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COMMENTS ON DING’S EXAMPLES OF FC-SPACES AND

RELATED MATTERS

Sehie Park

Abstract. Recently Ding [4, 5, 8] gives examples of his FC-spaces which

are not L-spaces due to Ben-El-Mechaiekh et al. [1]. We show that they
are actually L-spaces. We also clarify that all statements in [5] can be
stated in corrected and generalized forms for the class of abstract convex
spaces beyond FC-spaces.

1. Introduction

In a sequence of more than a dozen papers, X. P. Ding introduced the so-
called FC-spaces and claimed that his spaces contain the classes of L-spaces
and G-convex spaces. In our previous works [14, 19] and a number of other pa-
pers, it is shown that Ding’s FC-spaces are L-spaces due to Ben-El-Mechaiekh
et al. [1] and hence G-convex spaces, on the contrary to Ding’s claim; see
the references of [19]. Ding’s misconception is mainly based on his incautious
reading of [1] where its authors did not claim that their L-spaces (which are
misquoted as L-convex spaces in Ding’s papers) generalize G-convex spaces.
Ding’s misconception appeared too many papers of his own and of many fol-
lowers, and this was already clarified in [14, 19] and some subsequent papers.
Recently, Ding gave false examples of FC-spaces which are not L-spaces as [4,
Example 1.1], [5, Examples 2.1 and 2.2], and [8, Example 2.1]. Even in 2009,
such misconceptions have appeared successively in other papers of Ding [6, 7]
and his followers [2, 3]. Our first aim in the present paper is to destroy such
misconceptions.

Moreover, in [5], Ding deals with the so-called generalized R-KKM maps on
FC-spaces, which are very particular to KKM -maps on abstract convex spaces
due to the present author [15-18]. By using an R-KKM type theorem in FC-
spaces, Ding [5] proves some minimax inequalities involving two bifunctions
with noncompact and nonconvex domains in FC-spaces. As applications, he
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obtained some Fan-Browder type fixed point theorems for expansive multimaps
with noncompact and nonconvex domains and ranges in general topological
spaces. Moreover, in [5], in order to state utmost generally, its author adopts
terminology like compactly open (or closed) sets, compactly open neighborhood,
transfer lower semicontinuous functions, transfer compactly open (or closed)
sets, and transfer compactly lower semicontinuous maps. It is already well-
known that, by replacing the original topology by its compactly generated
extension, we can easily eliminate the “compactly” concepts throughout [5]
and a large number of other papers; see [12].

Recall that a multimap F : X ⊸ Y from a set X to a topological space
Y has transfer closed values whenever

∩
x∈X G(x) =

∩
x∈X G(x); and transfer

open values whenever
∪

x∈X G(x) =
∪

x∈X IntG(x). Therefore, the use of the
transfer terminology is not much general than one expects, and we can obtain
the “transfer” version easily from the ordinary statements if necessary; see [12].
Consequently, statements adopting transfer open (or closed) sets are equivalent
to corresponding statements adopting mere open (or closed) sets.

In the present paper, we show that Ding’s examples of FC-spaces in [5, 8]
are actually L-spaces due to Ben-El-Mechaiekh et al. [1]. We also clarify that
all statements in [5] can be stated in corrected and generalized forms for the
class of abstract convex spaces beyond FC-spaces.

2. Preliminaries

Multimaps are also called simply maps. Let ⟨D⟩ denote the set of all
nonempty finite subsets of a set D. Recall the following in [15-18, 21]:

Definition. An abstract convex space (E,D; Γ) consists of a topological space
E, a nonempty set D, and a multimap Γ : ⟨D⟩ → 2E with nonempty values
ΓA := Γ(A) for A ∈ ⟨D⟩.

For any D′ ⊂ D, the Γ-convex hull of D′ is denoted and defined by

coΓD
′ :=

∪
{ΓA | A ∈ ⟨D′⟩} ⊂ E.

A subset X of E is called a Γ-convex subset of (E,D; Γ) relative to D′ if for
any N ∈ ⟨D′⟩, we have ΓN ⊂ X, that is, coΓD

′ ⊂ X. Then (X,D′; Γ|⟨D′⟩) is
called a Γ-convex subspace of (E,D; Γ).

