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SURFACES IN E
3 WITH L1-POINTWISE 1-TYPE

GAUSS MAP

Young Ho Kim and Nuretti̇n Cenk Turgay

Abstract. In this paper, we study surfaces in E
3 whose Gauss map

G satisfies the equation �G = f(G + C) for a smooth function f and a
constant vector C, where � stands for the Cheng-Yau operator. We focus
on surfaces with constant Gaussian curvature, constant mean curvature
and constant principal curvature with such a property. We obtain some
classification and characterization theorems for these kinds of surfaces.
Finally, we give a characterization of surfaces whose Gauss map G satisfies
the equation �G = λ(G + C) for a constant λ and a constant vector C.

1. Introduction

The notion of finite type submanifolds and finite type mappings has been
extremely studied since they were introduced by B.-Y. Chen in the late 1970’s.
Let M be a submanifold of Euclidean space E

m. A smooth mapping φ :M →
E
N is said to be of finite type if it can be expressed as a finite sum of eigenvectors

of Laplace operator ∆, that is, φ = φ0 +
∑k

i=1
φi, where φ0 is a constant map,

φ1, φ2, . . . , φk non-constant maps such that ∆φi = λiφi, λi ∈ R, i = 1, . . . , k.
More precisely, if the eigenvalues λ1, λ2, . . . , λk are distinct, then φ is said to
be of k-type ([12]). Several results on the study of finite type mappings were
summed up in a report by B.-Y. Chen ([10]).

The Gauss map of oriented submanifolds and isometric immersions from
submanifolds into Euclidean space has been studied in several works in terms
of being finite type (cf. [6, 8, 9, 13]). For example, in [8, 9], finite type isometric
immersions were studied. Note that if an isometric immersion x from M into
E
m is of k-type, then the submanifold M itself is said to be of k-type.
On the other hand, in [13], B.-Y. Chen and P. Piccinni studied compact

submanifolds of Euclidean spaces with finite type Gauss map. If an oriented
submanifold M of a Euclidean space has 1-type Gauss map G, then G satisfies
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∆G = λ(G+C) for a constant λ ∈ R and a constant vector C. In time, it has
been seen that the equation

(1.1) ∆G = f(G+ C)

is satisfied for some function f ∈ C∞(M) and constant vector C by the Gauss
map of some interesting submanifolds, such as a helicoid and a catenoid in
E
3 and several rotational surfaces in E

4 ([11, 17]). These submanifolds whose
Gauss map G satisfying (1.1) are said to have pointwise 1-type Gauss map.
Several articles also appeared on submanifolds with such Gauss map (cf. [2, 3,
4, 5, 11, 16, 19, 20]).

Recently, in [1, 18] the definition of finite type submanifolds is extended in a
natural way, by replacing the Laplace operator ∆ with a sequence of operators
L0, L1, L2, . . . , Lk such that L0 = −∆. Let Lk, k = 1, 2, . . . , n − 1, denote
the linearized operators of the first variation of the (k + 1)th mean curvature
arising from normal variations of an hypersurface M of the Euclidean space
E
n+1. Note that sometimes the letter � is used to denote the operator L1

which is the Cheng-Yau operator introduced in [14]. By replacing the operator
∆ = −L0 with the operator Lk in the definition of finite type submanifold, the
definition of being Lk-finite type has been given.

In this paper, we aim to extend the notion of pointwise 1-type Gauss map
for the surfaces of Euclidean 3-space E3 in terms of the Chen-Yau operator �.
In Section 2, we give the definition of having �-pointwise 1-type Gauss map
with the basic definitions and the facts on the theory of surfaces in E

3. In
Section 3, we focus on the surfaces with constant Gaussian curvature, constant
mean curvature and constant principal curvature. We obtain some classification
and characterization theorems for such surfaces with �-pointwise 1-type Gauss
map. In Section 4, we give a characterization theorem for the surfaces of E3

with �-(global) 1-type Gauss map.
The surfaces M we are dealing with are smooth and connected unless oth-

erwise stated.

