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This paper presents a scheme for geometric correction 
of projected content for planar and quadratic projection 
surfaces. The scheme does not require the projection 
surface to be perfectly quadratic or planar and is therefore 
suitable for uneven low-cost commercial and home 
projection surfaces. An approach based on the recursive 
subdivision of second-order Bézier patches is proposed for 
the estimation of projection distortion owing to surface 
imperfections. Unlike existing schemes, the proposed 
scheme is completely automatic, requires no prior 
knowledge of the projection surface, and uses a single un-
calibrated camera without requiring any physical 
markers on the projection surface. Furthermore, the 
scheme is scalable for geometric calibration of multi-
projector setups. The efficacy of the proposed scheme is 
demonstrated using simulations and via practical 
experiments on various surfaces. A relative distortion 
error metric is also introduced that provides a quantitative 
measure of the suppression of geometric distortions, which 
occurs as the result of an imperfect projection surface. 
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I. Introduction 

High-definition television (HDTV) is now a commodity, and 
producers of new technological systems and devices are 
finding ways to incorporate ultra HD video content. The use of 
such high-definition media content on large projection surfaces 
is becoming popular among tele-broadcasting companies [1]. 
Though large planar surfaces provide an enhanced viewing 
experience, higher-order surfaces, such as cylindrical- and 
dome-shaped screens, can further enhance the viewing 
experience by providing an immersive feeling of “being there” 
[2]. Projection on such surfaces requires a geometrical 
correction according to the particular shape of the projection 
surface. A “geometrically corrected” rectangular grid of straight 
lines should appear straight from the intended viewpoint even 
when projected on a curved surface. In the context of this paper, 
the role of geometric correction is thus to “correctly map” a 
surface point to a particular pixel location in the content such 
that its 3D location does not cause distortion to the projected 
content when viewed from the viewpoint. A lot of work has 
been done in this context and is summarized in section II. 
However, most of the existing systems for curved surfaces, 
such as dome- or cylindrical-shaped surfaces are designed for 
high-end applications, such as military simulations, 
planetariums, and large entertainment systems, and assume an 
accurate quadric surface. Rapid technological advancements 
have led to the realization of affordable home theatres. 
Particularly, projection technology is now being used in homes 
more frequently because of the introduction of portable pico-
projectors. With these systems comes the demand for portable 
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low-cost, inflatable, and flexible personal screens that can be 
assembled or unrolled conveniently. Such low-cost surfaces, on 
the other hand, lack fine construction and may have structural 
imperfections. Most of the available techniques are unsuitable 
to compute correct geometric correction for such uneven 
surfaces, and it is thus desirable to develop an automatic 
method capable of correctly projecting content on low-cost 
uneven quadratic and planar surfaces. 

This paper is organized as follows. Section II provides a 
review of the existing techniques used to perform geometrical 
correction and highlights the motivation and major contribution 
of the current work. Section III describes 2D Bézier surfaces in 
the context of our work. Section IV describes the proposed 
scheme. The comparison of results in terms of quality and 
performance between existing methods and the proposed 
system are discussed in section V, followed by the conclusion 
in section VI.  

II. Related Work 

When multimedia content is projected on a projection 
surface; it may appear distorted due to the particular shape and 
orientation of the projection surface. Geometric correction of 
such content thus requires a function to estimate this distortion. 
Most widely used systems make use of camera feedback to 
estimate this transformation in either 2D or 3D [3]. A 
predefined pattern is projected on the surface and is captured 
using a camera. Based upon this captured image, projected 
content is geometrically corrected to warp it according to the 
surface. For perfect planar surfaces, this warping can be 
applied using a set of linear equations in homogenous 
coordinates defined by the homography matrix [4], [5]. 
However, immersive projection screens are higher-order 
surfaces and homography alone thus cannot be employed to 
perform geometric correction. A number of approaches to 
estimate geometric correction of such surfaces in the context of 
single projector and multi-projector environments have been 
proposed. Schemes based on stereo cameras rely on 3D surface 
estimation of the projection surface, using a prior shape 
estimate. The seminal approach proposed by Raskar and others 
[6] and Van Baar and Raskar [7] employs a pair of 
orthographic cameras and uses conformal mapping and a 
quadric transfer method to estimate the geometric correction. 
However, this approach can only be applied to perfect quadric 
surfaces. Another class of scheme tries to estimate the required 
geometric warping without 3D reconstruction of the projection 
surface. In Harville and others’ [3] approach, physical fiducials 
are employed to estimate a 1D extruded surface. In Zhang and 
others’ [8] method, initially, a sparse grid is extracted by 
capturing the image of a projected checker board pattern, 

