DyH
−1F2

))
,
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where i = 1, 2, D1 = Dx and D2 = Dy. We write the above statements as theorem
below.

Theorem 2.2. Let Ω be a bounded and connected open subset of Rd with Lipschitz
continuous boundary Γ. For a given Fi ∈ H−1(Ω), there exists a unique solution
(U1,U2,P) ∈ H1

0(Ω) × H1
0(Ω) × L2

0(Ω) of (2.16). Therefore, the operator E is
invertible.

Now, for the solutions to (2.16), one may get Ui, (i = 1, 2) simultaneously by solving
coupled Stokes equations if P is known. Since H−1 : H−1(Ω) → H1

0(Ω), note that(
DtH

−1DtP,Q
)
= −

(
H−1DtP,DtQ

)
. Then we define the bilinear form B(·, ·) on

the space L2
0(Ω)× L2

0(Ω) as

(2.21) B(P,Q) :=
(
H

−1
DxP,DxQ

)
+
(
H

−1
DyP,DyQ

)

and the bilinear form A(·, ·) on the space H1
0(Ω)×H1

0(Ω) as

(2.22) A(U,W) := ( ˜̃∇U, ˜̃∇W) + (CU,W),

where

˜̃∇ =

[√
ν∇ 0

0
√
ν√
δ
∇

]
.

The backward substitution algorithm to solve (2.16) in weak sense can be written
as;

Algorithm 2.3(Continuous case)

Step 1. Find P ∈ L2
0(Ω) satisfying B(P,Q) = −(DxH

−1F1 +DyH
−1F2,Q) for any

Q ∈ L2
0(Ω).

Step 2. Find Ui ∈ H1
0(Ω) satisfying A(Ui,W) = (Fi−DiP,W) for any W ∈ H1

0(Ω)
where i = 1, 2, D1 = Dx and D2 = Dy.

Proposition 2.4. There are positive constants C1 and C2 satisfying

(2.23) C1‖U‖21 ≤ A(U,U),
∣∣∣A(U,W)

∣∣∣ ≤ C2‖U‖1 ‖W‖1, for all U,W ∈ H1
0(Ω),

and

(2.24) C1‖P‖2 ≤ B(P,P),
∣∣∣B(P,Q)

∣∣∣ ≤ C2‖P‖‖Q‖, for all Q,P ∈ L2
0(Ω).

Proof. We provide the validity of (2.24). First note that (2.23) easily comes from

(2.25) C1‖U‖21 ≤ (HU,U), and |(HU,V)| ≤ C2‖U‖1‖V‖1
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where C1 and C2 are positive constants depending on ν, δ or Ω. With obvious
notations in the following proof, for P ∈ L2

0(Ω), let U := H−1DtP which is in
H1

0(Ω). Then it follows that by using (2.25)

(2.26) ‖DtP‖−1 = sup
V∈H1

0
(Ω)

(HU,V)

‖V‖1
≤ C2‖U‖1 = C2‖H−1DtP‖1,

(2.27) ‖DtP‖−1 = sup
V∈H1

0
(Ω)

(HU,V)

‖V‖1
≥ C1‖U‖1

and

(2.28) ‖DtP‖−1 = sup
V∈H1

0
(Ω)

(DtP,V)

‖V‖1
= sup

V∈H1

0
(Ω)

(P,DtV)

‖V‖1
≤ ‖P‖.

Further, using (2.25) and (2.26) we have

‖DtP‖2−1 ≤ C‖H−1DtP‖21(2.29)

= C‖U‖21 ≤ C(U,HU) = C(H−1DtP,DtP),

where C is an absolute positive constant depend only on ν, δ or Ω.
Now, since P ∈ L2

0(Ω), using the same argument for (2.8), it follows that

‖DxP‖−1 + ‖DyP‖−1 = sup
U∈H1

0
(Ω)

(DxP,U)

‖U‖1
+ sup

V∈H1

0
(Ω)

(DyP,V)

‖V‖1
(2.30)

≥ sup
W:=(U,V)T∈[H1

0
(Ω)]2

(P,DxU) + (P,DyV)

‖U‖1 + ‖V‖1

= sup
W∈[H1

0
(Ω)]2

(P, ∇̃ ·W)

‖W‖1
≥ C‖P‖.

