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CONSTRUCTING PAIRING-FRIENDLY CURVES WITH
VARIABLE CM DISCRIMINANT
Hyang-Sook Lee and Cheol-Min Park
Abstract. A new algorithm is proposed for the construction of BrezingWeng-like elliptic curves such that polynomials defining the CM discriminant are linear. Using this construction, new families of curves with
variable discriminants and embedding degrees of k ∈ {8, 16, 20, 24}, which
were not covered by Freeman, Scott, and Teske [9], are presented. Our result is useful for constructing elliptic curves with larger and more flexible
discriminants.

1. Introduction
Over the past few years, a great deal of attention has been focused on pairingbased cryptography. Since 2000, a number of new and novel protocols based on
pairings have been proposed such as one-round tripartite key agreement [12],
identity-based encryption [4], short digital signature [5] and identity-based key
exchange [15] etc. For a practical realization of these protocols, pairings must
be implemented eﬃciently.
For eﬃcient pairing computation over elliptic curves, the curves should have
large prime order subgroups and embedding degrees should be small enough so
that computations in finite fields are feasible. However, the size of finite fields
must be large enough so that discrete log problems in finite fields are hard to
compute for security purposes. We call such curves pairing friendly.
One such useful pairing-friendly curves are supersingular elliptic curves with
distortion maps. However, these have small embedding degrees limited up to
6 and only a small number of curves exist. Another possible pairing friendly
curves are ordinary elliptic curves with a greater choice of embedding degrees.
Since these curves are rare according to a study by Balasubramanian and
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Koblitz [2], it is necessary to develop appropriate algorithms to construct suitable pairing-friendly curves. Many algorithms have been proposed to construct
pairing-friendly ordinary elliptic curves. One general method is the Brezing
and Weng method [7], which generates polynomial families of curves by using a
defining polynomial r(x) of a cyclotomic field or its extension field. Usually, the
defining polynomial of cyclotomic field Q(ζk ) for a primitive kth root of unity
ζk is the kth cyclotomic polynomial Φk (x). But if we use an irreducible factor
of Φk (u(x)) for some u(x) ∈ Q[x], we can obtain a diﬀerent defining polynomial
of the cyclotomic field Q(ζk ) or its extension field. Using this idea, Galbraith,
Mckee and Valenca [10] demonstrated the existence of ordinary abelian varieties of dimension 2 having small embedding degrees. Building on this work,
Barreto and Naehrig [3], and Freeman [8] constructed pairing-friendly elliptic
curves of prime order. If we choose an irreducible factor r(x) of Φk (u(x)) such
that the degree of r(x) is φ(k), r(x) will define the same cyclotomic field Q(ζk ).
But in some cyclotomic fields, a careful choice of r(x) can produce a pairingfriendly curve with better ρ-value than curves constructed from Φk (x), where
ρ = deg q(x)/ deg r(x). Working from this idea, Kachisa, Schaefer and Scott
[13] developed a method for constructing pairing-friendly elliptic curves with
better ρ-values.
In [8], Freeman observed that, if 4q(x) − t(x)2 is square-free and has degree
larger than 2, the equation Dy 2 = 4q(x) − t(x)2 has finitely many integer
solutions (x, y) by Siegel’s theorem [16], where q(x), t(x) are the polynomials
parameterizing the finite field size and the elliptic curve trace, respectively.
Therefore, it is a natural approach to consider the algorithm to find q(x), t(x)
which provide pairing-friendly curves such that 4q(x) − t(x)2 is not square-free
or has a degree less than 3.
We are interested in the case of pairing-friendly curves with the CM equation of degree 1. To construct these curves, we find a necessary and suﬃcient
condition of pairing-friendly curves with the CM equation of degree 1 (Proposition 3.1 and Proposition 3.2). The key idea to find this condition is that the
problem becomes more manageable when they are suitably recast in terms of
the root of r(x), where r(x) is the polynomial defining the order of elliptic curve
group. By the condition of degree 1, we can predetermine the form of the root
of r(x) in the cyclotomic field Q(ζk ) to construct curves with the CM equation
of degree 1. From this condition and some calculations, we can classify all
of the cases such that q(x), r(x), t(x) represent a family of elliptic curves and
4q(x)−t(x)2 has a degree of 1 (Theorem 3.6). However, there are some cases in
Theorem 3.6 that we cannot find such curves. To cover these cases, we consider
the CM discriminant with square part. By finding the condition to have CM
discriminant of the form xf (x)2 , we can construct more pairing-friendly curves.