which is then iteratively subdivided into smaller meshes based 
upon a “tension factor” parameter that controls the level of 
surface distortion. A laser theodolite is then used to project 
points at equal intervals of azimuth and elevation, and their 
correspondence with the subdivision grid is used to estimate 
the required geometric correction. This technique requires 
manual intervention for the selection of the tension factor 
parameter. Bhasker and others [9] employed a cubic rational 
Bézier patch to correct the distortions caused due to projector 
nonlinearities for planar multi-projector displays. Sajadi and 
Majumder [10], [11] extended this approach for scalable view-
independent registration of projectors on vertically extruded 
surfaces using a single un-calibrated camera. This approach is 
limited to a 1D extruded surface and requires the knowledge of 
the aspect ratio of the projection screen. Prior knowledge of the 
display surface shape is assumed and the 3D orientation of the 
display surface with respect to projectors and cameras is 
estimated. Geometric correction based on a rational Bézier 
patch is then computed to account for the distortion due to the 
nonlinear display surface. This scheme was extended for swept 
surfaces, such as truncated domes and the cave automatic 
virtual environment (CAVE) [12], [13] and, finally, for dome 
surfaces [14]; however, it requires that physical fiducials be 
placed at the dome hemisphere and also assumes a perfect 
dome surface. Yuen and Thibuault [15] used a spherical mirror 
and a single camera-projector setup for projection on a low-
cost geodesic (piece-wise linear) dome surface. This approach, 
however, is herein proven to work on geodesic surfaces only 
and cannot be used in multi-projector setups. 

Table 1 summarizes and classifies some of the schemes 
based upon their chosen methodologies and capabilities. As 
shown in Table 1, mainstream approaches for automatic 
quadratic surface mapping assume smooth and ideal surfaces 
[6], [7] or assume that the 3D model of the surface is known 
[10]-[14] and/or require some manual input to perform the 
geometric correction [8], [16]. Some approaches [8], [11], [13]-
[15], [17] only work on specific types of projection surfaces 
and/or are not scalable to a multi-projector setup [15]. 

The main contribution of this work is a completely automatic 
approach that suppresses distortions caused by surface 
imperfections while projecting on planar and quadratic surfaces. 
Unlike the scheme in [16], the proposed scheme uses 
parametric Bézier patches. Furthermore, unlike the techniques 
discussed in [9]-[14], [17] the proposed method avoids higher-
order Bézier patches and employs a recursive subdivisional 
approach to give more degrees of freedom (DoF) to local 
patches (subdivisions) to handle imperfections. As evidenced 
by the experiment results shown in section IV, this method is 
efficient, as higher-order Bézier fitting tends to be slower and 
may become unstable due to overfitting.  
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Table 1. Comparison of various techniques for mapping of quadratic surfaces based upon results provided in research papers. 

