
Bull. Korean Math. Soc. 50 (2013), No. 1, pp. 185–200
http://dx.doi.org/10.4134/BKMS.2013.50.1.185

WEIGHTED COMPOSITION OPERATORS

BETWEEN H
∞ AND BMOA

Flavia Colonna

Dedicated to John Conway for his retirement

Abstract. We study the bounded and the compact weighted composi-
tion operators from the Hardy space H∞ into BMOA and into VMOA,
from BMOA into H∞, as well as from BMOA into the Bloch space. We
also provide new boundedness and compactness criteria for the weighted
composition operators on BMOA and on VMOA.

1. Introduction

Let X and Y be Banach spaces of analytic functions on a domain Ω in C, ψ
analytic on Ω and ϕ an analytic self-map of Ω such that ψ(f ◦ ϕ) ∈ Y for each
f ∈ X . The weighted composition operator with symbols ψ and ϕ from X to Y
is the operator Wψ,ϕ defined by

Wψ,ϕf =MψCϕf = ψ(f ◦ ϕ) for f ∈ X,

where Mψ and Cϕ denote the multiplication and the composition operators.
In recent years, a considerable interest in the study of the weighted com-

position operators has emerged. The motivation has been primarily because
such operators arise naturally in the study of the isometries of many functional
Banach spaces.

The space BMOA is the space of functions f on the open unit disk D in the
Hardy space H2 such that

‖f‖∗ = sup
a∈D

‖f ◦ La − f(a)‖H2
<∞,

where La(z) =
a−z
1−az for z ∈ D and, for g ∈ Hp,

‖g‖pHp = sup
0<r<1

∫

∂D

|g(reiθ)|p dm(θ),
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having denoted bym the normalized Lebesgue measure on ∂D = {ζ ∈ C : |ζ| =
1}. The correspondence f 7→ ‖f‖∗ is a seminorm and ‖f‖BMOA = |f(0)|+‖f‖∗
yields a Banach space structure on BMOA.

The Bloch space is the space B consisting of the analytic functions f on D

such that ‖f‖β = supz∈D
(1 − |z|2)|f ′(z)| < ∞. The Bloch space is a Banach

space under the Bloch norm ‖f‖B = |f(0)| + ‖f‖β. The Hardy space H∞

is properly contained in BMOA, which is in turn a proper subset of B. In
fact, ‖f‖B ≤ ‖f‖BMOA. Thus, the inclusion of BMOA into B is continuous.
Furthermore, ‖f‖β ≤ ‖f‖∞ and ‖f‖∗ ≤ 2‖f‖∞ for f ∈ H∞, where ‖f‖∞
denotes the supremum norm of f . Moreover, if f ∈ BMOA, then

(1) |f(z)| ≤ |f(0)|+
1

2
log

1 + |z|

1− |z|
‖f‖β ≤ |f(0)|+

1

2
log

1 + |z|

1− |z|
‖f‖∗, z ∈ D.

For more information on the spaces BMO, BMOA and B, we suggest [7],
[8] and [2].

The compact composition operators on BMOA and on its subspace VMOA,
defined as the space consisting of the function f ∈ BMOA such that

lim
|a|→1

‖f ◦ La − f(a)‖H2 = 0,

have been characterized in [4], [11], [15], [17] and [19]. In particular, in [19]
Wulan, Zheng and Zhu obtained a compactness criterion in terms of a ‘little
oh’ condition on the seminorms of the symbol’s powers. They also obtained
an analogous characterization of the compact composition operators on the
Bloch space in terms of the sequence {‖ϕn‖β}. In [6], this result was suitably
extended to the weighted composition operators from the spaces H∞, B and
the Dirichlet space D into B, although for the latter two spaces, an additional
condition was needed. Moreover, it was shown that in the case of Wψ,ϕ :
H∞ → B, ‖Wψ,ϕ‖ ∼ sup ‖ψϕn‖B, where, as customary, by A ∼ B we mean
c1A ≤ B ≤ c2A for some positive constants c1, c2.

The interest in a limit formula involving the norms of ψϕn is that it may lead
to an expression of the essential norm. Indeed, in [20], Zhao obtained a formula
for the essential norm of the composition operators Cϕ between certain Bloch
type spaces in terms of the norm of the nth powers of the symbol. Therefore, a
natural question is whether the norm of the sequence {ψϕn} may likewise lead
in some cases to a formula for the essential norm of the weighted composition
operator Wψ,ϕ.

In this paper, our primary aim is to characterize the bounded and the
compact weighted composition operators between H∞ and BMOA, as well
as on BMOA and on VMOA, in terms of {‖ψϕn‖BMOA}n∈N. Specifically,
in Section 2, we characterize the bounded weighted composition operators
from H∞ to BMOA and to VMOA. In particular, we show that ‖Wψ,ϕ‖ ∼
sup ‖ψϕn‖BMOA. We also give sufficient conditions for compactness of Wψ,ϕ :
H∞ → BMOA and characterize the compact operators from H∞ → VMOA.
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In Section 3, we characterize the bounded and the compact weighted composi-
tion operators from BMOA to H∞.

The bounded and the compact weighted composition operators on BMOA
and on VMOA have been characterized by Laitila in [12]. In Section 4, we
give new characterizations of such operators. Theorem 4.3 yields Theorem 1
in [19] in the case when the multiplication symbol is the constant 1. Finally,
in Section 5, we show that a weighted composition operator from BMOA to
the Bloch space is bounded (respectively, compact) if and only if it is bounded
(respectively, compact) as an operator from the Bloch space to itself.