Our method is useful for constructing elliptic curves with larger and more
flexible discriminants. In the method proposed in this paper, since CM discriminants are not fixed but parameterized by the variable x, we can obtain various
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and larger discriminants by a suitable x. Moreover, by making proper substitutions in discriminant polynomials, it is possible to construct pairing-friendly
elliptic curves with predetermined discriminants. Note that the method to find
pairing-friendly curves with variable discriminants is also proposed in [9]. However, there are some cases which are not covered by that paper (See Table 5 in
[9]). We fill the gaps by providing method and examples.
The paper is organized as follows: Section 2 reviews the basic definitions
related to pairing-friendly curves and methods involved in the construction of
the curves. Section 3 presents the complete classification of pairing-friendly
elliptic curves with the CM equation of degree 1. We propose a method that
provides a more general form of discriminants and an algorithm and examples
of the method in Section 4. Section 5 concludes.
2. Pairing-friendly elliptic curves
In this section, we briefly review the definitions and methods involved in the
construction of pairing-friendly curves. The background of this section is based
on the comprehensive summary of the known constructions of pairing-friendly
elliptic curves in [9].
Let E be an elliptic curve defined over a prime finite field Fq . Let r be a large
prime factor of #E(Fq ), and let k be the smallest integer such that r|(q k − 1);
such a k is called the embedding degree with respect to r. A pairing-friendly
curve is formally defined as follows [9].
Definition 2.1. We say that E is pairing-friendly if the following two conditions hold:
√
(1) there is a prime r ≥ q dividing #E(Fq ), and
(2) the embedding degree of E with respect to r is less than log2 (r)/8.
There are a number of methods for constructing pairing-friendly elliptic
curves with the prescribed embedding degree k. These methods all have the
following essential steps:
(1) Look for suitable values of the parameters, including embedding degree k; the cardinality of the finite field q; the trace of the Frobenius
endomorphism of the curve t; the prime order of the subgroup r.
(2) Use the Complex Multiplication(CM) method to find the equation of
the curve [1].
Like Proposition 2.4 in [9], if we assume k ∤ r, the definition of embedding
degree k with respect to r is equivalent to
Φk (q) ≡ 0

(mod r),

where Φk (x) is the kth cyclotomic polynomial. Since r is a factor of #E(Fq ) =
q + 1 − t, it is also equivalent to
Φk (t − 1) ≡ 0 (mod r).
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For Step (2), we need an additional parameter, the CM discriminant which
is defined as the square-free part D of the nonnegative integer 4q − t2 . For
practical reasons, D must be less than 1013 by the recent work of Sutherland
[17].
Brezing and Weng constructed a family of pairing-friendly curves using polynomials to represent the parameters q, t and r. To describe this method, we
first need the following definitions.
Definition 2.2 ([9]). Let f (x) be a polynomial with rational coeﬃcients. We
say f represent primes if the following conditions are satisfied:
(1) f (x) is non-constant.
(2) f (x) has a positive leading coeﬃcient.
(3) f (x) is irreducible.
(4) f (x) ∈ Z for some x ∈ Z.
(5) gcd{f (x)| x, f (x) ∈ Z} = 1.
Definition 2.3 ([9]). Let t(x), r(x), q(x) be polynomials with rational coeﬃcients.
For a given positive integer k and a positive square-free integer D, the triple
(t, r, q) represents a family of elliptic curves with embedding degree k and discriminant D if the following conditions are satisfied:
(1) q(x) = p(x)d where d ≥ 1 and where p(x) represents primes.