Uses Suitable for 
Approach 

Stereo pair Physical fiducial 
Performs 3D 

surface estimation
User-view 
dependent 

Requires manual 
input quadratic surfaces 

uneven smooth
surfaces 

[14] N Y Y1 N Y2 Dome surfaces N 

[12], [13], [17] N N Y1 N Y3 Swept surfaces, CAVE N 

[10], [11] N N Y4 N Screen aspect ratio
Vertically extruded 

surfaces 
N 

[15] N N N Y N Y5 Y 

[8] N N N Y Tension factor Y6 N 

[18] N Y N Y N N N 

[3] N Y N N N N N 

[7] Y N Y Y N Y7 N 

[19] Y N Y N N Y N 

[6] Y N Y Y N Y7 N 

[16] N N N Y Setting threshold Y Y 

Proposed N N N Y N Y Y 

Y = yes; N = no; 1 = a priori surface information; 2 = ratio (height):(radius of dome); 3 = angle estimate [5], [14] and aspect ratio [16]; 4 = 1D extruded surface only; 5 = geodesic dome surface; 6 

= curved screens; 7 = quadrics 

 
The scheme neither requires camera calibration nor 

computation of intrinsic or extrinsic parameters. The proposed 
method requires no manual intervention and also avoids 
placement of any physical fiducials on the projection surface. 
Furthermore, the scheme avoids 3D surface reconstruction 
either by using stereo camera pairs [19] or by a single un-
calibrated camera [10], [12]. This scheme is also scalable and 
can thus be extended to a multi-projector setup. Section III 
provides a brief overview of the recursive subdivision of Bézier 
surfaces employed in this paper. 

III. Bézier Patch and Recursive Subdivision of Bézier 
Patches 

Bézier patches have been used in various computer graphics 
and image processing applications due to their simplicity and 
computationally inexpensive nature [9], [20]. The Bézier patch 
is a type of polynomial surface that uses Bernstein polynomials 
to create a 2D surface by means of distinct control points [21]. 
The location of each control point defines the shape and 
curvature of the Bézier patch. A perfect square surface can be 
considered a 2nd-order Bézier patch with nine control points 
(four corner points, four edge points, and one center point), as 
shown in Fig. 1(c). If any control point is moved, the surface is 
transformed accordingly. Thus, every control point can be 
considered a gravity point that affects the surface points 
surrounding it. The closer the surface points are to a control 
point, the higher the force it experiences (Fig. 1 (d)). 

 
A 2D-Bézier patch on the (u, v)-plane, having order (n', m') 

respective to the axes, can be considered a composition of two 
independent parametric curves, B(u) and B(v), orthogonal to 
one another and defined by (n'+1)(m'+1) control points. The 
value of each Bézier parameter is defined over a range of 0 to 1. 
This is expressed mathematically in (1) [21], [22]. 
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Here, B ( )i
n u  and B ( )j

m v  represent the Bézier curve 
weights along the u and v parametric axes, and kij is a set of 
control points. In the proposed approach, a 2nd-order Bézier 
patch is used; thus, the value of both m' and n' is 2.  

Three characteristics of Bézier patches are particularly useful 
for our approach. Firstly, a Bézier patch lies within the convex 
hull of its control points. Secondly, a Bézier surface point 
residing at the corners always lies exactly underneath its 
respective control point. Third, if one of the parameters is kept 
at a constant value, a Bézier curve is obtained; thus, the edges 
of a Bézier patch can be considered a Bézier curve with either 
parametric axis having value 0 or 1 [22].  

Consider a rectangular grid of nine data points comprised of 
four corners, four edge points, and one center data point, as 
shown in Fig. 1(a). If this rectangular surface is distorted by a 
2nd-order transformation (Fig. 1(b)), then a 2nd-order Bézier 
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Fig. 1. (a) Rectangular surface with nine data points. (b) 
Rectangle after 2nd-order transformation. (c) 2nd-order 
Bézier surface with nine control points, of which four 
are corner points (shown as circles), four are edge 
points (shown as boxes), and one is face or central 
point (shown as star). (d) Moving control point causes 
surface to deform accordingly. (e) Subdivision of 
Bézier patch into four quadrants, each having nine 
control points. (f) Higher subdivision provides higher 
control over surface and thus higher-order surfaces can 
be modeled. 
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surface can be fitted to these points by estimating the position 
of nine control points. The four corner control points (P0, P2, 
P6, and P8) will always coincide with the four corner data 
points (Fig. 1(c)).  