2. Preliminaries

Let M be an oriented surface in E
3. We denote the Levi-Civita connections

of E3 andM by ∇̃ and ∇, respectively and D stands for the normal connection
of M . Let {e1, e2} be an orthonormal frame of tangent space of M and N the
unit normal frame associated with the orientation of M . Then the Gauss and
Weingarten formulas are given by

∇̃eiej = ∇eiej + hijN,(2.1)

∇̃eiN = −hi1e1 − hi2e2, i, j = 1, 2,(2.2)

where hij are the components of the second fundamental form h of M , i.e.,
hij = h(ei, ej).
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The mapping
G :M → S2

p 7→ N(p)

is called the Gauss map of M and the shape operator (or Weingarten map) S
ofM is defined as the differential of mapping G. Since S is a linear self-adjoint
operator, it has two real eigenvalues, called the principal curvatures of M and
the eigenvectors, called the principal directions of M , corresponding to these

eigenvalues are orthogonal. Note that S satisfies S(X) = −∇̃XN for a tangent
vector field X of M .

Let M be an oriented surface in E
3 and e1, e2 the principal directions cor-

responding to the principal curvatures k1, k2, respectively. Then, we have

∇̃eiN = −kiei and S = diag (k1, k2). The (first) mean curvature H and
Gaussian (or the second mean) curvature K of M is defined as

H =
k1 + k2

2
,(2.3)

K = k1k2.(2.4)

If H ≡ 0 (resp., K ≡ 0), then M is called minimal (resp., flat). We define
the functions ω1 and ω2 as ω1 = 〈∇e1e1, e2〉 and ω2 = −〈∇e2e2, e1〉, where 〈, 〉
denotes the inner product in E

3.
On the other hand, the well-known Gauss and Codazzi equations become,

respectively,

e1(ω2)− e2(ω1) + ω2
1 + ω2

2 = −K,(2.5)

ei(kj) = ωj(k1 − k2)(2.6)

and the first and second structural equations are, respectively,

dθi = θij ∧ θj ,(2.7)

dθ12 = −Kθ1 ∧ θ2(2.8)

for i, j = 1, 2 and i 6= j where θ1, θ2 and θij are the 1-forms such that θi(ej) =
δij and θ12 = ω1θ1 + ω2θ2 satisfying θ12 = −θ21 and θii = 0.

We will use C∞(M,E3) to denote the space of all smooth functions from M
into the 3-dimensional Euclidean space E3 and C∞(M) will stand for the space
of all smooth functions defined on M .

If X ∈ C∞(M,E3) is tangent to M , its divergence divX is defined as the
mapping which assigns every point p at M into trace of the linear mapping
Y (p) 7→ (∇YX)(p). On the other hand, the gradient of a function f ∈ C∞(M)
is defined by ∇f = e1(f)e1 + e2(f)e2 and the Laplace operator acting on M is
∆ = ∇e1e1 +∇e2e2 − e1e1 − e2e2 ([15]).

2.1. Cheng-Yau operator �

Let Lk : C∞(M) → C∞(M), Lk(f) = tr(Pk ◦ ∇2f), k = 1, 2 denote the
linearized operator of the first variation of the (k+1)th mean curvature arising
from normal variations of the surface, where P0 = I, P1 = (k1 + k2)I − S and
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I is the identity operator acting on the tangent bundle of M . Note that the
operator L0 is nothing but the Laplace operator acting on M , i.e., L0 = −∆
and L1 = � is called the Cheng-Yau operator introduced in [14].

As a matter of fact, it turns out to be Lkf = div (Pk (∇f)) for f ∈ C∞(M)
([1]). By putting k = 1 in this equation, we obtain

�f = div (P1 (∇f))

= div (k2e1(f)e1 + k1e2(f)e2)

= e1 (k2e1(f)) + e2 (k1e2(f))− k1∇e1e1(f)− k2∇e2e2(f).

Hence, we have

(2.9) � = e1 (k2) e1 + e2 (k1) e2 + k2 (e1e1 −∇e2e2) + k1 (e2e2 −∇e1e1) .