(2) r(x) = c · re(x), where re(x) represents primes and c ∈ N is a constant.
(3) q(x) = h(x)r(x) − 1 + t(x) for some h(x) ∈ Q[x].
(4) r(x) divides Φk (t(x) − 1), where Φk is the kth cyclotomic polynomial.
(5) The equation Dy 2 = 4q(x) − t(x)2 has infinitely many integer solutions
(x, y).
The equation in condition (5) is called the CM equation. Note that since
q(x) + 1 − t(x) = h(x)r(x), the CM equation is equivalent to
Dy 2 = f (x) = 4h(x)r(x) − (t(x) − 2)2 .
If c and h(x) are equal to 1 in conditions (2) and (3), respectively, the elliptic
curve group has prime order. This is the ideal case for security and eﬃciency.
The ρ-value that represents how close a given family of curves is to the ideal
curve is defined as follow:
Definition 2.4 ([9]). Let t(x), r(x), q(x) ∈ Q[x], and suppose that (t(x), r(x),
q(x)) represents a family of elliptic curves with embedding degree k. The ρvalue of the family represented by (t(x), r(x), q(x)) is:
ρ = lim

x→∞

log(q(x))
deg q(x)
=
.
log(r(x))
deg r(x)

The Brezing-Weng method [7, 9] is summarized below as Algorithm 1.
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Algorithm 1 The Brezing-Weng method
INPUT: embedding degree k, CM discriminant D.
OUTPUT: t(x), r(x), q(x)
√
1: Choose a number field K containing −D and a primitive kth root of unity
ζk .
2: Find an irreducible polynomial r(x) ∈ Z[x] such that Q[x]/(r(x)) ∼
= K.
3: Let t(x) ∈ Q[x] be a polynomial mapping to ζk + 1 ∈ K.
√
4: Let y(x) ∈ Q[x] be a polynomial mapping to (ζk − 1)/ −D ∈ K.
5: Let q(x) = (t(x)2 + Dy(x)2 )/4. If q(x) and r(x) represent primes,
6: then output t(x), r(x), q(x).

3. New families of pairing-friendly curves with the CM equation of
degree 1
Throughout the paper, we denote by ζk the primitive kth root of unity for
k ≥ 3.
Proposition 3.1. Suppose (q(x), r(x), t(x)) represents a family of elliptic curve
with embedding degree k and d(x) = 4q(x) − t(x)2 has degree 1. Then r(x) has
a root θ such that θ = a1 (ζkl − 1)2 + a0 , where a0 , a1 are some rational numbers,
a1 is nonzero and l ∈ (Z/kZ)∗ .
Proof. Since q(x) = r(x)·h(x)+t(x)−1, we have d(x) = 4r(x)·h(x)−(t(x)−2)2 .
Let θ be a root of r(x) and d(x) = b0 + b1 x ∈ Q[x]. Note that r(x) is a factor of
Φk (t(x) − 1). Hence Φk (t(θ) − 1) = 0 and t(θ) = ζkl + 1 for some l ∈ (Z/kZ)∗ .
We have b0 + b1 θ = d(θ) = −(ζkl − 1)2 . If we set a0 = −b0 /b1 and a1 = −1/b1 ,
this finishes the proof.
□
By the above proposition, if we want to construct a pairing-friendly elliptic
curve such that d(x) = 4q(x) − t(x)2 is linear, we only have to consider r(x)
that has the root θ = a1 (ζkl − 1)2 + a0 . Note that r(x) is irreducible over Q
and θ = σl (a1 (ζk − 1)2 + a0 ) for σl ∈ AutQ Q(ζk ). Therefore, it is enough to
consider the case of l = 1. In the following proposition, we propose a method
to construct a family of pairing-friendly elliptic curves with embedding degree
k from θ = a1 (ζk − 1)2 + a0 .
Proposition 3.2. Let θ = a1 (ζk − 1)2 + a0 , where a0 , a1 are some rational
numbers and a1 is nonzero. Fix a positive integer k and the kth cyclotomic
field Q(ζk ). Execute the following steps.
