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반무한 전기 쌍극자층에 의한 정전계 해석과 앙페르 법칙에 자계와 
커패시터의 누설 전계간의 이중성 유사 관계

Electrostatic field of the semi-infinite electric dipole layer as (a) dual analogy to the 
Ampere’s law (b) capacitor’s fringing field 
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Abstract  - The similarity, analogy and equivalence between the phenomenon due to electric and magnetic dipoles have 

been discussed in the open literature for different situations. Here we are presenting the numerical proof of the trajectory 

of leakage electric field due to a semi-infinite electric dipole layer in the external periphery and the electric field in the 

space between oppositely charged surfaces. The result is also valid for the fringing electric field of a parallel plate 

capacitor. The result is also proved to be a dual of Ampère’s law in the electrostatics due to a semi-infinite electric 

dipole layer.
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Ⅰ. Introduction 

In teaching the first course in electromagnetic theory, 

the electric field due to the electric dipole is presented in 

the section of electrostatics and the magnetic field due to 

magnetic dipole composed of loop current is presented in 

the section of magneto statics [1-7]. After these 

presentations it is customary for text books in 

electromagnetism to discuss the similarity between the 

above two field configurations [3, 4]. The fringing electric 

field of a parallel plate capacitor is reported very 

commonly in the electromagnetic textbooks [1-7].  This 

fringing electric field follows a circular trajectory. 

Experimental proof of this physical phenomenon has been 

reported in [7]. However the mathematical evidence of 

this problem has not been well described in the open 

literature. 

In this paper we are presenting the numerical 

procedure for deriving a relationship for the leakage or 

fringing electric field due to a semi-infinite electric dipole 

layer. The derived results are in agreement with the 

experimental verification of the problem stated in [7]. The 

derived relationship of external electric field is then 

proved to be a dual of Ampere’s law in electrostatics for 

this given configuration. The formulation is a working 

hand to develop the conceptual understanding about the 

duality among the electrostatics and magnetostatics 

phenomenon. Another aspect of this work is to 

understand the concept of magnetic dipole. These electric 

and magnetic dipole models are not only used as 

conceptual tools for understanding “the polarization” and 

“the magnetization” respectively in the dielectric and 

magnetic materials, but also it is extended to the duality 

between electromagnetic fields due to the short (Hertzian) 

dipole antenna [8] and the small loop (magnetic dipole) 

antenna [8]. 

Along with the fringing or leakage electric field due to 

semi-infinite electric dipole layer, the well-known 

relationship of electrostatic field exists between the 

oppositely charged surfaces is confirmed for the given 

configuration by using the complex integral method which 

is not reported in the open literature.

Ⅱ. Electric Field Due to Semi-infinite 

Electric Dipole Layer

1. Electric Field outside the Electric Dipole Layer

Now we are going to deal with the electrostatic fields 

due to semi-infinite electric dipole layer as shown in Fig. 

1. This problem can be taken as an approximate one for 
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calculating the fringing or leakage field of a charged 

parallel plate capacitor who’s upper and lower plates are 

closely spaced. In Fig. 1, the upper and lower plates 

and   extend over the semi-infinite region for which 

∞′≤  and ∞ ≤∞. The upper and lower 
plates are separated by a small gap   along   axis with 

  axis passes through the center of the separation   as 

shown in Fig. 1. The separation between the plates is 

fixed, so each point on upper and lower plate has a   

coordinate   and -  respectively. The surface charge 

densities ±  represent charge per unit area on the 

respective surfaces. Our purpose is to find the leakage 

electric field due to these surface charge densities. 

However for developing a solution procedure to achieve 

the goal we first develop a general solution of this case 

for a pair of line charges. For the given case of Fig. 1, 

the line charge density   can be given as 

±  ±′  where ′  has been assumed as a unit 
differential width of a line carries a charge density ± . 