When D ⊂ E, the space is denoted by (E ⊃ D; Γ). In such case, a subset X
of E is said to be Γ-convex if coΓ(X ∩D) ⊂ X; in other words, X is Γ-convex
relative to D′ := X ∩D. In case E = D, let (E; Γ) := (E,E; Γ).

Example. There are plenty of examples of abstract convex spaces; see [15-18,
21]. Here we need only two subclasses:

(1) A generalized convex space or a G-convex space (X,D; Γ) due to Park
is an abstract convex space such that for each A ∈ ⟨D⟩ with the cardinality
|A| = n + 1, there exists a continuous function ϕA : ∆n → Γ(A) such that
J ∈ ⟨A⟩ implies ϕA(∆J) ⊂ Γ(J).
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Here, ∆n is the standard n-simplex with vertices {ei}ni=0, ∆J its face corre-
sponding to J ∈ ⟨A⟩; that is, if A = {a0, a1, . . . , an} and J = {ai0 , ai1 , . . . , aik}
⊂ A, then ∆J = co{ei0 , ei1 , . . . , eik}.

A G-convex space (X; Γ) is called an L-space by Ben-El-Mechaiekh et al.
[1].

(2) A ϕA-space (X,D; {ϕA}A∈⟨D⟩) consists of a topological space X, a non-
empty set D, and a family of continuous functions ϕA : ∆n → X (that is,
singular n-simplexes) for A ∈ ⟨D⟩ with |A| = n + 1. Every ϕA-space can be
made into a G-convex space; see [14,19]. The so-called FC-spaces (X; {φA})
defined by Ding are particular type of ϕA-spaces for the case X = D. Later,
ϕA-spaces are called GFC-spaces in [11].

We have the following:

Theorem 1. Any FC-space (X; {φA}) can be made into an L-space (X; Γ).

Proof. This can be done at least in three ways.
(1) For each A ∈ ⟨X⟩, by putting ΓA := X, we obtain a trivial L-space

(X; Γ).
(2) Let {Γα}α be the family of maps Γα : ⟨X⟩ → 2X giving an L-space

(X; Γα). Note that, by (1), this family is not empty. Then, for each α and each
A ∈ ⟨X⟩ with |A| = n + 1, we have

φA(∆n) ⊂ Γα
A and φA(∆J) ⊂ Γα

J for J ⊂ A.

Let Γ :=
∩

α Γα, that is, ΓA =
∩

α Γα
A. Then

φA(∆n) ⊂ ΓA and φA(∆J ) ⊂ ΓJ for J ⊂ A.

Therefore, (X; Γ) is an L-space.
(3) Let N ∈ ⟨X⟩ with |N | = n + 1. For each M ∈ ⟨X⟩ with N ⊂ M ,

M = {a0, . . . , am} and N = {ai0 , . . . , ain}, there exists a subset φM (∆M
n ) of

X such that ∆M
n := co{eij | j = 0, . . . , n} ⊂ ∆m. Now let

ΓN = Γ(N) :=
∪

M⊃N

φM (∆M
n ).

Then Γ : ⟨X⟩ → 2X is well-defined and (X; Γ) becomes an L-space: In fact, for
each A ∈ ⟨X⟩ with |A| = n+1, there exists a continuous map φA : ∆n → Γ(A)
such that J ∈ ⟨A⟩ implies φA(∆J) ⊂ Γ(J). □

3. Ding’s examples

In many of his previous works and even in 2009 [5-8], Ding repeatedly stated
that his class of FC-spaces includes that of G-convex spaces among others. One
wonders how could a pair (X; {φA}) generalize a triple (X,D; Γ). In [4, 5, 8],
he also gives several fake examples of FC-spaces which are not L-spaces. In
fact, he merely shows that given φN (∆n) can not be Γ(N) in L-spaces and fails
to show no existence of L-structure in given spaces.