2. Boundedness and compactness of Wψ,ϕ : H∞
→ BMOA

We begin by recalling some useful results by Laitila we shall need later.

Lemma 2.1 ([12], (1.1)). For 2 ≤ p < ∞, there exists a positive constant Kp

such that

‖f ◦ La − f(a)‖Hp ≤ Kp‖f‖∗ for each a ∈ D, f ∈ BMOA.

Lemma 2.2 ([12], (2.2)). For f ∈ BMOA and ϕ an analytic self-map of D,

‖f ◦ ϕ‖∗ ≤ ‖f‖∗.

For ψ, ϕ analytic functions on D with ϕ(D) ⊆ D and a ∈ D, define

α(ψ, ϕ, a) = |ψ(a)|‖Lϕ(a) ◦ ϕ ◦ La‖H2 .

Lemma 2.3 ([12], Lemma 3.4 and Proposition 2.3). For ψ ∈ BMOA and an

analytic self-map ϕ of D, there exist constants C1 > 0 and C2 ≥ 1 such that

for all f ∈ BMOA and all a ∈ D,

‖(ψ ◦La−ψ(a))(f ◦ϕ ◦La− f(ϕ(a)))‖2H2 ≤ C1‖ψ‖∗‖ψ ◦La−ψ(a)‖H2 and

|ψ(a)| ‖f ◦ ϕ ◦ La − f(ϕ(a))‖H2 ≤ C2 α(ψ, ϕ, a)‖f‖∗.

We are now ready to prove one of our main results in this section.

Theorem 2.1. Let ψ be an analytic function on D and let ϕ be an analytic

self-map of D. The following statements are equivalent.

(a) The operator Wψ,ϕ : H∞ → BMOA is bounded.

(b) M := supn∈N∪{0} ‖ψϕ
n‖BMOA <∞.

(c) ψ ∈ BMOA and supa∈D α(ψ, ϕ, a) <∞.

Proof. (a) ⇒ (b) Suppose Wψ,ϕ is bounded. For each nonnegative integer n,
let pn(z) = zn. Then pn ∈ H∞ with ‖pn‖∞ = 1, so ψϕn = ψ(pn ◦ϕ) ∈ BMOA
and ‖ψϕn‖BMOA = ‖Wψ,ϕpn‖BMOA ≤ ‖Wψ,ϕ‖. Thus, M <∞.

(b) ⇒ (c) Assume (b) holds. In particular then, ψ ∈ BMOA. Fix a ∈ D

and for z ∈ D, define ha(z) = Lϕ(a)(z) − ϕ(a). Then ha(z) = (|ϕ(a)|2 −

1)
∑∞
n=1 ϕ(a)

n−1zn and so

‖Wψ,ϕha‖∗ ≤ (1− |ϕ(a)|2)

∞
∑

n=1

|ϕ(a)|n−1‖ψϕn‖∗
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≤M(1− |ϕ(a)|2)
1

1− |ϕ(a)|
≤ 2M.

Since ‖ha‖∞ ≤ 2 and ‖ψ‖∗ ≤M , we have

α(ψ, ϕ, a) ≤ ‖(ψ ◦ La − ψ(a))(ha ◦ ϕ ◦ La)‖H2

+ ‖Wψ,ϕha ◦ La −Wψ,ϕha(a)‖H2 ≤ 4M.

(c) ⇒ (a) Assume (c) holds. Set L = supa∈D α(ψ, ϕ, a) and let f ∈ H∞ with
‖f‖∞ = 1. We need to show that ‖Wψ,ϕf‖BMOA is bounded by a constant
independent of f . Since |ψ(0)f(ϕ(0))| ≤ |ψ(0)|, we only need to prove the
boundedness of ‖Wψ,ϕf‖∗.

Fix a ∈ D. Then, using Lemma 2.3, we have

‖Wψ,ϕf ◦ La − ψ(a)f(ϕ(a))‖H2

≤ ‖(ψ ◦ La − ψ(a))(f ◦ ϕ ◦ La)‖H2 + |ψ(a)|‖f ◦ ϕ ◦ La − f(ϕ(a))‖H2

≤ ‖ψ‖∗‖f‖∞ + C2 α(ψ, ϕ, a)‖f‖∗

≤ ‖ψ‖∗ + 2C2 α(ψ, ϕ, a).

Thus, ‖Wψ,ϕf‖∗ ≤ ‖ψ‖∗ + 2C2L, proving the boundedness of the operator.
Furthermore, from the above estimates, we obtainM ≤ ‖Wψ,ϕ‖ ≤ (1+8C2)M,
so ‖Wψ,ϕ‖ ∼M . �

From Theorem 2.1, we deduce the following result.

Corollary 2.1. Let ϕ be an analytic self-map of D. If ψ ∈ BMOA, then the

sequence {‖ψϕn‖BMOA} is bounded if and only if supa∈D α(ψ, ϕ, a) <∞.

For an analytic self-map ϕ of D, for t, R ∈ (0, 1), and for a ∈ D, define

Ẽ(ϕ, a, t) = {ζ ∈ ∂D : |ϕ(La(ζ))| > t} and ΩR = {a ∈ D : |ϕ(a)| ≤ R}.