The semi-infinite surface charge densities are composed 

of infinite number of unit differential strips of width ′  
along negative -axis. So the electric field   at an 

observation point P() of Fig. 1 due to such a pair of 

line charges is obtained to be 

  
 

′






′
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  ′  



   ′ 



   and   

             (2)

Fig. 1 Geometry under consideration in which the 

separation between   and 

Here   and 
  are the unit vectors along the   and 

  axis respectively. Substituting equation (2) to modify 

the equation (1), we get the following result such as
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As the separation   between the oppositely charged 

surfaces   and   is very small so the terms containing 

square and higher powers of   are neglected in the above 

equation, i.e., 
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(7)

Using binomial expansion in equation (7) and by 

neglecting the square and higher powers of , equation 

(7) becomes:
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After neglecting the term containing the square and 

higher powers of , the above equation can be reduced 

as

 

′  ′   
  ′   ′   

    ′     (9)

and equation (9) becomes

 

′ 
′  

′      (10)

where ′  . Equation (10) represents the 
electric field at the external point P() due to unit 

differential line charge pair ±  ±′ . The electric 
field   due to the semi-infinite electric dipole layer of 

Fig. 1 is obtained by integrating equation (10) under the 

limit ∞′≤.

 

 
 ′∞
 ′ 


′  

 ′ ′   (11)

The integration under the defined limits can be 

performed by changing the variable of integration, i.e. 

′ tan . Then,
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After manipulating the above equation, it can be 

simplified into following equation.

 

 
  cossin   

  tan 




The final expression for electric field after solving the 

above equation is given as

 

 
  

              (12)
  

                                   (13)

where 
 


  
            (14)

Mathematically the expression of equation (13) 

represents a circular trajectory in a clockwise direction 

from positive surface charge density to negative surface 

charge density in the outer vicinity. It is exactly the 

same result which has been described as an experimental 

result in [6, 7]. The unit vector in equation (13) clearly 

describes that the only vector component involved in the 

fringing electric field is the φ component which is 

responsible of the circular trajectory of the leakage 

electric field of semi-infinite electric dipole layer in the 

outer vicinity. Important thing to notice here is that the 

circular trajectory which this fringing electric field 

follows is the same as trajectory of the magnetic field 

which is established around an infinitely long current 

carrying conductor.

2. Electric Field inside the Electric Dipole Layer

The electric field at any point P() which lies in the 

space between the two semi-infinitely long oppositely 

charged surface densities which constitutes the 

semi-infinite electric dipole layer under discussion is the 

same as it appears in electromagnetic text books under 

the topic of electric field between capacitor plates or 

electric field between oppositely charged surface densities. 

It is given as

  

        (15)

Here   is the unit vector in the direction of the 

electric field   which is directed from positively charged 

surface density to the negatively charged surface density 

in the finite space between them. The expression of 

equation (15) is usually obtained by integrating the 

electric field   at the inside observation point  P() 

due to oppositely charged surface densities by integrating 

the variable of integration from ∞  to ∞. However for 

the present structure which extends from ∞  to 0 the 

limits of the integration are different from conventional 

case. This can be derived by using the Cauchy Integral 

formula. Also for this problem where the observation 

point is located inside the electric dipole layer, the 

expressions for   and 
  are the same as used in 

equation (1). So the electric field   at an observation 

point P(x, y) inside the dipole layer as shown in Fig. 1 

is expressed as
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To solve this equation we need to perform the complex 

substitution. For this purpose we will treat the electric 

field   as a function in the complex plane E and take 

the   and   components of vector   as the real and 

imaginary components of complex plane function E 

respectively. The modified form of equation (16) when the 

electric field is a complex plane function E is given as
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By using the complex substitution and considering the 

symmetry of the structure the equation (17) can be 

modified as follows:
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By applying the Cauchy integral formula the equation 

(18) can be simplified as 

  

  

 


     (19)

The electric field found in the finite space between the 

semi-infinite electric dipole layer is found to be the same 

as it appears in the electromagnetics text books for the 

parallel surface charge densities. The derivation of 

equation (19) by using Cauchy Principle Value is given in 

Appendix A.