2.2. Definitions

First, we extend the definition of operator � to the vector valued mappings
defined on M into Euclidean space E

3 in a natural way below:

Definition 1. The operator � : C∞(M,E3) → C∞(M,E3) is defined by

�Z = (�z1,�z2,�z3),

where z1, z2, z3 ∈ C∞(M) are the components of Z, i.e., Z = (z1, z2, z3).

Then, we have
(2.10)

� = e1(k2)∇̃e1 +e2(k1)∇̃e2 +k2

(
∇̃e1∇̃e1 − ∇̃∇e2

e2

)
+k1

(
∇̃e2∇̃e2 − ∇̃∇e1

e1

)
.

By a direct calculation, we obtain

�G = e1(k2)∇̃e1G+ e2(k1)∇̃e2G+ k2

(
∇̃e1∇̃e1G− ∇̃∇e2

e2G
)

+ k1

(
∇̃e2∇̃e2G− ∇̃∇e1

e1G
)

= − k1e1(k2)e1 − k2e2(k1)e2 + k2

(
−∇̃e1(k1e1)− ∇̃−ω2e1G

)

+ k1

(
−∇̃e2(k2e2)− ∇̃ω1e2G

)

= − k1e1(k2)e1 − k2e2(k1)e2 + k2
(
−e1(k1)e1 − k1ω1e2 − k21G− ω2k1e1

)

+ k1
(
−e2(k2)e2 + k2ω2e1 − k22G+ ω1k2e2

)
.

By re-arranging the last equation, we state:

Lemma 2.1. Let M be an oriented surface in E
3 with Gaussian curvature K

and mean curvature H. Then, the Gauss map G of M satisfies

�G = −∇K − 2HKG.(2.11)

Next we will give the definition concerning �-pointwise 1-type Gauss map.
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Definition 2. An oriented surface M of Euclidean space E
3 is said to have

�-pointwise 1-type Gauss map if its Gauss map satisfies

(2.12) �G = f(G+ C)

for a smooth function f ∈ C∞(M) and a constant vector C ∈ E
3. More

precisely, a �-pointwise 1-type Gauss map is said to be of the first kind if
(2.12) is satisfied for C = 0; otherwise, it is said to be of the second kind.
Moreover, if (2.12) is satisfied for a constant function f , then we say M has
�-(global) 1-type Gauss map.

We will use following lemma later:

Lemma 2.2. Let M be an oriented surface in E
3 and e1, e2 its principal di-

rections corresponding to the principal curvatures k1, k2, respectively. A vector

field C ∈ C∞(M,E3) is constant if and only if

e1(C1) = ω1C2 + k1C3,(2.13)

e1(C2) = −ω1C1,(2.14)

e1(C3) = −k1C1,(2.15)

e2(C1) = ω2C2,(2.16)

e2(C2) = −ω2C1 + k2C3,(2.17)

e2(C3) = −k2C2,(2.18)

where C1 = 〈C, e1〉, C2 = 〈C, e2〉, C3 = 〈C,G〉, ω1 = 〈∇e1e1, e2〉 and ω2 =
−〈∇e2e2, e1〉.

Proof. With the definitions above, we have C = C1e1 + C2e2 + C3G. By a
direct calculation we have

∇̃e1C = e1(C1)e1 + e1(C2)e2 + e1(C3)G+ C1∇̃e1e1 + C2∇̃e1e2 + C3∇̃e1G

= e1(C1)e1 + e1(C2)e2 + e1(C3)G+ C1(ω1e2 + k1G)− C2ω1e1 − C3k1e1

=
(
e1(C1)−ω1C2−k1C3

)
e1 +

(
e1(C2)+ω1C1

)
e2 +

(
e1(C3)+k1C1

)
G.

Thus, ∇̃e1C = 0 if and only if (2.13)-(2.15) hold. By a similar way, one can

check that ∇̃e2C = 0 is equivalent to (2.16)-(2.18). �

A function (or mapping) φ defined on M is said to be harmonic if its Lapla-
cian vanishes identically, i.e., ∆φ = 0. By changing the Laplace operator ∆
with Cheng-Yau operator �, we give following definition:

Definition 3. An oriented surface M of Euclidean space E
3 is said to have

�-harmonic Gauss map if its Gauss map satisfies

(2.19) �G = 0.