(1) Find an irreducible (but not necessarily monic) polynomial r(x) ∈ Z[x]
such that r(θ) = 0.
(2) Let t(x) ∈ Q[x] be a polynomial mapping to ζk + 1 in Q(ζk ).
(3) Let d(x) = − a11 x + aa01 ∈ Q[x].
(4) Let q(x) ∈ Q[x] be given by (t(x)2 + d(x))/4.
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Suppose q(x) and r(x) represent primes and t(x) ∈ Z for some x ∈ Z. Then
(t(x), r(x), q(x)) represents a family of elliptic curves with embedding degree k
such that d(x) = 4q(x) − t(x)2 is linear.
Proof. First, we show that the kth cyclotomic field Q(ζk ) is isomorphic to
Q[x]/(r(x)). Consider the Galois group of Q(ζk ) over Q, AutQ Q(ζk ). Then
σi (ζk ) = ζki for σi ∈ AutQ Q(ζk ) and i ∈ (Z/kZ)∗ by Theorem 8.1 in [11]. Since
θ = a1 (ζk − 1)2 + a0 and (σi (ζk ) − 1)2 ̸= (σj (ζk ) − 1)2 for i ̸= j ∈ (Z/kZ)∗ , we
have σi (θ) ̸= σj (θ). Thus r(x) must have at least φ(k) roots and Q(ζk ) is equal
to Q(θ) which is isomorphic to Q[x]/(r(x)). Then, it is enough to show that
(q(x), r(x), t(x)) satisfies the conditions (3) and (4) in Definition 2.3. By Step
2, r(x) divides Φk (t(x) − 1), where Φk is the kth cyclotomic polynomial. Note
that x ∈ Q[x] is a polynomial mapping to a1 (ζk − 1)2 + a0 in Q(ζk ) because
θ = a1 (ζk − 1)2 + a0 is the root of r(x). Hence x is equal to a1 (t(x) − 2)2 + a0
in Q[x]/(r(x)). Let x be a1 (t(x) − 2)2 + a0 + h(x)r(x) for some h(x) ∈ Q[x].
Then, we have
a0
1
q(x) = (t(x)2 + d(x))/4 = (t(x)2 − x + )/4
a1
a1
1
a0
= (t(x)2 − {a1 (t(x) − 2)2 + a0 + h(x)r(x)} + )/4
a1
a1
h(x)
r(x))/4
= (t(x)2 − (t(x) − 2)2 −
a1
g
= t(x) − 1 + h(x)r(x),
g = − h(x) .
where h(x)
4a1

□

Remark 3.3. Changing a0 , a1 in the condition of Proposition 3.1 dose not aﬀect
the construction of a new pairing-friendly curves such that d(x) = 4q(x)−t(x)2
is linear: θ and θ′ obtained by changing a0 , a1 in the condition of Proposition
3.1 must have the following relation:
θ′ = b1 θ + b0 for b0 , b1 (̸= 0) ∈ Q.
Therefore, changing a0 , a1 corresponds to applying an aﬃne change of variable
to the polynomials (q(x), r(x), t(x)) does not produce anything new.
3.1. Searching for families of curves with 3 ≤ k ≤ 50 such that
4q(x) − t(x)2 is linear
We searched for families of pairing-friendly curves with 3 ≤ k ≤ 50 using
Algorithm 2. For any embedding degree k, Algorithm 2 outputs a potential
family of elliptic curves with the CM equation of degree 1. But the problem
is whether q(x) in Step 6 is an integer-valued polynomial or not. Since Dy 2 =
4q(x) − t(x)2 must have integral solution (x, y) and q(x), t(x) from Algorithm
2 have the relation 4q(x) − t(x)2 = x, it is enough to consider the evaluation of
q(x) at integers x. If q(x) from Step 5 in Algorithm 2 is not an integer for every
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Algorithm 2
INPUT: embedding degree k, primitive kth root of unity ζk .
OUTPUT: q(x), r(x), t(x) with embedding degree k such that
4q(x) − t(x)2 = x.
1: θ ← −(ζk − 1)2 .