Ⅲ. Results and Discussion

After deriving the relationships of leakage electric field 

in the outside as well as inside region of the 

semi-infinite electric dipole layer as given by equations 

(13) and (19) respectively we will now prove the equation 

(13) as a dual of Ampere’s Law in electrostatic due to 

electric dipole layer of Fig. 1. According to [9] an electric 

dipole pair with y directed electric dipole moment   is 

equivalent to a small magnetic loop of area   and 

magnetic current   provided that

         (20)

Above equation can be reduced to the form

         (21)

As we are dealing here with electric surface charge 

densities so equation (21) can be reduced to

          (22)

Equation (22) is a valuable expression in the sense 

that it establishes a relationship between the surface 

charge density   and the constant magnetic loop current 

. Hence it directly provides the electric field due to 

magnetic loop current   in the outside vicinity by 

substituting equation (22) in equation (13) i.e.,

 

           (23)

The relationship deduced in equation (23) represents 

the electric field due to constant magnetic loop current 

. According to Ampere’s law the magnetic field 

around a long straight current carrying conductor is 

given as

 
  

         (24)

Here   represents the electric current flowing through 

the conductor. By using duality and replacing the electric 

current   by magnetic current , the resultant electric 

field is same as given by equation (23). 

 

            (25)

In equation (25)   represents the same magnetic 

current as   which is described in equation (23). 

Equation (25) very clearly explains that the dual 

relationship of Ampere’s law for current carrying 

conductor can be established by replacing the electric 

current element by the equivalent magnetic current 

element. For limiting case when →  the semi-infinite 

electric dipole layer reduces to a semi-infinite sheet of 

magnetic dipole. The semi–infinite sheet of magnetic 

dipole is composed of infinitesimally small electric current 
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loops. The adjacent electric current loops at   < 0 cancel 
the effect of each other. The electric current only remains 

at   = 0 as an infinity long current carrying conductor 

whose magnetic field can be given by the Ampere’s law. 

On the basis of duality equation (25) can rightly be 

called the dual of Ampere’s law for the geometry shown 

in Fig. 1. 

Ⅳ. Conclusion

Numerical verification of the already experimentally 

verified results of electrostatic field of semi-infinite 

electric dipole layer as a model for the fringing electric 

field of a capacitor was derived. It was mathematically 

proved that the leakage electrostatic field of a 

semi-infinite electric dipole layer follows a circular 

trajectory. An analogy exists between the semi-infinite 

electric dipole layer and semi-infinite sheet of magnetic 

dipole which is composed of small loops of constant 

electric currents on the basis of the similarity of their 

external effects. Hence it is interesting to point out that 

mathematically the electric field due to semi-infinite 

electric dipole layer is similar to the magnetic field by a 

semi-infinite magnetic dipole layer.

Appendix

The detail derivation of electric field inside the 

semi-infinite dipole layer by replacing the variable of 

integration ′  with the complex variable   and involving 
the Cauchy integral formula to solve this is explained in 

this appendix. The complex substitution is as follows:

  

′ ′
 and ′  ′












          (A1)

Using (A1) in equation (18) and considering the 

electric field   as a complex plane function   then the 

result can be written as:
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        (A2)

Simplification of equation (A2) results in the form of 

equation (18) which will now be solved by using Cauchy 

integral theorem which is given as, 


∞

∞




 

Using the above given relationship, the final solution is

  



    (A3)

The equation (A3) shows clearly that only the 

imaginary component of complex function   remains 

nonzero in this derivation. This is exactly the same result 

as described by equation (17) which we want to derive. 

Finally the imaginary component of complex plane 

function   is converted back into the y component of 

vector function   and the result is given in equation 

(19).
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