The following theorem can be directly obtained from [7, p. 116, Proposition
3.1] by putting c = 0.
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Theorem 2.3 ([7]). Let M be a surface in E
3. M has constant Gaussian

curvature and constant mean curvature if and only if it is an open part of a

sphere, a right circular cylinder S1(r)×E
1 or a plane, where S1(r) denotes the

circle with radius r.

3. Some characterization theorems on surfaces with �-pointwise

1-type Gauss map

In this section, we will give some characterization theorems on the surfaces
of E3 in terms of their Gauss map. We focus on the surfaces with constant
mean curvature, constant Gaussian curvature or constant principal curvature.

3.1. Surfaces with constant Gaussian curvature

Theorem 3.1. An oriented surface M in E
3 has �-harmonic Gauss map if

and only if it is flat, i.e., its Gaussian curvature vanishes identically.

Proof. Because of Lemma 2.1, M has �-harmonic Gauss map if and only if
K is constant and KH = 0. If H = 0 and K is constant, then Theorem 2.3
implies that M is an open part of a plane. Hence, the proof is completed. �

Theorem 3.2. An oriented surface M in E
3 has �-pointwise 1-type Gauss

map of the first kind if and only if it has constant Gaussian curvature.

Proof. The proof directly follows from Lemma 2.1. �

Theorem 3.3. An oriented surface M in E
3 has �-(global) 1-type Gauss map

of the first kind if and only if it is either a flat surface or an open part of a

sphere.

Proof. Because of Lemma 2.1 the Gauss map of M satisfies �G = λG for a
constant λ if and only if

(3.1) ∇K = 0 and − 2KH = λ.

If K = 0, then λ = 0 and M has �-harmonic Gauss map. Thus, M is flat
because of Theorem 3.1. If K 6= 0, then K and H are constants. Therefore,
Theorem 2.3 yields that M is an open part of a sphere. �

3.2. Surfaces with constant mean curvature

In this section, we first show that the only minimal surface with �-pointwise
1-type Gauss map is plane. First, we state:

Corollary 3.4. An oriented surface M in E
3 has �-pointwise 1-type Gauss

map of the first kind if and only if it is an open part of a plane.

Proof. Proof directly follows from Theorem 2.3 and Theorem 3.2. �

Next, we prove following proposition:
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Proposition 3.5. An oriented connected minimal surface M in E
3 has �-

pointwise 1-type Gauss map of the second kind if and only if it is an open part

of a plane.

Proof. If M has pointwise 1-type Gauss map of the second kind, then (2.12)
is satisfied for a constant vector C and a smooth function f . Let O = {p ∈
M | f(p) 6= 0}. We now suppose O 6= ∅. Since M is minimal, (2.11) and (2.12)
imply f(G + C) = −∇K. Therefore, we have C3 = 〈C,G〉 = −1 on O. Thus,
from (2.15) and (2.18) we obtain

(3.2) k1C1 = k2C2 = 0

on O. We note that minimality of M implies k1 = −k2. Let O1 = {p ∈
O | k1(p) 6= 0}. Then, C1 = C2 = 0 on O1. Thus, the constant vector C = −G
on O1 and thus O1 is part of a plane which is a contradiction. Therefore, we
have O1 = ∅ which implies k1 = k2 ≡ 0 on O. Hence, O is an open part of a
plane. Moreover, by continuity, we have M = O.

Conversely, suppose M is an open part of a plane. Then, its Gauss map
G is a non-zero constant vector which implies �G = 0. Therefore, (2.12) is
satisfied for C = −G 6= 0 and an arbitrary smooth function f . Hence, M has
�-pointwise 1-type Gauss map of the second kind. �

By combining Corollary 3.4 and Proposition 3.5, we obtain:

Theorem 3.6. An oriented minimal surface M in E
3 has �-pointwise 1-type

Gauss map if and only if it is an open part of a plane.

Next, we give a complete classification of surfaces with constant mean curva-
ture whose Gauss map satisfying �G = λ(G+C) for a constant λ and constant
vector C.