Proposition 2.1. Let ψ ∈ BMOA, ϕ an analytic self-map of D such that

ψϕn ∈ BMOA for each n ∈ N and limn→∞ ‖ψϕn‖BMOA = 0. Then for all

R ∈ (0, 1),

lim
t→1

sup
a∈ΩR

∫

Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ) = 0.(2)

Proof. Fix R ∈ (0, 1), ε > 0 and set L = max{1, ‖ψ‖∗}. Choose N ∈ N

such that ‖ψϕn‖∗ < ε/2 and Rn < ε
2L for all n ≥ N . Then, by the triangle

inequality, for all n ≥ N and all a ∈ ΩR, we have

‖(ψ ◦ La)(ϕ
n ◦ La − ϕ(a)n)‖H2 ≤ ‖(ψ ◦ La)(ϕ

n ◦ La)− ψ(a)ϕ(a)n‖H2

+ ‖(ψ ◦ La − ψ(a))ϕ(a)n‖H2

≤ ‖ψϕn‖∗ + ‖ψ‖∗R
n < ε.

For n ≥ N and ε < t < 1, we have
(

tn −
ε

2

)2

sup
a∈ΩR

∫

Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ)
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≤ sup
a∈ΩR

∫

Ẽ(ϕ,a,t)

|(ψ ◦ La(ζ))(ϕ
n ◦ La(ζ) − ϕ(a)n)|2 dm(ζ)

≤ sup
a∈ΩR

‖(ψ ◦ La)(ϕ
n ◦ La − ϕ(a)n)‖2H2 < ε2.

Taking the limit as t→ 1, we obtain
(

1−
ε

2

)2

lim
t→1

sup
a∈ΩR

∫

Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ) ≤ ε2.

The conclusion follows at once by taking the limit as ε→ 0. �

Remark 2.1. For a ∈ D and t ∈ (0, 1) define

E(ϕ, a, t) = {ζ ∈ ∂D : |(Lϕ(a) ◦ ϕ ◦ La)(ζ)| > t}.

In [12], Remark 3.3, it was shown that for R ∈ (0, 1), if |ϕ(a)| ≤ R, ζ ∈ ∂D,
and |(ϕ ◦ La)(ζ)| < 1, then

1−R

1 +R
≤

1− |(Lϕ(a) ◦ ϕ ◦ La)(ζ)|
2

1− |(ϕ ◦ La)(ζ)|2
≤

1 +R

1−R
.

From these estimates it is easy to show that

lim
t→1

sup
a∈ΩR

∫

E(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ) = 0

⇐⇒ lim
t→1

sup
a∈ΩR

∫

Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ) = 0.

The following compactness criterion will be used to show some of our results.
Its proof is based on a direct application of Lemma 3.7 of [18].

Lemma 2.4. A bounded weighted composition operatorWψ,ϕ from H∞ (respec-
tively, BMOA or VMOA) to BMOA or VMOA is compact if and only if, for

every bounded sequence {fn} in H∞ (respectively, BMOA or VMOA) converg-
ing to 0 uniformly on compact subsets of D, the sequence {‖Wψ,ϕfn‖BMOA}
approaches 0 as n→ ∞.

We now present a characterization of compactness under a restriction on the
symbols.

Theorem 2.2. Suppose Wψ,ϕ : H∞ → BMOA is bounded and

lim
|ϕ(a)|→1

‖ψ ◦ La − ψ(a)‖H2 = 0.

Then, the following statements are equivalent:
(a) Wψ,ϕ is compact.

(b) limn→∞ ‖ψϕn‖BMOA = 0.
(c) lim|ϕ(a)|→1 α(ψ, ϕ, a) = 0 and (2) holds for each R ∈ (0, 1).
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Proof. (a) ⇒ (b) Assume Wψ,ϕ is compact. For n ∈ N, let pn(z) = zn, z ∈ D.
Then by the boundedness in H∞, the uniform convergence on compact subsets
of {pn} to 0, and using Lemma 2.4, it follows that limn→∞ ‖ψϕn‖BMOA = 0.

(b) ⇒ (c) Let {an} be a sequence in D such that |ϕ(an)| → 1 as n → ∞.
For n ∈ N, let

hn(z) = Lϕ(an) − ϕ(an) = (|ϕ(an)|
2 − 1)

∞
∑

k=1

ϕ(an)
k−1zk, z ∈ D.

Fix ε > 0 and choose N ∈ N such that ‖ψϕk‖∗ < ε/2 for all k > N . Then,
arguing as in the proof of Theorem 2.1, we have

‖Wψ,ϕhn‖∗ ≤ (1− |ϕ(an)|
2)

∞
∑

k=1

|ϕ(an)|
k−1‖ψϕk‖∗

≤ (1− |ϕ(an)|
2)

N
∑

k=1

|ϕ(an)|
k−1‖ψϕk‖∗ + ε.

Since ‖ψϕk‖∗ is bounded, we obtain limn→∞ ‖Wψ,ϕhn‖∗ ≤ ε. Since ε is arbi-
trary, it follows that limn→∞ ‖Wψ,ϕhn‖∗ = 0. Observing that ‖hn‖∞ ≤ 2, we
deduce

α(ψ, ϕ, an) ≤ ‖(ψ ◦ Lan − ψ(an))(hn ◦ ϕ ◦ Lan)‖H2

+ ‖Wψ,ϕhn ◦ Lan −Wψ,ϕhn(an)‖H2

≤ 2‖ψ ◦ Lan − ψ(an)‖H2 + ‖Wψ,ϕhn‖∗ → 0

as n→ ∞. Hence, α(ψ, ϕ, a) → 0 as |ϕ(a)| → 1.
Finally, observe that condition (2) holds for each R ∈ (0, 1) by Proposi-

tion 2.1.
(c) ⇒ (a) By Lemma 2.4, to prove that Wψ,ϕ is compact, it suffices to show

that ‖Wψ,ϕfn‖BMOA approaches 0 as n → ∞ for any sequence {fn} in H∞

converging to 0 uniformly on compact subsets of D such that ‖fn‖∞ ≤ 1 for all
n ∈ N. Let {fn} be such a sequence and fix ε > 0. Then there exists R ∈ (0, 1)
such that ‖ψ ◦La−ψ(a)‖H2 < ε/2 and α(ψ, ϕ, a) < ε/(4C2) for all a ∈ D such
that |ϕ(a)| > R, where C2 is the constant in Lemma 2.3. Thus, by Lemma 2.3,
for any n ∈ N, if |ϕ(a)| > R, then