The location of edge control point P1 in the (x, y) domain 
(Fig. 1) is estimated using (3) [21], [22]. 

   
  

2 2B , 1 P0( , ) (P2( , ))
P1( , ) ?

2 1

x y u x y u x y
x y

u u

  



.  (3) 

Here, u is the Bézier parameter and B(x, y) is the known 
location of the edge data point in the (x, y) domain (Fig. 1(d)). 
Since in parametric terms, the edge control point always lies in 
the center of the corresponding Bézier curve, the parameter u is 
set to 0.5 in (3). Similarly, edge control points P3, P5, and P7 

are computed using their respective data points. Face control 
point P4 is initially assumed to be at the center of the 
rectangular surface and is iteratively estimated until the original 
center data point (Fig. 1(a)) coincides with the transformed 
center data point shown in Fig. 1(b). Applying a Bézier 
transformation defined by the calculated control points to the 
undistorted set of points shown in Fig. 1(a) should result in the 
configuration shown in Fig. 1(b).  

If the surface has distortions of a higher order, more control 
points are required to accurately model the distortions by using 
higher-order Bézier surfaces. This, however, comes at the cost 
of an increase in the mathematical complexity, thus resulting in 
increased computation time. The subdivision technique 
provides an alternate way to achieve a similar level of surface 
mapping without going to a higher order. This is achieved by 
estimating a quadratic smooth surface using sparse initial 
points and working up recursively to generate a much denser 
estimation of the surface [22]. This is illustrated in Fig. 1. Every 
2nd-order Bézier patch is defined using nine control points, as 
described earlier. The 1st level of subdivision is achieved by 
dividing each Bézier patch into four subpatches or quadrants, 
each again defined by nine control points (Fig. 1(e)). The 
control point lying at the border of two patches acts as the 
common control point for both patches, which helps to ensure 
continuity between adjacent Bézier patches. The edge control 
points of the current i-th level form the corner control points of 
each patch for the (i+1)th level. Figure 1(f) shows that the 1st 
level of Bézier subdivision gives more DoF in surface 
estimation than the 0th level (no subdivisions). A higher level 
of subdivision can be achieved by further division of each 
patch into four subpatches. For the 2nd level of subdivision, a 
total of 16 Bézier surface patches are obtained.  

IV. Proposed Methodology  

The proposed scheme consists of an offline calibration phase 
followed by an online rendering phase. The required geometric 
correction is estimated once during the calibration phase and 
applied to every frame during the rendering phase.  

For the offline calibration phase, the following assumptions 
are made regarding the placement of the projector and camera. 
The projector is placed such that all the content is projected 
inside the boundary of the projection surface, and the 
projection is assumed to be un-mirrored and un-inverted. Since 
the proposed scheme is user-view dependent, the camera is 
placed at the sweet spot, that is, the intended position of the 
viewer. The proposed scheme aims to pre-warp the content 
such that the projection of a straight line appears straight from 
the sweet spot (Fig. 2, rendering phase). 

Figure 2 illustrates the process for the case of a dome. 



 

ETRI Journal, Volume 35, Number 6, December 2013 Atif Ahmed et al.   1119 
http://dx.doi.org/10.4218/etrij.13.0112.0597 

 

Fig. 2. Illustration of geometric correction process. 