Theorem 3.7. Let M be a surface with constant mean curvature in E
3. Then

M has �-(global) 1-type Gauss map if and only if it is an open part of a sphere,

a right circular cylinder or a plane.

Proof. Let k1 and k2 be the principal curvatures of M and e1, e2 the corre-
sponding principal directions. As M has constant mean curvature, we have
k1 + k2 = h0 for a constant h0 which implies

(3.3) ei(k1) = −ei(k2), i = 1, 2.

Now, we suppose that M has �-(global) 1-type Gauss map. Then equation
(2.12) is satisfied for f = λ and a constant vector C, where λ is a constant.
Therefore, from (2.11) and (2.12) we obtain −∇K − h0KG = λ(G+C). From
this equation, Codazzi equation (2.6) and (3.3) we get

λC1 = −e1(K) = e1(k1)(k1 − k2),(3.4)

λC2 = −e2(K) = e2(k1)(k1 − k2),(3.5)

λ(C3 + 1) = −h0K.(3.6)
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Moreover, since C is a constant vector, equations (2.13)-(2.18) are satisfied
because of Lemma 2.2.

By using (3.4) and (3.6) we obtain

(3.7) λe1(C3 + 1) = −h0e1(K) = λh0C1.

Note that if λ = 0, then we have �G = 0 and it implies that M is flat because
of Theorem 3.1. Thus M is an open part of either a plane or a right circular
cylinder because of Theorem 2.3. If λ 6= 0, then (3.7) implies e1(C3) = h0C1.
This equation and (2.15) imply

(3.8) C1(h0 + k1) = 0.

By a similar way, one can obtain

(3.9) C2(h0 + k2) = 0.

Consider the open subset O = {p ∈ M | k1 6= −h0, k2 6= −h0} of M . Then,
C1 = C2 = 0 on O. Thus, (3.4) and (3.5) imply that K is constant on each
component of O. Thus, we have C3 is a constant because of (3.6). If C3 = 0,
then C = 0 which implies M has constant Gaussian curvature because of
Theorem 3.2. Therefore, O is an open part of a plane, a right circular cylinder
or a sphere because of Theorem 2.3. On the other hand, if C3 6= 0, then we
have G = C/C3 is a constant vector, from which, it follows that O is an open
part of a plane. Moreover, in both cases continuity imply O =M .

Now, we suppose that at every point of M , C1 6= 0 or C2 6= 0. Then, (3.8)
and (3.9) imply that one of k1 and k2 is constant. Since k1 + k2 is constant,
k1 and k2 are constants and thus M has constant Gaussian curvature. Hence,
Theorem 2.3 implies it is an open part of a sphere, a right circular cylinder or
a plane. �

3.3. Surfaces with constant principal curvature

A surface in E
3 is said to have a constant principal curvature if one of its

principal curvatures is constant. In this subsection, we will give some char-
acterization theorems for that kind of surfaces with �-pointwise 1-type Gauss
map.

LetM be a surface in M with the principal directions e1, e2 associated with
the principal curvatures k1, k2, respectively. We suppose k2 is constant. Then
the Codazzi equation (2.6) become

e2(k1) = ω1(k1 − k2),(3.10)

0 = ω2(k1 − k2).(3.11)

(3.11) implies k1 = k2 or ω2 = 0. Therefore, if k1 − k2 does not vanish on an
open set O of M , then from the Gauss equation (2.5) we have

(3.12) e2(ω1) = ω2
1 +K

on O.
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IfM has a constant principal curvature k2 and K = k1k2 is a constant, then
we have either k2 = 0 or k1 and k2 are constants. Therefore, by using Theorem
2.3 and Theorem 3.2 we state:

Theorem 3.8. Let M be a surface in E
3 with a constant principal curvature.

Then, M has �-pointwise 1-type Gauss map of the first kind if and only if it

is either a flat surface or an open part of a sphere.

Next, we give the following theorem to classify surfaces with a constant
principal curvature whose Gauss map satisfies �G = λ(G + C) for a constant
λ and a constant vector C:

Theorem 3.9. Let M be a surface with a constant principal curvature in E
3.

Then M has �-(global) 1-type Gauss map if and only if it is either a flat surface

or an open part of a sphere.