‖Wψ,ϕfn ◦ La − ψ(a)fn(ϕ(a))‖H2 ≤ ‖(ψ ◦ La − ψ(a))(fn ◦ ϕ ◦ La)‖H2

+ |ψ(a)|‖fn ◦ ϕ ◦ La − fn(ϕ(a))‖H2

≤ ‖ψ ◦ La − ψ(a)‖H2 + C2 α(ψ, ϕ, a)‖fn‖∗

<
ε

2
+ 2C2 α(ψ, ϕ, a)‖fn‖∞ < ε.(3)

On the other hand, by the convergence of fn to 0 on compact subsets of D, if
|ϕ(a)| ≤ R, then |fn(ϕ(a))| ≤ max|w|≤R |fn(w)| < ε/(3‖ψ‖∗) for n sufficiently
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large. By assumption, there exists t0 ∈ (0, 1) such that

sup
a∈ΩR

∫

Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ) <

ε2

18

for all t, t0 ≤ t < 1. We are going to show that

(4) sup
a∈ΩR

∫

∂D\Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2|(fn ◦ ϕ ◦ La)(ζ) − fn(ϕ(a))|

2 dm(ζ) < cε2

for some positive constant c and for all n sufficiently large. Assuming (4) holds,
we deduce that for |ϕ(a)| ≤ R,

‖Wψ,ϕfn ◦ La − ψ(a)fn(ϕ(a))‖
2
H2

≤ 2‖(ψ ◦ La)(fn ◦ ϕ ◦ La − fn(ϕ(a)))‖
2
H2

+ 2‖(ψ ◦ La − ψ(a))fn(ϕ(a))‖
2
H2

≤ 2

∫

∂D\Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2|fn ◦ ϕ ◦ La(ζ)− fn(ϕ(a))|

2 dm(ζ)

+ 8

∫

Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2 dm(ζ) +

2ε2

9
< (2c+ 1)ε2.(5)

From (3) and (5), taking the supremum over all a ∈ D, we obtain ‖Wψ,ϕfn‖∗ <
Cε for some constant C > 0 and all n sufficiently large. Noting that

|ψ(0)fn(ϕ(0))| → 0 as n→ ∞,

we obtain lim
n→∞

‖Wψ,ϕfn‖BMOA = 0.

To prove (4), we shall argue as in the proof of Theorem 3.1 of [12]. For
n ∈ N and a ∈ ΩR, let Gn,a = fn ◦ Lϕ(a) − fn(ϕ(a)) and λa = Lϕ(a) ◦ ϕ ◦ La.
Then, as shown on p. 37 of [12], fn ◦ ϕ ◦ La − fn(ϕ(a)) = Gn,aλa, and

‖(ψ ◦ La)λa‖H2 ≤ ‖ψ‖∗‖λa‖∞ + sup
b∈D

α(ψ, ϕ, b) = c <∞.

Furthermore, for s=
√

1−R
1+R t

2 + 2R
1+R , with t0≤ t < 1, and for ζ ∈ ∂D\E(ϕ, a, s),

|fn ◦ ϕ ◦ La(ζ) − fn(ϕ(a))| = |Gn,a(λa(ζ))| ≤ 2|λa(ζ)| max
|w|≤s

|Gn,a(w)|

≤ 2 max
|w|≤s

|fn(Lϕ(a)(w))| + |fn(ϕ(a))| < ε

for all n sufficiently large. Thus,
∫

∂D\E(ϕ,a,s)

|ψ ◦ La(ζ)|
2|(fn ◦ ϕ ◦ La(ζ) − fn(ϕ(a)))|

2 dm(ζ) < cε2.

From the inclusion E(ϕ, a, s) ⊆ Ẽ(ϕ, a, t), which can be verified using Re-
mark 2.1, we deduce that

∫

∂D\Ẽ(ϕ,a,t)

|ψ ◦ La(ζ)|
2|(fn ◦ ϕ ◦ La(ζ) − fn(ϕ(a)))|

2 dm(ζ) < cε2.
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The proof is now complete. �

Remark 2.2. Theorem 2.2 yields characterizations of compactness in the case
ψ ∈ VMOA. We have not been able to prove or disprove whether the com-
pactness of Wψ,ϕ : H∞ → BMOA implies that

lim
|ϕ(a)|→1

‖ψ ◦ La − ψ(a)‖H2 = 0.

From Theorem 2.2, taking ψ = 1 and using Theorem 1 of [19], we deduce
the following result.

Corollary 2.2. For an analytic self-map ϕ of D the following propositions are

equivalent:
(a) Cϕ : H∞ → BMOA is compact.

(b) Cϕ : BMOA→ BMOA is compact.

(c) limn→∞ ‖ϕn‖BMOA = 0.

We now derive a characterization of the bounded weighted composition op-
erators from H∞ to VMOA similar to Theorem 2.1.

Theorem 2.3. Let ψ be an analytic function on D and let ϕ be an analytic

self-map of D. The following statements are equivalent:
(a) The operator Wψ,ϕ : H∞ → VMOA is bounded.