Calibration phase 

A. Projection of PP and 
black image 

B. Capturing complete 
projection area 

C. Subtracting CB from CP

H 

F. Computing Bézier 
control points for 0th 
level subdivision  

E. Translating feature 
points to projector 
domain PF 

D. Feature points 
extraction in camera 
domain CF 

G. Applying 0th level 
Bézier transformation 
[Binv(PF)] 

H. Computing Bézier 
control points for  
1st level subdivision 

I. Applying respective  
inverse Bézier 
transformation on   
every Bézier patch 

K. Applying respective 
inverse Bézier 
transformation on 
each Bézier patch 

J. Computing Bézier  
control points for     
2nd level subdivision 

Frame to be projected 

Application of Bézier 
LUT on the frame 

Rendering phase 

Projected image is 
now correctly 

mapped according to 
projection surface 
when seen from 

sweet-spot 

 
However, the description below is applicable to all of the 
proposed surfaces without any modification. The calibration 
process starts by capturing an image (CB) of the projection 

surface while projecting black. This image helps in removing 
any environmental effect (ambient light, that is, effect due to 
other light sources), surface effect (dark spot on surface that 
might result in false feature point detection) or camera effects 
(color spreading and dead pixels). Image CB is then subtracted 
from every pattern image captured from the camera. A 
predefined set of pattern images (PP) are projected. Each 
pattern consists of a rectangular grid of a set of points and the 
number of points is based on the level of Bézier subdivision. 
An n-th level subdivision requires (2n+1+1)2 feature points. 
These grid points are distributed into multiple pattern images 
(Pp), which aid in finding and sorting feature points, even for a 
tilted projector setup. The image in Fig. 2 representing step A 
of the calibration phase shows the pattern points required for 
the 2nd level of Bézier subdivision. This projected pattern is 
captured using the camera, and the RGB values of CB are 
subtracted from this captured image (steps B and C). Harris 
corner detection [23] is then applied to extract the captured 
feature points (CF) (step D). Since CF is in the camera domain, 
the position and orientation of the captured pattern points 
depend on both the shape of the projection surface and on the 
relative position of the camera and projector. For the case of an 
ideal planar surface, the distortion appears as a perspective 
transformation in CF. A homography (H) computed using the 
correspondence of four corner feature points of PP with CF 
would suffice to estimate the perspective distortion as 
experienced from the camera location. The transformed CF is 
given by: 

 F FP C . H                 (4) 

For an ideal quadratic surface, a nonlinear 2D distortion 
appears along with the projective distortion in the extracted 
feature points in camera domain CF similar to that illustrated in 
step D of Fig. 2. Since a 2D Bézier surface is described within 
the convex hull of its four corner control points, we have two 
possibilities: either estimate the 2D Bézier from the camera’s 
perspective or from the projector’s perspective (projector 
domain P). These are both valid options since a 2D 
homography is a linear transformation. To keep the scheme 
generic and also applicable to planar projection surfaces, CF is 
first transformed to the projector’s perspective using H (Fig. 2, 
step E), and the nonlinear distortion is estimated later using 2D 
Bézier patches in projector domain PF, as described below. 

The computation process of Bézier control points starts with 
the assumption that image PF is a single 2nd-order Bézier patch 
with four corner feature points acting as the four corner control 
points (Fig. 2, step F). The edge and center control points are 
then estimated as described in section III. This 0th level Bézier 
transformation (B) estimates the quadratic distortion caused by 
the projection surface. To correct for this transformation, an 
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inverse Bézier transformation is applied (Fig. 2, step G). 

inv
F_c0 FP =B (P )                 (5) 

Here, the subscript c0 highlights that the 0th level of Bézier 
correction has been applied. 

Assuming the quadric surface is ideal, this step is sufficient 
to estimate the correct geometric correction. However, any 
imperfection in the projection surface that would require a 
higher degree of estimation cannot be corrected. For such 
surfaces, the computed Bézier surface is subdivided further into 
four quadrants and an independent Bézier surface is estimated 
for each quadrant.  

0 _1 0 _ 2

F _ c0
0 _ 4 0 _ 3

). (PSubdivision
 

 
 

Q Q

Q Q
       (6) 

Here, Q0_1, Q0_2, Q0_3, and Q0_4 represent the four quadrants of 
image PF_c0 in a clockwise order. Thus, for example, the four 
corners of Q0_1 correspond to the upper left, upper edge, center, 
and left edge feature point of PF_c0. The Bézier transformation 
is estimated for each of these four quadrants (B0_1, B0_2, B0_3, 
and B0_4), to which the inverse values are then applied, 
respectively.  