Proof. Let M be a surface with a constant principal curvature k2 in E
3 with

�-(global) 1-type Gauss map. Then equation (2.12) is satisfied for f = λ and
a constant vector C, where λ is a constant. Therefore, (2.11) and (2.12) imply
−∇K − 2HKG = λ(G + C) from which and (3.10) we get

λC1 = −k2e1(k1),(3.13)

λC2 = −k2ω1(k1 − k2),(3.14)

λ(C3 + 1) = −k1k2(k1 + k2)(3.15)

as k2 is constant.
Consider the open subset U = {p | k1(p) 6= 0 and k1(p) 6= k2} and let O be

a component of U . Note that (3.11) implies ω2 = 0 on O. Now, we assume
that k2 6= 0 and O 6= ∅. If ω1 vanishes identically on an open part O2 ⊂ O,
then we have θ12 = 0 and the second structural equation (2.8) implies that O2

is flat which is a contradiction. Therefore, without loss of generality, we may,
locally, assume that ω1 does not vanish on O. From (3.10) and (3.15) we get

λe2(C3) = −k2ω1(k1 − k2)(2k1 + k2).

Next, we use this equation and (3.14) in (2.18) to obtain

k2ω1(k1 − k2)(2k1 + k2) = −k22ω1(k1 − k2),

from which, we get k1 = −k2 that implies O is minimal. Therefore, Theorem
3.6 implies that O is an open part of a plane, but this is a contradiction. Hence,
we have either O = ∅ or k2 = 0. If k2 = 0, then M is flat. On the other hand,
if O = ∅, then M is either flat or an open of a sphere.

The converse follows from Theorem 3.2. �

Now suppose that M is a non-flat surface which is not an open part of a
sphere, which implies k1 6= k2 and k2 6= 0. Thus from (3.11) we get ω2 = 0.
Therefore, we have dθ2 = 0 from the first structural equation (2.7) for i = 2, j =
1. Poincaré Lemma implies that θ2 is exact. Thus, there exist local coordinates
s, t such that the metric tensor of M is of the form of g = E2ds2 + dt2 for a
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nowhere vanishing smooth function E = E(s, t) which implies e1 = 1

E ∂s and
e2 = ∂t. By a direct calculation together with the first structural equation (2.7)
for i = 1, j = 2 we see that ω1 = −Et

E . Thus, we have θ12 = −Etds. By using
the second structural equation (2.8), we have dθ12 = Ettds∧dt = −KEds∧dt,
from which we get K = −Ett

E . On the other hand, from Codazzi equation

(3.10) we obtain k1 = k2φ1

E + k2 for a smooth function φ1 = φ1(s). Thus, we

have K = −Ett

E =
k2

2
φ1

E + k22 . Hence, we state following lemma:

Lemma 3.10. Let M be a non-flat surface in E
3 with a constant principal

curvature k2. Suppose that M is not an open part of a sphere. Then there

exists a local coordinate system {s, t} such that the principal directions of M
are e1 = 1

E∂s, e2 = ∂t and the corresponding principal curvatures satisfy

(3.16) k1 =
k2φ1
E

+ k2

for a smooth function E = E(s, t) which is of the form of

(3.17) E = φ2 cos θ − φ1, θ = k2t+ φ3,

where φ1 = φ1(s), φ2 = φ2(s) and φ3 = φ3(s) are some smooth functions.

Moreover, the Gaussian curvature of M and the functions ω1 and ω2 are

K =
k22φ1
E

+ k22 ,(3.18)

ω1 = −
Et

E
(3.19)

and ω2 = 0.

By using Lemma 3.10, we obtain:

Theorem 3.11. Let M be a surface with a constant principal curvature in E
3.

Then M has �-pointwise 1-type Gauss map if and only if it is either a flat

surface or an open part of a sphere.

Proof. Let M be a surface in E
3 with �-pointwise 1-type Gauss map and the

principal curvatures k1, k2. We assume that k2 is a constant. We now suppose
M is non-flat. Thus, we have k2 6= 0. Let {s, t} be the local coordinate system
satisfying the conditions given in Lemma 3.10.