(b) For each integer n ≥ 0, ψϕn ∈ VMOA and supn∈N
‖ψϕn‖BMOA <∞.

(c) For each integer n ≥ 0, ψϕn ∈ VMOA and supa∈D α(ψ, ϕ, a) <∞.

Proof. (a) ⇒ (b) follows immediately from the boundedness in H∞ of the
sequence pn(z) = zn.

(b) ⇒ (a) The boundedness ofWψ,ϕ as an operator from H∞ to BMOA fol-
lows immediately from Theorem 2.1. Thus, we only need to show that for each
f ∈ VMOA, Wψ,ϕf ∈ VMOA. From (b) it follows that this property holds
for the polynomials. Since VMOA is the closure in BMOA of the polynomials
in BMOA, the result follows.

The equivalence of (b) and (c) follows immediately from Corollary 2.1. �

We end the section by characterizing the compact operators Wψ,ϕ : H∞ →
VMOA.

Theorem 2.4. Suppose Wψ,ϕ : H∞ → VMOA is bounded. Then Wψ,ϕ :
H∞ → VMOA is compact if and only if limn→∞ ‖ψϕn‖BMOA = 0.

Proof. Assume limn→∞ ‖ψϕn‖BMOA = 0. Since Wψ,ϕ : H∞ → VMOA is
bounded, ψ ∈ VMOA. Thus, condition (b) of Theorem 2.2 is satisfied. There-
fore, Wψ,ϕ is compact as an operator from H∞ to BMOA. Since it is bounded
as an operator mapping H∞ into VMOA, it is also compact as an operator
mapping H∞ into VMOA.

The proof of the converse is immediate. �
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3. Boundedness and compactness of Wψ,ϕ : BMOA → H∞

Let ϕ be an analytic self-map of D. For a ∈ D such that ϕ(a) 6= 0, define

ka(z) = ϕ(a)

(

1
2 log

1+ϕ(a)z

1−ϕ(a)z

)2

ρ(0, ϕ(a))
, z ∈ D,

where ρ denotes the hyperbolic distance on D: ρ(0, z) = 1
2 log

1+|z|
1−|z| . Then ka is

bounded, and hence in BMOA, ka(0) = 0, ka(ϕ(a)) ≤ |ϕ(a)|ρ(0, ϕ(a)), and a
straightforward calculation shows that

1

6
ρ(0, ϕ(a)) ≤

1

4
|ϕ(a)|ρ(0, ϕ(a)) ≤ ka(ϕ(a))(6)

for 2
3 ≤ |ϕ(a)| < 1. We now show that

sup{‖ka‖BMOA : a ∈ D, ϕ(a) 6= 0} <∞.(7)

For ϕ(a) 6= 0, define the functions

ℓa(z) =
1

2
log

1 + ϕ(a)z

1− ϕ(a)z
, ha(z) =

ϕ(a)ℓa(z)

ρ(0, ϕ(a))
, z ∈ D.

Since logarithms of non-vanishing univalent functions are in BMOA (see [3] or
[5]), ℓa ∈ BMOA and by Theorem 5 of [9], ‖ℓa‖BMOA is bounded above by a
constant independent of a. Moreover, for z ∈ D,

|ha(z)| ≤
|ϕ(a)|(ρ(0, ϕ(a)) + π

4 )

ρ(0, ϕ(a))
,

which is bounded above by a constant independent of a as one can see by looking
at the cases when ϕ(a) is near 0 and |ϕ(a)| is near 1. Thus sup{‖ha‖∞ : a ∈

D, ϕ(a) 6= 0} <∞. Therefore, noting that ka = haℓa =
ϕ(a)ℓ2a
ρ(0,ϕ(a)) , for b ∈ D, we

obtain

‖ka ◦ Lb − ka(b)‖
2
H2

=
|ϕ(a)|2

ρ(0, ϕ(a))2
sup

0<r<1

1

2π

∫ 2π

0

|ℓa(Lb(re
iθ))2 − ℓa(b)

2|2 dθ

=
|ϕ(a)|2

ρ(0, ϕ(a))2

(

sup
0<r<1

1

2π

∫ 2π

0

|ℓa(Lb(re
iθ))− ℓa(b)|

2|ℓa(Lb(re
iθ)) + ℓa(b)|

2 dθ

)

≤
|ϕ(a)|2

ρ(0, ϕ(a))2

(

sup
0<r<1

1

2π

∫ 2π

0

|ℓa(Lb(re
iθ))− ℓa(b)|

24‖ℓa‖
2
∞ dθ

)

= 4‖ha‖
2
∞‖ℓa ◦ Lb − ℓa(b)‖

2
H2 ≤ 4‖ha‖

2
∞‖ℓa‖

2
BMOA.

Therefore, by the above remarks, taking the supremum over all b ∈ D, we
deduce (7).

For an analytic function ψ on D and an analytic self-map of D, define

θψ,ϕ = sup
z∈D

|ψ(z)|ρ(0, ϕ(z)).
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Theorem 3.1. For an analytic function ψ on D and an analytic self-map of

D, the following propositions are equivalent:
(a) Wψ,ϕ : BMOA→ H∞ is bounded.

(b) ψ, Wψ,ϕka ∈ H∞ for ϕ(a) 6= 0, and sup{‖Wψ,ϕka‖∞ : a ∈ D, ϕ(a) 6=
0} <∞.

(c) ψ ∈ H∞ and θψ,ϕ <∞.
(d) Wψ,ϕ : B → H∞ is bounded.