Now, combining (2.29) and (2.30) completes the coercivity part in (2.24). Now
we provide the continuity part of (2.24). For P and Q in L2

0(Ω), let U
t := H−1DtP

and Wt := H−1DtQ without confusion below. Then, using (2.25), (2.27) and
(2.28), we have

B(P,Q) = (H−1DxP,DxQ) + (H−1DyP,DyQ)

≤ (Ux,HWx) + (Uy,HWy)

≤ C
(
‖Ux‖1‖Wx‖1 + ‖Uy‖1‖Wy‖1

)

≤ C
(
‖DxP‖−1‖DxQ‖−1 + ‖DyP‖−1‖DyQ‖−1

)

≤ C‖P‖‖Q‖.
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These arguments complete the proof. 2

Due to Lemma 2.1, it follows that the variational formulations in the algorithm
(2.3) corresponding to (2.16) have a unique solution (P,U1,U2)∈ L2

0(Ω)×H1
0(Ω)×

H1
0(Ω).

3. Spectral element approach

By using PN − PN−2 method for the approximation of the Stokes problem in
[20], we present the spectral element approach for Algorithm (3.1) on the square
domain Ω := I × I where I := [0, 1]. Assume that the interval I has uniform knots
{tj}Ej=0 arranged by 0 =: t0 < t1 < · · · < tE−1 < tE := 1 with h = tj − tj−1 for
each j = 1, 2, · · · , E and that the same degree N of Legendre polynomial on each
subinterval Ij := [tj−1, tj ] of x and y directions is employed.

We define Ph
N as the subspace of L2(I) whose nodal basis {φµ} at LGL(or LG)

points are piecewise Lagrange polynomials of degree N on Ij with proper supports
like Ij or Ij ∪ Ij+1. For one dimensional function spaces, let Ps

N,h := H1
s (I) ∩ Ph

N

where s is either 0 or 1. In particular, if s = 1, we use Ps
N,h should be understood

as Ph
N . Define Ps

N,h := Ps
N,h × Ps

N,h whose basis functions are given by

φ
p
(t) :=

{
[φp(t), 0]

T for 1 ≤ p ≤ N,

[0, φp−N(t)]T for N < p ≤ 2N,

whereN is the total number of one dimensional global LGL points for velocity or LG
points for pressure. Note that the total numbers of LGL nodes and LG nodes are
not same. For two dimensional function spaces, let [[Ps

N,h]] := Ps
N,h ⊗ Ps

N,h whose
basis functions are given by tensor products of one-dimensional piecewise Lagrange
polynomials. Then let [[Ps

N,h]] := [[Ps
N,h]] × [[Ps

N,h]]. For example, the function

UN,h = [uN,h,vN,h]
T ∈ [[Ps

N,h]] should be understood as uN,h(x, y),vN,h(x, y) ∈
[[Ps

N,h]]. With the notations φµ̃(x, y) := φµ(x)φν (y) (µ̃ = µ + N(ν − 1)), basis
functions of [[Ps

N,h]] are given by

Φµ̃(x, y) :=

{
[φµ̃(x, y), 0]

T
for 1 ≤ µ̃ ≤ N

2,[
0, φµ̃−N2(x, y)

]T
for N

2 < µ̃ ≤ 2N2,

where N
2 is the total number of two-dimensional global LGL(or LG) points.

Then the variational formulations on the discrete spaces corresponding to (2.16)
become as follows:

Algorithm 3.1(Discrete case)

Step 1. Find PN−2,h ∈ [[P1
N−2,h]]∩L2

0(Ω) satisfying B(PN−2,h,QN−2,h) = −(QN−2,h,

DxH
−1F1 +DyH

−1F2), for all QN−2,h ∈ [[P1
N−2,h]] ∩ L2

0(Ω).
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Step 2. Find Ui
N,h ∈ [[P0

N,h]] satisfying A(Ui
N,h,WN,h) = (Fi −DiPN−2,h,WN,h),

for all WN,h ∈ [[P0
N,h]] where i = 1, 2, D1 = Dx and D2 = Dy.

Now we are at a position to provide convergence analysis by following the stan-
dard techniques (see [6, 7] for example) which employ orthogonality properties of
two bilinear forms and the results of interpolation operators.