He stated repeatedly as follows, for example, in [6]:
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“By comparing the definitions, it is easy to see that any convex subset of
a topological vector space, any H-space introduced by Horvath, any G-convex
space introduced by Park and Kim, and any L-convex spaces introduced by
Ben-El-Mechaiekh et al. [1] are all FC-space. Some examples of FC-spaces
which are not L-convex spaces have been given by the Example 1.1 of Ding
[4] and Examples 2.1 and 2.2 of Ding [5]. Hence, it is quite reasonable and
valuable to study various nonlinear problems in FC-spaces.”

This statement is incorrect by the following reasons:

(1) Recall that the G-convex space (X,D; Γ) is originated from the original
KKM theorem and the celebrated Ky Fan lemma from the beginning, where
X ̸= D. The case X = D is not applicable to them and this is the most serious
defect of L-spaces or FC-spaces since they are inadequate for the KKM theory.

(2) By defining Γ(N) = X for all N ∈ ⟨X⟩, Ding’s FC-space becomes
trivially an L-space, and hence a G-convex space.

(3) We gave already at least two more proofs showing that any FC-space
can be made into an L-space; see Theorem 1.

(4) In Ding’s new examples, he has to show that any Γ does not work, not
a particular one. Moreover, his Γ is not well chosen. There exists a suitable Γ
(even not the one in Case (1) of Theorem 1) such that his claim is false. See
below:

Example 2.1 ([5]). Let X1 and X2 be two nonempty convex subsets of a
topological vector space X with clX1∩ clX2 = ∅ and g : X2 → X1 be a
single-valued mapping. Then E = X1 ∪ X2 is not convex. For each N =
{x0, . . . , xn} ∈ ⟨E⟩, define a mapping φN : ∆n → 2X by

φN (α) =



n∑
i=0

αixi if N ⊂ X1 or N ⊂ X2;

j∑
i=0

αixi +

n∑
i=j+1

αig(xi) if N = N1 ∪N2

for all α = (α0, . . . , αn) ∈ ∆n where N1 = {x0, . . . , xj} ⊂ X1, N2 = {xj+1, . . .,
xn} ⊂ X2. It is easy to see that φN is continuous and hence (E,φN ) is an
FC-space.

If we define a set-valued mapping Γ : ⟨E⟩ → 2E by

Γ(N) = φN (∆n), ∀N = {x0, . . . , xn} ∈ ⟨E⟩,

then we have that for each N = {x0, . . . , xn} ∈ ⟨E⟩, φN (∆n) ⊂ Γ(N). But
if N = N1 ∪ N2 where N1 = {x0, . . . , xj} ⊂ X1 and N2 = {xj+1, . . . , xn} ⊂
X2, then we have Γ(N2) = φN2(∆J) ⊂ X2 and φN (∆J) ⊂ X1, where ∆J =
co{ek | k = j + 1, . . . , n}. Hence we have φN (∆J ) ̸⊂ Γ(N2). Hence (E,Γ) is not
an L-convex space. □
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Comments. In this example, Ding showed that (E,φN ) is an FC-space, and
(E,Γ) with the particular Γ(N) = φN (∆n) is not an L-space. Yes, this partic-
ular Γ does not work. But he should show that any Γ does not work.

In fact, if we define a multimap Γ : ⟨E⟩ → 2E by

Γ(N) =

{
φN (∆n) ∪X1 if N ⊂ X1 or N ⊂ X2;

φN (∆n) if N = N1 ∪N2,

where N1 = {x0, . . . , xj} ⊂ X1, N2 = {xj+1, . . . , xn} ⊂ X2, then it is easily
checked that φN (∆n) ⊂ Γ(N) and φN (∆J) ⊂ Γ(J) for any J ⊂ N. Therefore
(X,Γ) becomes an L-space.

Example 2.2 ([5]). Let (X, ∥ · ∥) be a strictly convex and reflexive Banach
space and X1 is a nonempty closed convex subset of X and X2 be a nonempty
convex subset of X with X1∩X2 = ∅. Then E = X1∪X2 is not convex. For each
N = {x0, . . . , xn} ∈ ⟨E⟩, define a mapping φN : ∆n → 2X as in Example 2.1
where g : X2 → X1 is replaced by the metric project mapping PX1 : X2 → X1.
Then (E,φN ) is an FC-space which is not an L-convex space. □
Comments. Similarly to the preceding comments, Ding’s claim is wrong.