Proof. (a) ⇒ (b) follows immediately from (7).
(b) ⇒ (c) By (6), if 2

3 ≤ |ϕ(a)| < 1, then |ψ(a)|ρ(0, ϕ(a)) ≤ 6|ψ(a)|ka(ϕ(a))
≤ 6‖Wψ,ϕka‖∞ which is bounded by assumption. On the other hand, if
|ϕ(a)| ≤ 2

3 , then

|ψ(a)ρ(0, ϕ(a))| ≤
1

2
log 5max

{

|ψ(z)| : z ∈ D, |ϕ(z)| ≤
2

3

}

.

Therefore, taking the supremum over all a ∈ D, we deduce that θψ,ϕ <∞.
The equivalence of (c) and (d) was established in [1], Theorem 7.1, for the

case of a general bounded homogeneous domain D, which reduces to (b) when
D = D. For an equivalent characterization, see [10]. For the case of the ball,
see [16] and for the case of the polydisk, see [13].

Finally, the implication (d) ⇒ (a) is an immediate consequence of the con-
tinuous inclusion of BMOA into B. �

The following standard compactness criterion can be proved using Lemma
3.7 of [18].

Lemma 3.1. A bounded weighted composition operator Wψ,ϕ from BMOA
to H∞ (respectively, from BMOA to B) is compact if and only if, for every

bounded sequence {fn} in BMOA converging to 0 uniformly on compact subsets

of D, ‖Wψ,ϕfn‖∞ → 0 (respectively, ‖Wψ,ϕfn‖B → 0) as n→ ∞.

Theorem 3.2. For Wψ,ϕ : BMOA→ H∞ bounded, the following propositions

are equivalent:
(a) Wψ,ϕ : BMOA→ H∞ is compact.

(b) lim|ϕ(a)|→1 ‖Wψ,ϕka‖∞ = 0.
(c) lim|ϕ(a)|→1 |ψ(a)|ρ(0, ϕ(a)) = 0.
(d) Wψ,ϕ : B → H∞ is compact.

Proof. (a) ⇒ (b) If {an} is a sequence in D such that |ϕ(an)| → 1 as n → ∞,
then the sequence {kan} converges to 0 uniformly on compact subsets and
is bounded in BMOA. Thus, by Lemma 3.1, the compactness of Wψ,ϕ :
BMOA→ H∞ implies that ‖Wψ,ϕkan‖∞ → 0.

(b) ⇒ (c) By (6), for a ∈ D such that 2
3 ≤ |ϕ(a)| < 1, we have

|ψ(a)|ρ(0, ϕ(a)) ≤ 6|ψ(a)ka(ϕ(a))| ≤ 6‖Wψ,ϕka‖∞ → 0 as |ϕ(a)| → 1.

(c) ⇒ (d) Let {fn} be a sequence in B converging to 0 uniformly on compact
subsets whose norm in B is bounded by M > 0. By Lemma 3.1, it suffices to
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show that ‖Wψ,ϕfn‖∞ → 0 as n → ∞. Fix ε > 0. By part (c), there exists
r ∈ (0, 1) such that |ψ(a)| < ε/M and |ψ(a)|ρ(0, ϕ(a)) < ε/M for all a ∈ D

such that |ϕ(a)| > r. Thus, by (1), if |ϕ(a)| > r, then

|ψ(a)fn(ϕ(a))| ≤ |ψ(a)| (|fn(0)|+ ρ(0, ϕ(a))‖fn‖β) <
ε

M
‖fn‖B ≤ ε.

Moreover, if |ϕ(a)| ≤ r, then |ψ(a)fn(ϕ(a))| ≤ maxz∈Ωr
|ψ(z)fn(ϕ(z))| < ε

for n sufficiently large. Therefore, ‖Wψ,ϕfn‖∞ ≤ ε for all n sufficiently large.
Hence, ‖Wψ,ϕfn‖∞ → 0 as n→ ∞.

(d) ⇒ (a) If {fn} is a bounded sequence in BMOA, then it is also bounded
in B, so by the compactness of Wψ,ϕ : B → H∞, there exists a subsequence
{fnk

} such that Wψ,ϕfnk
converges in H∞. Thus, Wψ,ϕ is also compact as an

operator from BMOA to H∞. �

For a characterization of the compactness of Wψ,ϕ : B → H∞ equivalent to
(c), see [10].

4. Boundedness and compactness of Wψ,ϕ on BMOA

In this section, we provide new characterizations of the bounded and the
compact weighted composition operators on BMOA. The following result was
proved by Laitila in [12].

Theorem 4.1 ([12], Theorems 2.1 and 3.1). Let ψ and ϕ be analytic on D,

with ϕ(D) ⊆ D. Then

(a) Wψ,ϕ : BMOA→ BMOA is bounded if and only if supa∈D α(ψ, ϕ, a) <

∞ and supa∈D β(ψ, ϕ, a) < ∞, where β(ψ, ϕ, a) =
(

log 2
1−|ϕ(a)|2

)

‖ψ ◦ La −

ψ(a)‖H2 .
(b) If Wψ,ϕ is bounded on BMOA, then Wψ,ϕ is compact if and only if

lim
|ϕ(a)|→1

α(ψ, ϕ, a) = 0,(8)

lim
|ϕ(a)|→1

β(ψ, ϕ, a) = 0, and(9)

lim
t→1

sup
a∈ΩR

∫

E(ϕ,a,t)

|(ψ ◦ La)(ζ)|
2 dm(ζ) = 0,(10)

for all R ∈ (0, 1), where E(ϕ, a, t) = {ζ ∈ ∂D : |(Lϕ(a) ◦ ϕ ◦ La)(ζ)| > t}.