1 2c1 c1

4 3c1 c1

inv inv
0 0 0 _1 0 _1 0 _ 2 0 _ 2

F _ c1 inv inv
0 _ 4 0 _ 4 0 _ 3 0 _ 30 0

B ( ) B ( )
P

B ( ) B ( )

   
    
     

Q Q Q Q

Q QQ Q
  (7) 

Here, PF_c1 represents the feature point image in the projector 
domain with the 1st level of Bézier correction applied.  

The subdivision level can be increased by further dividing 
each of the quadrants ( 0 _1_ c1 0 _ 2 _ c1 0 _ 3_ c1, ,Q Q Q , and 0 _ 4 _ c1Q ) 
to model even smaller portions of the projection surface 
recursively. Thus, PF_cn represents a geometrically corrected 
image with n-th level of subdivision applied. A record of all 
Bézier transformations for every patch and all subdivision 
levels is kept to compute a single rendering look-up table 
(LUT). This rendering LUT is generated by applying the 
Bézier transformation in the reverse order of the subdivision, 
that is, the highest subdivision level is applied first, down to the 
0th subdivision level. 

Thus, a 1st level subdivision-based correction LUT is 
computed using the following equation. 

inv inv
0 _1 0 _1 0 _ 2 0 _ 2inv

c1 inv inv
0 _ 4 0 _ 4 0 _ 3 0 _ 3

B ( ) B ( )
B

B ( ) B ( )

  
       

P P
P

P P
      (8) 

Here, P0_1, P0_2, P0_3, and P0_4 are the four quadrants of the 
input image to be corrected. For the runtime application, 
OpenGL is used to warp every frame to be projected using the 
generated LUT (Fig. 2, rendering phase). 

 The proposed scheme can be scaled to multi-projector 
displays, given the following two assumptions. The camera’s 
FOV should cover the combined projection area of all the  

 

Fig. 3. Illustration of alignment of two projectors: (a) projection
without geometric correction; (b), (c) geometrically
corrected individual projections; (d) superimposed
corrected projection; and (e) aligned output for two
projectors. 

(a) (b) (c) 

(d) (e) 

 
 
projectors. The projectors should be placed such that adjacent 
projectors have overlapping projection regions (Fig. 3(a)). 
Geometric calibration (Fig. 2) is performed for each of the 
projectors using the procedure described earlier. This accounts 
for the nonlinear distortions for each projector, and the output 
shall thus appear as if being projected on a planar surface when 
viewed from the sweet spot (Figs. 3(b) and 3(c)). The problem 
is reduced to that of registering multiple projectors for a planar 
surface, which was thoroughly addressed in [4]. Thus, similar 
to [4], the correspondences between the four corners of each 
projector provide the required homography to register the 
contents of multiple projectors while the photometric blending 
is similarly performed to that in [3]. 

V. Results and Discussion 

The proposed scheme is implemented in C++ and its 
efficacy is demonstrated using simulations and via experiments 
for an uneven dome surface and various arbitrary surfaces. The 
application runs on a workstation comprising a 2.6-GHz Intel 
Core i5, 2 GB of RAM, and the NVIDIA Geforce-9800GT as 
the graphics card. 

1. Simulation Surface 

A simulation environment is created in Autodesk 3ds Max 
[24] comprising an irregular projection surface (Fig. 4(a)), a 
standard camera (with default Autodesk 3ds Max 
configuration), and a standard projector. Note that the surface 
has many higher-order distortions that cannot be modeled 
using a single 2nd-order Bézier surface. Test patterns are 
supplied to the simulation environment, and the images 
captured by the simulated camera are provided to the 
developed application. Figure 4(b) shows the projected grid 
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Fig. 4. Simulation environment: (a) simulated surface; (b)
projected grid pattern without any correction; output
after application of (c) 0th, (d) 1st, (e) 2nd, and (f) 3rd
level of Bézier subdivision transformation; and (g)
illustration used for measuring RDE. Dashed red line
shows ideal straight line. Shaded region signifies
deviation of projected line from straight dashed line. 