Since M has �-pointwise 1-type Gauss map, equation (2.12) is satisfied for
a smooth map f and a constant vector C. Therefore, (2.11) and (2.12) imply
−∇K − 2HKG = f(G+ C) from which we obtain

fC1 =
1

E
Ks,(3.20)

fC2 = −Kt,(3.21)

f(C3 + 1) = −k1k2(k1 + k2).(3.22)

If f is a constant function, Theorem 3.9 implies M is either a flat surface or
an open part of a sphere. Now, we assume that f is not a constant function.



SURFACES IN E
3

WITH L1-POINTWISE 1-TYPE GAUSS MAP 945

On the other hand, as C is a constant vector, Lemma 2.2 implies that C1,
C2 and C3 satisfy (2.13)-(2.18). As ω2 = 0 and k2 6= 0, from (2.16)-(2.18) we
obtain

C1 = C1(s),(3.23)

C2 = ψ1 cos ρ,(3.24)

C3 = −ψ1 sin ρ, ρ = k2t+ ψ2,(3.25)

where ψ1 = ψ1(s) and ψ2 = ψ2(s) are some smooth functions.
On the other hand, by using (3.16), (3.18), (3.24) and (3.25) in (3.21) and

(3.22) we obtain

fψ1 cos ρ = −
k3

2
φ2

E2 φ1 sin θ,(3.26)

f(1− ψ1 sin ρ) = −
k3

2
φ2

E2 cos θ (φ2 cos θ − φ1) .(3.27)

Next, we multiply both side of (3.26) and (3.27) by, respectively, (1−ψ1 sin ρ)
and ψ1 cos ρ to get

ψ1 cos ρ cos θ (φ2 cos θ − φ1) = φ1 sin θ(1 − ψ1 sin ρ).

By a direct calculation, we see that this equation implies

(3.28)
ψ1φ2
4

(
cos (2φ3 + ψ2) cos (3k2t)− sin (2φ3 + ψ2) sin (3k2t)

)
+ P = 0,

where P = P(t, s) is of the form of P = A1 cos(2k2t)+A2 sin(2k2t)+A3 cos(k2t)
+A4 sin(k2t) for some smooth functions Ai = Ai(s), i = 1, 2, 3, 4.
Since {cos(mkt), sin(mkt) | m ∈ N} is a set of linearly independent functions,
(3.28) implies

ψ1φ2 = 0.(3.29)

Consider the subset U = {p ∈M | ψ1(p) = 0} ofM and let O be its interior.
First, we assume that O = ∅, that is ψ1 = 0 on an open subset M − U . Then,
from (3.29) we have φ2 = 0 onM −U . Thus, (3.16) and (3.17) imply k1 = 0 on
M −U . Since k1 is a continuous function, we have k1 = 0 on M which implies
M is flat, a contradiction.

Therefore, we have O = Int(U) 6= ∅. On O, C2 = 0 from (3.24). Together
with (3.21), we get Kt = 0. It is obvious that Kt = 0 implies K is constant
because of (3.17) and (3.18). Hence, Proposition 3.8 implies that O is an open
part of a sphere. By continuity, O must be M .

Converse is obvious. Hence the proof is completed. �

4. Surfaces with �-1-type Gauss map

In this section, we will obtain a necessary and sufficient condition for a
surface to have �-(global) 1-type Gauss map. Let M be a non-flat surface
in E

3 with Gaussian curvature K, mean curvature H , the principal directions
e1, e2 and the corresponding principal curvatures k1, k2. We assume thatM has
�-(global) 1-type Gauss map of the second kind. Then, Theorem 3.5 implies
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that M is not minimal. Therefore, there exists an open set U of M on which
H and K are not vanishing. We may assume that M = U .

Since M has �-(global) 1-type Gauss map, there exist a constant λ ∈ R and
a constant vector C ∈ E

3 such that λ(G+C) = −∇K − 2KHG which implies

λC1 = −e1(K),(4.1)

λC2 = −e2(K),(4.2)

λ(C3 + 1) = −2KH.(4.3)

Note that if λ = 0, then we have �G = 0 which implies M is flat because of
Theorem (3.1). Thus, we have λ 6= 0.