Example 2.1 ([8]). Let X = (1, 2) ∪ (3,+∞) with usual topology. Define a
mapping φN : ∆n → 2X as follows: for each N = {x0, . . . , xn} ∈ ⟨X⟩ and for
each α = (α0, . . . , αn) ∈ ∆n,

φN (α) =



n∑
i=0

αixi if N ⊂ (1, 2);

3
n∑

i=0

αixi if N ̸⊂ (1, 2).

It is clear that φN is continuous and hence (X,φN ) is an FC-space.
If we define a set-valued mapping Γ : ⟨X⟩ → 2X by

Γ(N) = φN (∆n), ∀N = {x0, . . . , xn} ∈ ⟨X⟩,
then we have that for each N = {x0, . . . , xn} ∈ ⟨X⟩, φN (∆n) ⊂ Γ(N). But
if N = N1 ∪ N2 where N1 ⊂ (1, 2) with |N1| = J + 1, J < n and N2 ⊂
(3,+∞), then we have Γ(N1) = φN1(∆J) ⊂ (1, 2) and φN (∆J ) ⊂ (3,+∞), i.e.,
φN (∆J) ̸⊂ Γ(N1). Hence (X,Γ) is not an L-convex space. □
Comments. In this example, Ding defines

φN (∆n) =

{
[minN, maxN ] if N ⊂ (1, 2);

[3 minN, 3 maxN ] if N ̸⊂ (1, 2).

In [8], he defines Γ(N) = φN (∆n) and shows that (X,Γ) is not an L-space.
This particular Γ does not work. But he should show that any Γ does not work.

We already mentioned that, by letting Γ1(N) := X, then (X,Γ1) becomes
an L-space.
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We have another Γ which makes (X,Γ) an L-space. Define

Γ2(N) = φN (∆n) ∪ [3 minN, 3 maxN ] if N ⊂ (1, 2);

= φN (∆n) if N ̸⊂ (1, 2).

Then it is clear that φN (∆n) ⊂ Γ2(N) and φN (∆J) ⊂ Γ2(J) for any J ⊂ N.
Therefore (X,Γ2) is an L-space.

Remarks. 1. An example similar to the preceding one is also given by Ding
and Fang [10, Example 2.1]. In [9], Ding still repeats his incorrect claims.

2. All results in [5] are mere generalizations or modifications of known
ones to FC-spaces and seem to be artificial. The author often claims that his
results generalize other works. This is doubtful since FC-spaces are L-spaces
and hence, have no proper example.

Moreover, Ding’s use of “compactly” open [closed] sets does not generalize
anything and is not practical. In fact, by replacing the original topology by its
compactly generated extension, they become mere open [closed] sets. Recall
that Ding misguided many naive readers or his followers for a long period by
using compact closure ccl or compact interior cint, without giving any proper
example (Recently he seems to be not using ccl and cint; see [5-8]. But some
naive followers are still using them; see [2]).

4. KKM theorems

In order to discuss the contents of [5], we need the following:

Definition. Let (E,D; Γ) be an abstract convex space. If a map G : D → 2E

satisfies

ΓA ⊂ G(A) :=
∪
y∈A

G(y) for all A ∈ ⟨D⟩,

then G is called a KKM map.

Example ([5, Definition 2.3]). Let X be a nonempty set and Y a topological
space. A multimap G : X → 2Y is called a generalized R-KKM mapping if for
any A = {x0, x1, . . . , xn} ∈ ⟨X⟩ there exists a continuous map φA : ∆n → Y
such that for each {xi0 , xi1 , . . . , xik} ⊂ A, we have

φA(∆k) ⊂
k∪

j=1

G(xij ),

where ∆k = co {ei0 , ei1 , . . . , eik}.