For a ∈ D, define ga(z) = log 2

1−ϕ(a)z
, z ∈ D.

Theorem 4.2. Let ψ and ϕ be analytic on D, with ϕ(D) ⊆ D. Then the

following propositions are equivalent:
(a) Wψ,ϕ : BMOA→ BMOA is bounded.

(b) supn∈N∪{0} ‖ψϕ
n‖BMOA <∞ and supa∈D ‖Wψ,ϕga‖BMOA <∞.

(c) supn∈N∪{0} ‖ψϕ
n‖BMOA <∞ and supa∈D β(ψ, ϕ, a) <∞.
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Proof. The equivalence of (a) and (c) follows immediately from Theorem 4.1
and Corollary 2.1, while the implication (b) ⇒ (c) follows at once from Theo-
rem 2.1 in [12]. Thus, it suffices to show that (a) implies (b).

Assume Wψ,ϕ is bounded on BMOA. Then ψ = Wψ,ϕ1 ∈ BMOA and for
each n ∈ N, ‖pn‖BMOA ≤ 2‖pn‖∞ = 2, where pn(z) = zn for z ∈ D. Thus,

sup
n∈N

‖ψϕn‖BMOA = sup
n∈N

‖Wψ,ϕpn‖BMOA ≤ 2‖Wψ,ϕ‖.

On the other hand, by Theorem 11.4 of [8], supa∈D ‖ga‖BMOA <∞, so by the
boundedness of Wψ,ϕ, supa∈D ‖Wψ,ϕga‖BMOA is finite as well. �

To obtain a new characterization of the compact weighted composition op-
erators on BMOA, we consider the family {fa : a ∈ D} defined by

fa(z) =

(

log
2

1− |ϕ(a)|2

)−1
(

log
2

1− ϕ(a)z

)2

, z ∈ D.(11)

Then fa(ϕ(a)) = log 2
1−|ϕ(a)|2 , f

′
a(ϕ(a)) = 2ϕ(a)

1−|ϕ(a)|2 , fa ∈ BMOA and M =

sup
a∈D

‖fa‖BMOA <∞ (see [12], p. 35).

Theorem 4.3. Let ψ and ϕ be analytic on D, with ϕ(D) ⊆ D, and suppose

Wψ,ϕ is bounded on BMOA. Then the following propositions are equivalent:
(a) Wψ,ϕ is compact.

(b) limn→∞ ‖ψϕn‖BMOA = 0 and lim|ϕ(a)|→1 ‖Wψ,ϕfa‖BMOA = 0.
(c) limn→∞ ‖ψϕn‖BMOA = 0 and lim|ϕ(a)|→1 β(ψ, ϕ, a) = 0.

Proof. (a) ⇒ (b) Suppose Wψ,ϕ is compact. Since {pn} is a bounded se-
quence in BMOA converging to 0 on compact subsets of D, by Lemma 2.4,
‖ψϕn‖BMOA → 0 as n→ ∞.

Let {an} be a sequence in D such that |ϕ(an)| → 1 as n → ∞. Then
fan converges to 0 uniformly on compact subsets and ‖fan‖BMOA ≤ M . By
Lemma 2.4, it follows that ‖Wψ,ϕfan‖BMOA → 0 as n→ ∞.

(b) ⇒ (c) Suppose (b) holds. By Theorem 2.2, the assumption ‖ψϕn‖BMOA

→ 0 as n → ∞ implies that α(ψ, ϕ, a) → 0 as |ϕ(a)| → 1. The convergence to
0 of β(ψ, ϕ, a) as |ϕ(a)| → 1 now follows from the proof of Theorem 3.1 in [12]
(see pp. 35–36).

(c) ⇒ (a) Suppose (c) holds. Since by assumption, (9) is valid, by part (b) of
Theorem 4.1, to prove that Wψ,ϕ is compact, it suffices to show that conditions
(8) and (10) hold.

First observe that Wψ,ϕ is bounded as an operator from H∞ to BMOA.
Since log 2

1−|ϕ(an)|2
→ ∞, it follows that ‖ψ ◦Lan −ψ(an)‖H2 → 0, as n→ ∞.

Conditions (8) and (10) now follow from the equivalence of (b) and (c) in
Theorem 2.2 and Remark 2.1. �

In [12], Laitila characterized the bounded and the compact weighted compo-
sition operators on VMOA and gave an approximation of the essential norm.
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We now provide new characterizations of boundedness and compactness in the
spirit of Theorems 4.2 and 4.3. Their proofs follow from these results and from
Proposition 4.1, Theorem 2.1 and Theorem 4.3 in [12]. We omit the details.

Theorem 4.4. Let ψ and ϕ be analytic on D, with ϕ(D) ⊆ D.

(a) Wψ,ϕ is bounded on VMOA if and only if for each integer n ≥ 0, ψϕn ∈
VMOA,

sup
n∈N

‖ψϕn‖BMOA <∞ and sup
a∈D

β(ψ, ϕ, a) <∞.

(b) If Wψ,ϕ is bounded on VMOA, then Wψ,ϕ is compact on VMOA if and

only if

lim
n→∞

‖ψϕn‖BMOA = 0 and lim
|a|→1

β(ψ, ϕ, a) = 0.

5. Boundedness and compactness of Wψ,ϕ : BMOA → B

Recall from Section 1 that the inclusion map of BMOA into B is continuous.
Thus, if Wψ,ϕ is a bounded weighted composition operator on B, it is also
bounded as an operator from BMOA into B. We are going to show that, in
fact, the converse holds as well. We shall make use of the following result whose
proof appears in Corollary 2.1 of [6].