(a) (b) (c) 

(d) (e) (f) 

(g) 

 

 
without geometric correction. Figures 4(c), 4(d), 4(e), and 4(f) 
show the image after application of 0th, 1st, 2nd, and 3rd level 
of Bézier subdivision-based geometric correction, respectively.  

A measure of “relative distortion” is formulated to analyze 
the efficiency of the proposed system. The red dashed line in 
Fig. 4(g) represents an ideal straight line overlaid over the 
uncorrected grid line. The number of pixels contained in the 
area defined between the distorted line and the straight line 
(shown by the shaded red region in Fig. 4(g)) give a measure 
of distortion. The relative distortion error (RDE) is thus 
defined as 

corr1

no corr1

( )
100.

( )

n

i
n

i

Px i
RDE

Px i




 
  
 
 




            (9) 

Here, no corr1
( )

n

i
Px i

 and corr1
( )

n

i
Px i

 represent the sum 

of pixels in the shaded region before and after the correction, 
respectively.  

For the conducted experiments, the RDE is calculated by 
summing up no corrPx  and corrPx  for 10 evenly placed lines 
(five vertical and five horizontal) that form a grid (Fig. 4(g)). 
Table 2 demonstrates the suppression of distortion error as the 
Bézier subdivision level is increased. Differential error 
reduction (DER) is the difference between the RDEs for Pci 
and Pc(i+1) and signifies the reduction in error as the subdivision 
level is increased. Figure 4(f) demonstrates substantial 
improvement over the result shown in Fig. 4(b). More than an  

Table 2. Comparison of RDE percentage for different subdivision 
levels. 

Subdivision level No. of pixels RDE (%) DER 

No correction 62,930 100.00 ---- 

0th 21,172 33.60 66.40 

1st 12,846 20.40 13.20 

2nd 7,616 12.10 8.30 

3rd 4,080 6.48 5.62 

 

 
85% decrease in cumulative distortion error is observed for the 
case in which the 2nd level of subdivision is applied. As shown 
in Fig. 4, the RDE decreases with the application of each 
successive subdivision level. This is generally true for all 
quadratic surfaces since the 0th level of subdivision estimates 
the major distortion whereas the higher levels of subdivision 
estimate the surface imperfections. The number of subdivision 
levels can be predefined or can be made automatically by 
performing the subdivision, provided that the DER is greater 
than a specified value (10% for our case).  

2. Uneven Dome Surface with Single Projector 

To test the performance of the proposed scheme, a low-cost 
12 ft × 8 ft × 6 ft (width by height by depth) fiberglass dome  
is selected (Fig. 5(a)). The contrast shown in Fig. 5(a) is 
increased to highlight the presence of imperfections on the 
dome surface. The green region shows an area with relatively 
smoother surface whereas the red region shows an area with 
extreme imperfections. The setup comprises NEC projectors 
and a Canon 450D camera. The results for a case in which a 
single projector projects within a defined area are illustrated in 
Fig. 5, in which the defined area is outlined by a red rectangle. 
Various experiments on the dome surface show that the 2nd 
level of subdivision provides perceptually acceptable results 
and provides up to 90% cumulative relative error suppression. 
The curve in the projected grid lines shown in Fig. 5(c) is the 
distortion caused due to the dome surface. Figures 5(d), 5(e), 
and 5(f) demonstrate the decrease in this distortion as the 
subdivision level is increased from 0 to 2, respectively. The 
rendering is tested using X-Plane 9.6 software [25]. The 
warping LUT is applied using OpenGL, and a rate of 100 fps at 
a resolution of 1024×768 is obtained.  