Therefore, the vector C is of the form of

C = −
e1(K)

λ
e1 −

e2(K)

λ
e2 −

(
2KH

λ
+ 1

)
G.(4.4)

Since C is a constant vector, its components C1, C2 and C3 satisfy (2.13)-(2.18)
because of Lemma 2.2. We put (3.4)-(3.6) on these equations to obtain

e1e1(K) = ω1e2(K) + k1(2KH + λ),(4.5)

e1e2(K) = −ω1e1(K),(4.6)

2Ke1(H) + 2He1(K) = −k1e1(K),(4.7)

e2e1(K) = ω2e2(K),(4.8)

e2e2(K) = −ω2e1(K) + k2(2KH + λ),(4.9)

2Ke2(H) + 2He2(K) = −k2e2(K).(4.10)

Note that a vector field C given by (4.4) is constant if and only if (4.5)-(4.10)
are satisfied.

After a direct calculation by using (2.6), (4.5) and (4.9), we obtain

−∆K = 2H(2KH + λ),

�K = 2K(2KH + λ).

Therefore, we have

λ = −
∆K

2H
− 2KH,(4.11)

K∆K +H�K = 0.(4.12)

On the other hand, from (4.6) we obtain

e1e2(K) = (∇e1e2)K.(4.13)

Next, from (4.7) and (4.10) we get

e1(k1)(3k1k2 + k22) + e1(k2)(2k
2
1 + 2k1k2) = 0,(4.14)

e2(k1)(2k
2
2 + 2k1k2) + e2(k2)(k

2
1 + 3k1k2) = 0,(4.15)
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respectively. By dividing both sides of (4.14) by k22 and putting k1 = φk2 we
obtain

(3φ+ 1)e1(φ)

5φ2 + 3φ
+
e1(k2)

k2
= 0,

from which, we obtain

e1

(
k
1/3
1 k

2/5
2 (5k1 + 3k2)

4/15
)

= 0.(4.16)

In a similar way, we get

e2

(
k
2/5
1 k

1/3
2 (3k1 + 5k2)

4/15
)

= 0(4.17)

from (4.15). Hence, we have shown that if M has �-1-type Gauss map, then
(4.12), (4.13), (4.16) and (4.17) are satisfied.

Conversely, let us assume that (4.12), (4.13), (4.16) and (4.17) are satisfied
and λ given by (4.11) is a constant. One can check that (2.12) is satisfied for
f = λ and the vector C given by (4.4). We will show that C is a constant
vector.

It is obvious that (4.13) implies (4.6). Moreover, (4.6) implies (4.8) because
of the identity e1e2 − e2e1 = ∇e1e2 − ∇e2e1. On the other hand, (4.11) and
(4.12) imply

−∆K = (e1e1(K)− ω1e2(K)) + (e2e2(K) + ω2e1(K)) = 2H(2KH + λ),

�K = k1 (e1e1(K)− ω1e2(K)) + k2 (e2e2(K) + ω2e1(K)) = 2K(2KH + λ).

From these equations, one can obtain (4.5) and (4.9) under the condition k1 6=
k2. Note that if k1 = k2 on an open subset ofM , thenM becomes an open part
of a sphere. Therefore, K is constant and from (4.11) we have λ = −2KH .
Thus, equations (4.5) and (4.9) are still satisfied. On the other hand, by a direct
calculation we see that (4.16) and (4.17) imply (4.7) and (4.10), respectively.
Therefore, we have shown that if (4.5)-(4.10) are satisfied which implies the
vector field C given by (4.4) is constant. Hence, we state:

Proposition 4.1. LetM be a surface in E
3 with non-vanishing mean curvature

H and Gaussian curvature K. Then M has �-(global) 1-type Gauss map if and

only if equations (4.12), (4.13), (4.16) and (4.17) are satisfied and λ given by

(4.11) is constant. In this case, (2.12) is satisfied for the constant function

f = λ and the constant vector C ∈ E
3 given by (4.11) and (4.4).

Finally, we propose a problem.

Open Problem. Classify surfaces in E
3 with �-1-type Gauss map.
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