Lemma 5.1. For ψ ∈ B and ϕ : D → D analytic, supz∈D

(1−|z|2)|ψ(z)ϕ′(z)|
1−|ϕ(z)|2 <∞

if and only if supn∈N ‖ψϕn‖B <∞.

Next, we consider the one-parameter family of functions on D defined in
(11), which will be used to characterize the bounded and the compact weighted
composition operator from BMOA into B.

Theorem 5.1. For ψ and ϕ analytic on D with ϕ(D) ⊆ D, the following

conditions are equivalent:
(a) Wψ,ϕ : B → B is bounded.

(b) Wψ,ϕ : BMOA→ B is bounded.

(c) supn≥0 ‖ψϕ
n‖B <∞, and supa∈D ‖Wψ,ϕfa‖B <∞.

(d) τψ,ϕ = supz∈D

(1−|z|2)|ψ(z)ϕ′(z)|
1−|ϕ(z)|2 <∞ and

sψ,ϕ = supz∈D(1 − |z|2)|ψ′(z)| log 2
1−|ϕ(z)|2 <∞.

Proof. (a) ⇒ (b) follows at once from the continuous inclusion of BMOA into
B.

(b) ⇒ (c) follows at once from the fact that the sequence pn(z) = zn is
bounded in BMOA, so that supn∈N ‖ψϕn‖B ≤ ‖Wψ,ϕ‖ supn≥0 ‖pn‖BMOA <
∞, where Wψ,ϕ is regarded as an operator from BMOA to B. Similarly,
sup
α∈D

‖Wψ,ϕfa‖B ≤ ‖Wψ,ϕ‖ supa∈D
‖fa‖BMOA <∞.
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(c) ⇒ (d) By Lemma 5.1, τψ,ϕ < ∞. To show that sψ,ϕ < ∞, fix a ∈ D.
Then

(12) ‖Wψ,ϕfa‖B ≥ (1− |a|2)

∣

∣

∣

∣

∣

ψ′(a) log
2

1− |ϕ(a)|2
+

2ψ(a)ϕ(a)ϕ′(a)

1− |ϕ(a)|2

∣

∣

∣

∣

∣

.

Hence (1− |a|2)|ψ′(a)| log 2
1−|ϕ(a)|2 ≤ ‖Wψ,ϕfa‖B + 2τψ,ϕ < +∞.

(d) ⇒ (a) follows from Theorem 1 of [14]. �

We now show that the weighted multiplication operators from BMOA to B
are compact if and only if they are compact as operators acting on B. We shall
need the following result.

Lemma 5.2 ([6], Corollary 2.2). Let ψ ∈ B and ϕ : D → D analytic such that

(1 − |z|2)|ψ′(z)| → 0 as |ϕ(z)| → 1. Then limn→∞ ‖ψϕn‖B = 0 if and only if

lim|ϕ(z)|→1
(1−|z|2)|ψ(z)ϕ′(z)|

1−|ϕ(z)|2 = 0.

Theorem 5.2. For a ∈ D, let fa be defined as in (11). For a bounded operator

Wψ,ϕ : BMOA→ B the following propositions are equivalent:
(a) Wψ,ϕ : BMOA→ B is compact.

(b) limn→∞ ‖ψϕn‖B = 0, and lim|ϕ(a)|→1 ‖Wψ,ϕfa‖B = 0.

(c) lim|ϕ(z)|→1
(1−|z|2)|ψ(z)ϕ′(z)|

1−|ϕ(z)|2 = 0 and

lim|ϕ(z)|→1(1− |z|2)|ψ′(z)| log 2
1−|ϕ(z)|2 = 0.

(d) Wψ,ϕ : B → B is compact.

Proof. (a) ⇒ (b) The sequence {pn} defined by pn(z) = zn for n ∈ N is
bounded in BMOA and converges to zero uniformly on compact subsets, so
by Lemma 3.1, ‖ψϕn‖B → 0. On the other hand, if {an} is a sequence in D

such that |ϕ(an)| → 1, then the sequence {fan} defined as in (11) converges
to 0 uniformly on compact subsets and is bounded in BMOA. Thus, again by
Lemma 3.1, the compactness of Wψ,ϕ implies that ‖Wψ,ϕfan‖B → 0.

(b) ⇒ (c) By (12), for a ∈ D, we have

(13) (1− |a|2)|ψ′(a)| log
2

1− |ϕ(a)|2
≤ ‖Wψ,ϕfa‖B +

2(1− |a|2)|ψ(a)ϕ′(a)|

1− |ϕ(a)|2
.

Then (c) follows immediately from (b), Lemma 5.2, and (13).
(c) ⇒ (d) follows from Theorem 2 of [14] while (d) ⇒ (a) is immediate due

to the continuous inclusion of BMOA into B. �

In the special case when ϕ is the identity, we see that the only analytic func-
tion ψ satisfying (c) is the constant 0. Thus, there are no nontrivial compact
multiplication operators from BMOA to B. When ψ = 1, from Theorem 2 of
[19], Corollary 6.1 of [6], and Theorem 5.2, we obtain the following result.

Corollary 5.1. For an analytic self map ϕ of D, the following propositions

are equivalent:
(a) Cϕ : H∞ → B is compact.
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(b) Cϕ : B → B is compact.

(c) Cϕ : D → B is compact.

(d) Cϕ : BMOA→ B is compact.

(e) limn→∞ ‖ϕn‖B = 0.
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