Theorem 3.2. Let P ∈ L2
0(Ω) ∩Hk−1(Ω) and Ui ∈ H1

0(Ω) ∩Hk(Ω) be the exact
solutions in Algorithm 2.3, where Hs(Ω) := Hs(Ω)×Hs(Ω) and Hs(Ω)(s is a pos-
itive integer) is the standard Sobolev space. Let PN−2,h ∈ [[P1

N−2,h]] ∩ L2
0(Ω) and

Ui
N,h ∈ [[P0

N,h]] be the spectral element solutions in Algorithm 3.1. Then it follows
that

(3.1) ‖P−PN−2,h‖ ≤ Ch(min{N−1,k−1})(N − 2)1−k‖P‖k−1

and

‖Ui −Ui
N,h‖1 ≤ C(h(min{N,k−1})N1−k‖Ui‖k

+ h(min{N−1,k−1})(N − 2)1−k‖P‖k−1),
(3.2)

where C is a positive constant independent of h and N .

Proof. Using the orthogonality and coercivity of the bilinear form B(·, ·), it follows
that for any QN−2,h ∈ [[PN−2,h]] ∩ L2

0(Ω)

‖P−PN−2,h‖ ≤ C inf
QN−2,h∈[[PN−2,h]]∩L2

0
(Ω)

‖P−QN−2,h‖,

where C is a positive constant only depending on ν, δ and Ω. Then, using the
approximation property of interpolation operator at LG nodes(see [6, 7]), we have

‖P−PN−2,h‖ ≤ Ch(min{N−1,k−1})(N − 2)1−k‖P‖k−1.

This completes (3.1). Now, we need to prove the error estimate for the velocity
part. First, note that

A(Ui −Ui
N,h,WN,h) = (Di(PN−2,h −P),WN,h) for all WN,h ∈ [[P0

N,h]].

Hence, for any WN,h ∈ [[P0
N,h]], we have

A(Ui
N,h − WN,h,U

i
N,h −WN,h)

= A(Ui −WN,h,U
i
N,h −WN,h) +A(Ui

N,h −Ui,U
i
N,h −WN,h)(3.3)

= A(Ui −WN,h,U
i
N,h −WN,h) + (Di(P−PN−2,h),U

i
N,h −WN,h).

Combining (3.3),(2.28) and Proposition 2.4, we have

C1‖Ui
N,h −WN,h‖1 ≤ C2‖Ui −WN,h‖1 + sup

VN,h∈[[P0

N,h
]]

|(Di(P−PN−2,h),VN,h)|
‖VN,h‖1

≤ C2‖Ui −WN,h‖1 + ‖P−PN−2,h‖.(3.4)
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Using (3.4), the triangular inequality, the approximation property of interpolation
operator at LGL nodes and (3.1), one may have

‖Ui −UN,h‖1 ≤ C inf
WN,h∈[[P0

N,h
]]
‖Ui −WN,h‖1 + ‖P−PN−2,h‖

≤ C(h(min{N,k−1})N1−k‖Ui‖k + h(min{N−1,k−1})(N − 2)1−k‖P‖k−1),

where C is a positive constant. This completes the prove. 2

4. Numerical experiments

The goal of this section is not only to provide numerical supports for Theorem
3.2 but also to apply Algorithm 3.1 to a model optimal control problem. The numer-
ical domain for experiments is the unit square Ω := [0, 1]× [0, 1]. The LGL and LG

points are used for velocity and pressure respectively. That is, let
{
Φµ(x, y)

}Mv

µ=1
be

the Lagrange polynomial basis using LGL points for velocity and let
{
Ψµ(x, y)

}Mp

µ=1

be the Lagrange polynomial basis using LG points for pressure.
The associated linear system corresponding to the bilinear form B(·, ·) for pres-

sure in Algorithm 3.1 can be expressed by

(4.1) B̂N2P = b,

where the matrix B̂N2 and the load vector b can be approximated by numerical
integration such that

B̂N2(i, j) = (H−1DxΨi,DxΨj)LG + (H−1DyΨi,DyΨj)LG,(4.2)

b(j) = (H−1F1,DxΨj)LG + (H−1F2,DyΨj)LG,(4.3)

respectively. Here, (·, ·)LG denotes LG- numerical integration for (·, ·) (see [6], [11]
for example). The associated linear system corresponding to the bilinear form A(·, ·)
for velocity in Algorithm 3.1 can be expressed by