Let us point out that G is a simply KKM map on an abstract convex space
(Y,X; Γ), where ΓA := φA(∆n). For more details, see [20].

Definition. The partial KKM principle for an abstract convex space (E,D; Γ)
is the statement that, for any closed-valued KKM map G : D ⊸ E, the family
{G(y)}y∈D has the finite intersection property. The KKM principle is the
statement that the same property also holds for any open-valued KKM map.
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An abstract convex space is called a KKM space if it satisfies the KKM
principle.

In our recent works [15-18, 21], we studied the elements or foundations of the
KKM theory on abstract convex spaces and noticed there that many important
results therein are related to the partial KKM principle.

Example. We give only three examples of KKM spaces:

(1) Every G-convex space is a KKM space.

(2) A connected linearly ordered space (X,≤) can be made into a KKM
space.

(3) The extended long line L∗ is a KKM space (L∗, D; Γ) with the ordinal
space D := [0,Ω]. But L∗ is not a G-convex space.

Moreover, from the partial KKM principle we have a whole intersection
property of the Fan type as follows:

Theorem 2. Generalized partial KKM principle. Let (E,D; Γ) be an
abstract convex space satisfying the partial KKM principle and G : D ⊸ E a
map such that

(1) G is closed-valued;
(2) G is a KKM map (that is, ΓA ⊂ G(A) for all A ∈ ⟨D⟩); and
(3) there exists a nonempty compact subset K of E such that one of the

following holds:
(i) K = E;
(ii) K =

∩
{G(z) | z ∈ M} for some M ∈ ⟨D⟩; or

(iii) for each N ∈ ⟨D⟩, there exists a compact Γ-convex subset LN of E
relative to some D′ ⊂ D such that N ⊂ D′ and

LN ∩
∩

z∈D′

G(z) ⊂ K.

Then K ∩
∩
{G(z) | z ∈ D} ̸= ∅.

Proof. Case (i): In this case every G(y) is compact. Hence Case (i) reduces to
(ii).

Case (ii): Since {G(z) | z ∈ D} has the finite intersection property, so does
{K ∩G(z) | z ∈ D} in the compact set K. Hence it has the whole intersection
property.

Case (iii): Suppose that K ∩
∩
{G(z) | z ∈ D} = ∅; that is, K ⊂

∪
{X \

G(z) | z ∈ N} for some N ∈ ⟨D⟩. Let LN be the compact Γ-convex subset of E
in (iii). Define G′ : D′ ⊸ LN by G′(z) := G(z)∩LN for z ∈ D′. Then A ∈ ⟨D′⟩
implies Γ′

A := ΓA∩LN ⊂ G(A)∩LN = G′(A) by (2); and hence G′ : D′ ⊸ LN

is a KKM map on (LN , D′; Γ′) with closed values. Since (X,D; Γ) satisfies
the partial KKM principle, so does (LN , D′; Γ′); see [15, Lemma 2]. Hence,
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{G′(z) | z ∈ D′} has the finite intersection property. Since LN is compact, and∩
{G′(z) | z ∈ D′} ̸= ∅ by Case (i). For any

y ∈
∩

z∈D′

{G′(z)} ⊂ LN ∩
∩

z∈D′

G(z) ⊂ K,

we have y ∈ K by (iii). However, since y ∈ K ⊂
∪
{X \G(z) | z ∈ N}, we have

y /∈ G(z) for some z ∈ N ⊂ D′. This contradicts y ∈
∩
{G′(z) | z ∈ D′}.

Therefore, we must have K ∩
∩
{G(z) | z ∈ D} ̸= ∅. □

Theorem 2 appears in [21] and somewhere else, but we give its proof for
completeness. Recall that conditions (i)-(iii) in Theorem 2 are usually called
the compactness conditions or the coercivity conditions.