2: Find an irreducible (but not necessarily monic) polynomial r(x) ∈ Z[x]
such that r(θ) = 0.
3: Let t(x) ∈ Q[x] be a polynomial mapping to ζk + 1 in Q(ζk ).
4: Let d(x) = x ∈ Q[x].
5: q(x) ← (t(x)2 + d(x))/4.
6: If q(x) and r(x) represent primes,
7: then output t(x), r(x), q(x).
integer x, then q1 (x) obtained by applying any aﬃne change of variable over
Q to q(x) also cannot represent families of elliptic curves. In this case, there
exist no polynomials (q(x), r(x), t(x)) representing families of elliptic curves
with embedding degree k and the CM equation of degree 1.
The following lemma based on the Chinese Remainder Theorem reduces the
complexity to find an integer x such that q(x) is an integer.
Lemma 3.4. Let f (x) = ab · g(x) for
∏nsome a, b ∈ Z and g(x) ∈ Z[x] where
gcd(a, b) = 1. Let b be factorized as i=1 pei i for some prime pi and positive
integer ei . Then f (x0 ) ∈ Z for some x0 ∈ Z if and only if there exist some
xi ∈ Z with 0 ≤ xi < pei i such that g(xi ) ≡ 0 mod pei i for each pei i .
Remark 3.5. (1) Since q(x) has a positive leading coeﬃcient, so does q1 (x).
(2) In Step 4, if pei i is small, it is eﬃcient to find xi such that q1 (xi ) ≡
0 mod pei i by the evaluation of q1 (x) at x for 0 ≤ x < pei i . However, in case of
a large number pei i , finding the root xi of q1 (x) in a finite field Fpi and then
computing q1 (xi ) mod pei i may be more eﬃcient.
Theorem 3.6. Let K = {i ∈ Z|3 ≤ i ≤ 50}\{3, 4, 6, 8, 10, 12, 15, 16, 24, 30, 32,
39, 40, 48}. Then there exist polynomials (q(x), r(x), t(x)) representing family
of elliptic curves with embedding degree k and the CM equation of degree 1 for
k ∈ K.
Proof. In case of k = 10, q(x) is reducible. In case of k ∈ {3, 4, 6, 8, 12, 15, 16, 24,
30, 32, 39, 40, 48}, q(x) has no integer value. In all other cases, we can obtain
(q(x), r(x), t(x)) from Algorithm 2 and Algorithm 3.
□
Example 3.1 ([14]). k = 5
r = x4 − 3x3 + 4x2 − 12x + 41
q = (x6 + 2x5 + 39x4 + 78x3 + 401x2 + 3785x − 5650)/12100
t = (x3 + x2 + 19x + 20)/55
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ρ = 1.5.
When x ≡ −3 mod 220, t(x) represents integers, q(x) and re(x) = r(x)/275
represent primes. For x0 = 220 · 103905194262 − 3, we find a 252-bit prime
q(x0 ), a 169-bit prime re(x0 ) and a 9-digit discriminant D.
Other examples can be found in [14].
Algorithm 3
INPUT: q(x), r(x), t(x) from Algorithm 2.
OUTPUT: q(x), r(x), t(x) such that 4q(x) − t(x)2 = ax + b for some integer a, b.
1: Let q(x) be ab 1 · q1 (x) for a1 , b1 ∈ N and q1 (x) ∈ Z[x] where gcd(a1 , b1 ) = 1.
1
2: if q(x) is irreducible and a1 = 1, then
∏
ei
3:
let b1 be factorized as n
i=1 pi for some prime pi and positive integer ei .
4:
find the smallest xi ∈ Z in 0 ≤ xi < pei i such that q1 (xi ) ≡ 0 mod pei i for each
1 ≤ i ≤ n.
5:
if there exist xi for all 1 ≤ i ≤ n, then
6:
let x0 be ∏
the solution of CRT such that x0 ≡ xi mod pei i for 1 ≤ i ≤ n.
ei
7:
let m be n
i=1 pi .