(4.4) ĤN2Ui = di, i = 1, 2,

where the matrix ĤN2 and the load vector dk can be also approximated by LGL-
numerical integration

(4.5) ĤN2(i, j) = AN (Φi,Φj), dk(i) = (Fk −DkPN,h,Φj)LGL,

whereAN (·, ·) and (·, ·)LGL denote the numerical integrations using LGL-quadrature
for A(·, ·) and (·, ·) respectively (see [6], [11] for example). The numerical inte-
grations for velocity and pressure have been employing 16 points Gauss-Lobatto-
quadrature rule and 14 points Gauss-quadrature rule on each direction of subelemen-
t, respectively. All computations were performed by using the command x = A\b
in Matlab to solve linear systems.
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Table 1: Errors, convergence rates for different parameters ν, δ when N = 4.

(ν, δ) h Err1(N, h) Rate Err0(N, h) Rate

(10,1)

2−1 5.59e-002 - 4.71e-001 -
4−1 4.38e-003 3.67 2.30e-002 4.36
6−1 9.34e-004 3.81 5.26e-003 3.63
8−1 3.22e-004 3.71 1.95e-003 3.45
10−1 1.44e-004 3.60 9.30e-004 3.33

(1,1)

2−1 7.33e-002 - 6.81e-002 -
4−1 1.44e-002 2.35 1.25e-002 2.44
6−1 4.35e-003 2.95 3.69e-003 3.01
8−1 1.86e-003 2.96 1.55e-003 3.01
10−1 9.56e-004 2.97 7.93e-004 3.01

(1, 10−4)

2−1 3.25e-001 - 3.73e+000 -
4−1 1.03e-002 4.98 1.39e-001 4.74
6−1 3.02e-003 3.02 2.70e-002 4.04
8−1 1.30e-003 2.94 8.58e-003 3.99
10−1 6.70e-004 2.95 3.54e-003 3.96

For numerical tests, we will take the equation in [21] to show spectral conver-
gence of the approximate solutions by Algorithm 3.1. The other equation will be
used for addressing a control problem as an application of Algorithm 3.1.

Example 1. The first example is taken as in [21] with the given C∞ exact
solutions

u1 = v1 = sin2(πx) sin(πy) cos(πy),

u2 = v2 = − sin2(πy) sin(πx) cos(πx),

p = q = sin(2πx) sin(2πy),

so that the functions g and û are easily calculated, which are in fact

g = −ν∆u+∇p+
1

δ
v, û = u−

√
δ∇q + ν∆v.

In this example, we verify the spectral convergence by calculating the H1 errors
between the spectral element solution UN,h and the analytic solution U and the
L2− errors between the spectral element solution PN−2,h and the exact solution P.
For this, let

Err1(N, h) = ‖U−UN,h‖1 and Err0(N, h) := ‖P−PN−2,h‖.
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Table 2: Errors, convergence rates for different parameters ν, δ when N = 6.

(ν, δ) h Err1(N,h) Rate Err0(N,h) Rate

(10,1)

2−1 1.20e-003 - 8.79e-003 -
4−1 2.45e-005 5.61 1.37e-004 6.00
6−1 2.48e-006 5.65 1.54e-005 5.40
8−1 5.10e-007 5.50 3.39e-006 5.26
10−1 1.54e-007 5.37 1.07e-006 5.18

(1,1)

2−1 2.67e-003 - 1.85e-003 -
4−1 1.18e-004 4.51 9.76e-005 4.24
6−1 1.58e-005 4.95 1.28e-005 5.01
8−1 3.80e-006 4.97 3.03e-006 5.01
10−1 1.25e-006 4.98 9.89e-007 5.01

(1, 10−4)

2−1 2.00e-003 - 6.21e-002 -
4−1 8.16e-005 4.62 6.95e-004 6.48
6−1 1.11e-005 4.92 6.21e-005 5.96
8−1 2.67e-006 4.95 1.13e-005 5.94
10−1 8.81e-007 4.97 3.01e-006 5.91

In Tables 1-2, the errors Err1(N, h), Err0(N, h) and the convergence rate Rate
which is defined as