From Theorem 2, we can deduce an equivalent form of [17, Theorem 8.2]:

Corollary 2.1. Let (X,D; Γ) be an abstract convex space satisfying the partial
KKM principle, and G : D ⊸ X a map such that

(1)
∩

z∈D G(z) =
∩

z∈D G(z) [that is, G is transfer closed-valued ];

(2) G is a KKM map; and
(3) there exists a nonempty compact subset K of X such that one of the

following holds:
(i) K = X;

(ii)
∩
{G(z) | z ∈ M} ⊂ K for some M ∈ ⟨D⟩; or

(iii) for each N ∈ ⟨D⟩, there exists a compact Γ-convex subset LN of X
relative to some D′ ⊂ D such that N ⊂ D′ and

LN ∩
∩

{G(z) | z ∈ D′} ⊂ K.

Then K ∩
∩
{G(z) | z ∈ D} ̸= ∅.

Actually, Corollary 2.1 is equivalent to Theorem 2:

Proof. (Theorem 2 ⇒ Corollary 2.1) By putting G(z) instead of G(z) in The-
orem 2 for all z ∈ D, all of the requirements of Theorem 2 are satisfied. Then,
by Theorem 2, K ∩

∩
{G(z) | z ∈ D} ≠ ∅. Since G is transfer closed-valued by

(1), we have the conclusion of Corollary 2.1.

(Corollary 2.1 ⇒ Theorem 2) Conversely, since G(z) = G(z) for all z ∈ D
in Theorem 2, all of the requirements of Corollary 2.1 are satisfied. Hence
Theorem 2 holds. □

Remarks. 1. From Theorem 2, we can deduce several equivalent formulations
for abstract convex spaces satisfying the partial KKM principle as in [17].

2. In view of this equivalency, we do not need to think about the ‘transfer’
case. In fact, in Corollary 2.1, transfer closed sets can be replaced by closed
sets. In this paper, we use only the closed-valued version and this will not loose
any generality.



COMMENTS ON DING’S EXAMPLES OF FC-SPACES AND RELATED MATTERS 145

Corollary 2.2 ([5, Theorem 3.1]). Let X be a nonempty subset of an FC-space
(E,φN ), Y be an FC-subspace of E with X ⊂ Y and f, g : X × Y → R such
that

(i) f(x, y) ≤ g(x, y) for all (x, y) ∈ X × Y,
(ii) for each N = {x0, . . . , xn} ∈ ⟨X⟩, each {xi0 , . . . , xik} ⊂ N and each

y ∈ φ(∆k), there exists j ∈ {0, . . . , k} such that g(xij , y) ≤ 0,
(iii) there exists a nonempty compact subset K of Y such that for each N ∈

⟨X⟩, there exists a compact FC-space LN of Y containing N satisfying

LN \K ⊂
∪

x∈X∩LN

intY {y ∈ Y | g(x, y) > 0}.

Then
∩

x∈X clY {y ∈ Y | f(x, y) ≤ 0} ∩K ̸= ∅.
In addition, assume that
(iv) if {y ∈ Y | f(x, y) ≤ 0} is closed for each x ∈ X.

Then there exists ŷ ∈ K such that f(x, ŷ) ≤ 0 for all x ∈ X.

Proof. For each N ∈ ⟨X⟩, let ΓN = φn(∆n) with φN : ∆n → Y . Then
(Y ⊃ X; Γ) is a KKM space since it is a ϕA-space. Let G(x) = clY {y ∈
Y | g(x, y) ≤ 0}. By (ii), for each N ∈ ⟨X⟩ and J ⊂ N , we have

φN (∆J ) ⊂
∪
x∈J

{y ∈ Y | g(x, y) ≤ 0} ⊂ G(J).

Hence G : X ⊸ Y is a closed-valued KKM map.
Let D′ = X ∩ LN . Then, by (iii), we have

LN ∩
∩

x∈D′

clY {y ∈ Y | g(x, y) ≤ 0} = LN ∩
∩

x∈D′

G(x) ⊂ K.

Therefore, by our KKM Theorem 2, we have K ∩
∩

x∈X G(x) ̸= ∅. Since

G(x) = clY {y ∈ Y | g(x, y) ≤ 0} ⊂ clY {y ∈ Y | g(x, y) ≤ 0},
we have the first conclusion.

Further, if (iv) holds, from the first conclusion, we have

ŷ ∈ K ∩
∩
x∈X

{y ∈ Y | f(x, y) ≤ 0} ̸= ∅.