8:
find the smallest factor l of m, such that q(lx + x1 ) ∈ Z[x] where x1 ≡
x0 mod l.
9:
let r(lx + x1 ) = ee
r(x), where e is a constant and re(x) represent primes,
10:
output q(lx + x1 ), re(x), t(lx + x1 ).
11:
else
12:
output “There exist no polynomials”
13:
end if
14: else
15:
output “There exist no polynomials”
16: end if

4. New families of pairing-friendly curves with the CM
discriminant of xf (x)2
By Theorem 3.6, we cannot find polynomials (q(x), r(x), t(x)) representing
family of elliptic curves with embedding degree k and the CM equation of
degree 1 for some k such as k = 8, 16, 24. In this section, we will show that
these examples can be found if we consider the discriminant of the form xf (x)2 .
For this purpose, Proposition 3.2 can be modified as follows.
Proposition 4.1. Let ζℓ be the primitive ℓth root of unity, where ℓ is some
multiple of k. Suppose α is a non-zero element of Q(ζℓ ) such that Q(θ) is equal
to Q(ζℓ ) where θ = −( ζkα−1 )2 . Fix a positive integer k and execute the following
steps.
(1) Find an irreducible (but not necessarily monic) polynomial r(x) ∈ Z[x]
such that r(θ) = 0 and Q[x]/(r(x)) ∼
= Q(ζℓ ).
(2) Let x ∈ Q[x] be a polynomial mapping to −( ζkα−1 )2 in Q(ζℓ ).
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(3) Let t(x) ∈ Q[x] be a polynomial mapping to ζk + 1 in Q(ζℓ ).
(4) Let f (x) ∈ Q[x] be a polynomial mapping to α in Q(ζℓ ).
(5) Let q(x) ∈ Q[x] be given by (t(x)2 + xf (x)2 )/4.
Suppose q(x) and r(x) represent primes and t(x) ∈ Z for some x ∈ Z. Then
(t(x), r(x), q(x)) represents a family of elliptic curves with embedding degree k
such that 4q(x) − t(x)2 = xf (x)2 .
Proof. We show that (q(x), r(x), t(x)) satisfies the condition (3) in Definition
2.3. By Step (2), Step (3) and Step (4), x is equal to −((t(x) − 2)/f (x))2 in
Q[x]/(r(x)). Let xf (x)2 be −(t(x) − 2)2 + h(x)r(x) for some h(x) ∈ Q[x]. Then
we have
q(x) = (t(x)2 + xf (x)2 )/4
= (t(x)2 − (t(x) − 2)2 + h(x)r(x))/4
g
= t(x) − 1 + h(x)r(x),
g = − h(x) . The remaining parts of the proof are the same as those
where h(x)
4a1
of Proposition 3.1.
□
Remark 4.2. (1) If α = 1 and ℓ = k, then Proposition 4.1 is the same as
Proposition 3.1.
(2) Note that ℓ can be a multiple of k. By selecting α in Q(ζℓ ), it is possible
for Q(θ) to be equal to Q(ζℓ ). This is a big diﬀerence from Proposition 3.1.
(3) As in Remark 3.3, a family of curves with the CM equation 4q1 (x) −
t1 (x)2 = (ax+b)f1 (x)2 can be constructed via applying aﬃne change of variable
to q(x), r(x), t(x) such that 4q(x) − t(x)2 = xf (x)2 .
(4) Let α be a nonzero element of Q(ζℓ ). Then Q(−( ζkα−1 )2 ) is equal to
)−1
Q(ζℓ ) if and only if ± σiα(α) ̸= σiζ(ζkk−1
for all σi ∈ AutQ Q(ζℓ ).
4.1. Examples
In Algorithm 4, it is diﬃcult to predetermine θ for producing good results.
For a suitable selection of θ, we performed an exhaustive search through all
coeﬃcients between −3 and 3 that will appear in the representation of α or
φ(k)−1
(ζk − 1)/α by the basis {1, ζk , . . . , ζk
} of Q(ζk ). In the search, we chose θ
that gave the minimal diﬀerence between the first x0 and the second x1 such
that q(xi ) is an integer for xi ∈ N. But we cannot conclude that these are the
best results.