Rate :=
log((Erri(N, h1))/Erri(N, h2))

log(h1/h2)
, i = 0, 1

are demonstrated for h = 1
2 ,

1
4 ,

1
6 ,

1
8 ,

1
10 and N = 4, 6. The expected convergence

according to Theorem 3.2 is O(h3) and O(h5) for N = 4 and 6, respectively. The
numerical results in Tables 1-2 for two cases (ν = 10, δ = 1) and (ν = 1, δ = 1) are
exactly matched with the Theorem 3.2 as expected. But the numerical results for
pressure with (ν = 1, δ = 10−4) shows the convergence rate about 4 if N = 4 and 6
if N = 6, which are better results than expected in Theorem 3.2.

Figure 1 presents the convergence curves of the errors, Err1(N, h), Err0(N, h),
in logarithmic scales for error direction, for N = 4, 6, 8, 10, 12 and h = 1

2 ,
1
4 . The

results of Figure 1 reveal that both errors have an exponential growth which are
exactly matched with Theorem 3.2.

Example 2. This example is for applying the developed algorithm to a model
optimal control problem. The computations were done for two elements(h = 1

2 ) and
N = 12. The target velocity û(x, y) = (û1(x, y), û2(x, y)) is chosen as examples in
[15, 18] and g = 0, where

û1(x, y) =
d

dy
(g(x)g(y)), û2(x, y) = − d

dx
(g(x)g(y)),
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Figure 1: Errors for different parameters.

with g(t) = (1− cos(πt))(1 − t)2.
In Table 3, we report L2 errors between the spectral element solution uN,h

and the target velocity û and the L2− norms of the optimal control fN,h plus the
magnitude of the functional J(uN,h, fN,h) as δ varies from 1 to 10−6 for a given
viscosity ν = 1, 10−1 and 10−2. As expected, the L2− errors ‖uN,h − û‖ decreases
as δ decreases.

Hence, according to numerical demonstration, one may use the block LU fac-
torization to deal with a control problem in the sense of convergence.

5. Conclusion

In this article we consider the backward substitution algorithm to deal with the
coupled stokes equations by rearranging momentum equations and variables. The
direct LU factorization requires solving Helmholz equations for pressure variables
many times. This is one of disadvantages. To overcome disadvantages, one may
adopt the splitting approaches used in Navier-Stokes equations([1], [9], [12] and [19])
for the coupled stokes equations by the usage of the penalty parameter δ in (2.1) like
a role of time step in Navier-Stokes equations. This approach will be dealt with in
a coming paper. The convergence theorem of our algorithm is provided and several
numerical performances have been shown to justify the convergence theorem.
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Table 3: The values ‖uN,h − û‖, ‖fN,h‖ and cost functional J(uN,h, fN,h)
when E = 2, N = 12.

ν δ ‖uN,h − û‖ ‖fN,h‖ J(uN,h, fN,h)

100 1.27e-001 2.37e-003 8.12e-003
10−1 1.27e-001 3.36e-002 8.09e-003
10−2 1.23e-001 2.23e-001 7.85e-003

1 10−3 9.51e-002 1.75e+000 6.05e-003
10−4 3.14e-002 5.32e+000 1.91e-003
10−5 5.21e-003 6.98e+000 2.57e-004
10−6 9.02e-004 7.36e+000 2.75e-005

100 1.23e-001 2.29e-002 7.85e-003
10−1 9.51e-002 1.75e-001 6.05e-003
10−2 3.14e-002 5.32e-001 1.91e-003

10−1 10−3 5.21e-003 6.98e-001 2.57e-004
10−4 9.02e-004 7.36e-001 2.75e-005
10−5 1.90e-004 7.47e-001 2.81e-006
10−6 4.64e-005 7.52e-001 2.84e-007

100 3.14e-002 5.32e-002 1.91e-003
10−1 5.21e-003 6.98e-002 2.57e-004
10−2 9.02e-004 7.36e-002 2.75e-005

10−2 10−3 1.90e-004 7.47e-002 2.81e-006
10−4 4.64e-005 7.52e-002 2.84e-007
10−5 7.67e-006 7.55e-002 2.86e-008
10−6 8.30e-007 7.56e-002 2.86e-009
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