This implies the second conclusion. □

Remarks. 1. In [5, Theorem 3.1], instead of condition (iv), the following is
assumed:

(iv)′ f(x, y) is transfer compactly lower semicontinuous.

This kind of requirement aims to seek utmost generality, but, is artificial, im-
practical, and useless. In fact, ‘transfer’ can be removed in view of the equiv-
alency of Theorem 2 and Corollary 2.1; and ‘compactly’ can be destroyed by
replacing the original topology of Y by its compactly generated extension.
Therefore, (iv)′ simply tells nothing more than the following:
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(iv)′′ f(x, y) is lower semicontinuous.

In short, it is extremely difficult to give a concrete example of a function
satisfying (iv)′ but not (iv)′′.

2. Ding added a corollary [5, Corollary 3.1], noted that W lodarczyk and
Klim [22, Propositions 4.1 and 4.2] follow from Corollary 2.2, and that [22,
Propositions 4.3-4.5] can be also generalized.

3. In [5], from Corollary 2.2 [5, Theorem 3.1], Ding obtained two fixed point
theorems [5, Theorems 4.1 and 4.2] on FC-spaces.

5. Fixed points of expansive multimaps on not necessarily
convex or compact sets

In this section, we begin new versions of results of Section 2 of [13, 22], and
generalize [5, Theorem 4.3]:

Theorem 3. Let C be a nonempty subset of an abstract convex space (E; Γ),
F,G : C ⊸ E, and K a Γ-convex KKM subspace of (E; Γ). Assume that the
following conditions hold:

(1) for each x ∈ C, G(x) ⊂ F (x);
(2) C ⊂ K ⊂ G(C);
(3) for each x ∈ C, G(x) is open [resp., closed ] in F (C);
(4) G(C) =

∪n
i=1 G(ci) for some c1, c2, . . . , cn ∈ C;

(5) for each y ∈ K, F−(y) is Γ-convex.
Then there exists u ∈ C such that u ∈ F (u).

Proof. Let D := {c1, c2, . . . , cn} ⊂ C. Then (K ⊃ D; Γ|⟨D⟩) is a KKM space.
Let T : D ⊸ K be a map defined by T (ci) = K\G(ci) for each i. Then
T has closed [resp., open] values. Moreover,

∩n
i=1 T (ci) = K\

∪n
i=1 G(ci) ⊂

G(C)\
∪n

i=1 G(ci) = ∅. Therefore, by the KKM Theorem 2, T can not be a
KKM map. Hence, coΓN ̸⊂ T (N) for some N ⊂ D, that is, there exists a
u ∈ coΓN ⊂ K such that u ̸∈ T (cj) = K\G(cj) for each cj ∈ N . Therefore
u ∈ G(cj) ∩ K or cj ∈ G−(u) ⊂ F−(u) for each cj ∈ N ⊂ C. Since F−(u)
is Γ-convex in C, we have u ∈ coΓN ⊂ F−(u). Therefore, u ∈ F (u). This
completes our proof. □
Remarks. 1. Note that [22, Theorem 2.1] is a particular form of the ‘open’
version of Theorem 3 with the additional requirement that (a) E is Hausdorff,
(b) F (C) is a compact subset of E, and (c) F−(y) is nonempty. The authors
of [22] adopted the partition of unity argument.

2. [13, Theorem 3.1] is the case of Theorem 3 for a t.v.s. E, a convex subset
K of E, and F = G. Similarly, other results in [13] can be generalized.

3. [5, Theorem 4.3] is the case of Theorem 3 where (1) (K,φN ) is an FC-
space, (2) G is transfer compactly open-valued, and (3) G(X) is a compact
subset of E. Note that our proof is different from that of [5, Theorem 4.3],
where G(X) should be Hausdorff. Ding used to miss this while he was using
the partition of unity argument.
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4. From Theorem 3, as in [5], we can obtain generalized forms of [5, Corol-
laries 4.1-4.3] (which generalize results of [22]) and [5, Theorem 4.4].
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