Example 4.1. k = 8
α = 2ζk3 − ζk2 − ζk + 2
r = x4 + 34x2 + 1
q = (49x7 +51x6 +3349x5 +3415x4 +57559x3 +57109x2 +11187x+49)/2304
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Algorithm 4
INPUT: embedding degree k, primitive kth(ℓth) root of unity ζk (ζℓ ) for some
multiple ℓ of k.
OUTPUT: t(x), r(x), q(x)
1: Repeat
2: Choose a random nonzero element α ∈ Q(ζℓ ).
σ (ζ )−1
σ (α)
3: Until ± iα ̸= iζ k−1 for all σi ∈ AutQ Q(ζℓ ).
k
4: θ ← −((ζk − 1)/α)2 .
5: Find an irreducible (but not necessarily monic) polynomial r(x) ∈ Z[x]
such that r(θ) = 0 and Q[x]/(r(x)) ∼
= Q(ζℓ ).
ζ −1
6: Let x ∈ Q[x] be a polynomial mapping to −( kα )2 in Q(ζℓ ).
7: Let t(x) ∈ Q[x] be a polynomial mapping to ζk + 1 in Q(ζℓ ).
8: Let f (x) ∈ Q[x] be a polynomial mapping to α in Q(ζℓ ).
9: q(x) ← (t(x)2 + xf (x)2 )/4.
10: If q(x) is irreducible and q(x0 ), t(x0 ) are integers for some x0 ∈ Z,
11: then output t(x), r(x), q(x).
t = (3x3 − x2 + 99x + 7)/24
ρ = 1.75.
When x ≡ c mod 12, where c = 7, 11, t(x) represents integers, q(x) and re(x) =
r(x)/62 represent primes.
Example 4.2. k = 16
α = ζk4 − 2ζk3 + 2ζk2 − ζk
r = x8 + 332x6 + 678x4 + 76x2 + 1
q = (117310561x15 + 39039455x14 + 77892835753x13 + 25919226855x12
+ 13088598379413x11 + 4354049399243x10 + 52676581062573x9
+ 17249623655107x8 + 59240325856323x7 + 18576763413053x6
+ 11456416399483x5 + 2590174825717x4 + 621744760071x3
+ 91546735321x2 + 4130262255x + 113569)/928055296
t = (−1673x7 − 131x6 − 555345x5 − 43523x4 − 1104075x3
− 99081x2 − 63931x − 337)/15232
ρ = 1.875.
When x ≡ c mod 22 ·17·7, where c = 67, 87, 115, 123, 151, 171, 291, 319, 339, 375,
395, 423, q(x), t(x) represents integers, q(x) and re(x) represent primes, where
{
r(x)/(26 · 72 · 17) c = 67, 115, 123, 171, 319, 339, 375, 395,
re(x) =
r(x)/(26 · 72 · 172 ) c = 87, 151, 291, 423.
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Example 4.3. k = 20
α = −ζk4 + ζk3 − ζk2
r = x8 + 716x6 + 486x4 + 76x2 + 1
q = (1879641x15 + 1012474x14 + 2691199323x13 + 1449408872x12
+ 964796804001x11 + 519385215086x10 + 1079147931643x9
+ 471940038900x8 + 374562480771x7 + 136911017622x6
+ 35030676649x5 + 16607083680x4 − 2271180669x3 + 1912901570x2
− 322130687x + 129367876)/110166016
t = (−13x7 + 93x6 − 9337x5 + 66581x4 − 27071x3
+ 40183x2 − 7131x + 5687)/2624
ρ = 1.875.
When x ≡ c mod 2 · 41, where c = 31, 33, 39, 43, 49, 51, t(x) represents integers,
q(x) and re(x) represent primes, where
{
r(x)/(28 · 412 )
re(x) =
r(x)/(28 · 41)

c = 31, 51,
c = 33, 39, 43, 49.

Example 4.4. k = 24
α = 2ζk7 − 2ζk6 − 2ζk5 + 2ζk3 + 2ζk2 − ζk − 1
r = 50625x8 − 48600x7 + 129564x6 − 39528x5 + 4870x4 + 13592x3
+ 2460x2 − 88x + 1
q = (27542461768326562500x15 − 47364507274264734375x14
+ 156013061114551421250x13 − 145508290162914512925x12
+ 192756685714928626176x11 − 56558367114155802783x10
+ 779529793203441558x9 + 33827583641994995427x8
+ 2059501742335105972x7 − 1557154304712471869x6
+ 2114008998248547438x5 + 1156974973788911617x4
+ 196711255882533064x3 + 10082489228030595x2
− 32616400227974x + 54012084025)/4261681299456
t = (1720794375x7 − 1633079475x6 + 4393526499x5 − 1303164351x4
+ 171245365x3 + 455207175x2 + 90977697x − 232405)/1032192
ρ = 1.875.
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When x ≡ c mod 22 · 3 · 7, where c = 31, 43, 55, t(x) represents integers, q(x)
and re(x) represent primes, where
{
r(x)/(216 · 32 · 72 ) c = 31, 43,
re(x) =
r(x)/(216 · 32 )
c = 55.
We also found (q(x), r(x), t(x)) representing a family of pairing-friendly
curves with embedding degree k ∈ {32, 40, 48} such that 4q(x)−t(x)2 = xf (x)2 .
These curves had ρ = 31/16. We chose α = −ζk6 , ζk10 , ζk for k = 32, 40, 48,
respectively. However, q(x) ∈ Z[x] had a large coeﬃcient. For example, q(1)’s
values were a 2654, 2664, 2764 bits numbers for k = 32, 40, 48, respectively.
4.2. A variable discriminant
To construct curves using the CM method, we need the CM discriminant
D, which must be less than approximately 1013 for practical reasons. We can
obtain D from the square-free part of the CM equation. There is an another
approach to obtain a proper CM discriminant D. Since the curves from the
proposed method have the CM discriminant d(x) = ax+b ignoring square part,
2
we choose some D and make the substitution x 7→ Dxa −b in (q(x), r(x), t(x)).
Then, the discriminant become d(x) = Dx2 . In this approach, the selection
of D is restricted: Given a, b ∈ Z, D must be chosen such that the following
equation has a solution.
Dx2 ≡ b mod a.
Let x0 be the solution of the above equation. Then we apply the substitution,
2
0 ) −b
, to (q(x), r(x), t(x)).
x 7→ D(ax+x
a
Algorithm 5
INPUT: Embedding degree k.
OUTPUT: t(x), r(x), q(x) ∈ Z[x] such that 4q(x) − t(x)2 = Df (x)2 for some
D ∈ Z and f (x) ∈ Z[x].
1: q(x), r(x), t(x) ← Algorithm 2 or Algorithm 4.
2: q1 (x), r1 (x), t1 (x) ← Algorithm 3(q(x), r(x), t(x)).
3: Let 4q1 (x) − t1 (x)2 = (ax + b)f (x)2 .
4: Find D, x0 ∈ Z such that Dx20 ≡ b mod a.
D(ax+x0 )2 −b
5: Let s(x) be
.
a
6: Let q2 (x) = q1 (s(x)), r2 (x) = r1 (s(x)), t2 (x) = t1 (s(x)).
7: If q2 (x), re2 (x) represent prime, where r2 (x) = ere2 (x) for some constant e,
8: then output q2 (x), re2 (x), t2 (x).
After this substitution, if q(x) represents prime, then (q, r, t) represents a
family of pairing-friendly curves with the discriminant D.
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5. Conclusion
A family of pairing-friendly curves with the CM equation of degree 1 is
completely classified, and families of curves with embedding degree 3 ≤ k ≤
50 are presented. A new algorithm that can be used to construct a family
of pairing-friendly curves with the CM discriminant of xf (x)2 is proposed.
Using this algorithm, new families of curves with variable discriminants and
embedding degree k ∈ {8, 16, 20, 24} have been presented.
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