The dotted red line highlights the effect of geometric 
correction for the rendered output without (Fig. 5(g)) and with 
(Fig. 5(h)) the correction applied. Unlike the zebra crossing 
lines shown in Fig. 5(g), the lines shown in Fig. 5(h) are 
straight with respect to the overlaid dotted red line. 
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Fig. 5. Results of projecting in defined area (outlined by red
rectangle) with single projector: (a) dome surface used
for experiments; (b) extracted feature points; (c)
projection without correction; (d) projection with 0th
level, (e) 1st level, and (f) 2nd level Bézier subdivision
correction; and flight simulator rendering (g) without and
(h) with correction. 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 

 

 

3. Uneven Dome Surface with Two Projectors 

As described in section II, most of the proposed schemes 
typically provide solutions for multi-projector registration for 
planar and non-planar surfaces. Thus, for the sake of 
comparison, the proposed scheme is applied to a multi-
projector scenario employing two projectors on an uneven 
dome surface. Since the dominant approaches employ a single 
higher-order Bézier patch to accommodate the geometric 
correction of each projector, the results of using the proposed 
scheme are compared to those obtained using a higher-order 
rational Bézier-based approach [9]-[14], [17]. Two projectors 
are placed in front of the projection dome. Figure 6 shows the 
results of the experiment using (a) the 3rd level of Bézier  

 

Fig. 6. Results of geometric correction using (a) 3rd level of 
Bézier subdivision-based approach and (b) 4th-order 
Bézier patch-based correction. 

(a) 

(b) 

 

 
subdivision transformation and (b) a single 4th-order Bézier 
patch-based correction. In both cases, homography 
transformation is applied to align the content of two projectors. 
Figure 6 compares the zoomed-in view of the upper and lower 
parts of the projection overlap area of two projectors using the 
two schemes. The zoomed-in view of the projection overlap 
area shows perfect alignment and geometric correction using 
the proposed subdivision approach, whereas results obtained 
using the 4th-order Bézier patch shows errors in the geometric 
correction for the same regions. 

To analyze the quality of geometric correction quantitatively, 
another experiment is performed on the portion of the dome 
with relatively higher-order surface imperfections (shown by 
red bounding box in Fig. 5). Figure 7(a) shows the result of 
geometric correction using the 0th level of subdivision (2nd-
order patch) for a two-projector setup. Figure 7(b) shows a 
zoomed-in view of the bottom portion of the projection overlap 
area and highlights the error that represents the misalignment 
between the two projectors. To compute the RDE, (9) is used 
with the value of no corrPx  set to the number of pixels in the 
red region of Fig. 7(b). The relative misalignment error after 
the 2nd-order Bézier correction is assumed to be 100%. This is 
justified since the 2nd-order Bézier correction provides a base 
case for both the subdivision-based approach and the higher-
order-based approach.  

Figures 7(c) and 7(d) show the result of increasing the 
subdivision to the 1st level and 2nd level, respectively. Figures 
7(f) and 7(g) demonstrate the results when using a 4th- and 8th-
order single Bézier patch, respectively. The use of 4th- and 8th-  
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Fig. 7. (a) Quantitative comparison of subdivision-based
approach with higher-order-based approach for multi-
projector alignment. (b) 2nd-order Bézier correction.
Red color highlights error in misalignment. (c) 1st and
(d) 2nd level of subdivision correction. (e) 2nd level of
subdivision without error demarcation. (f) 4th-order
and (g) 8th-order Bézier correction. (h) 8th-order
correction without error demarcation. 

(a) (b) Distortion error=100% 

(c) Distortion error=69% (d) Distortion error=18% (e) Output using 2nd level 
subdivision 

(f) Distortion error=46% (g) Distortion error=56% (h) Output using 8th 
order Bézier 

 

 
order Bézier patches is justified since earlier approaches, such 
as [12], [13], employed 5th- and 7th-order Bézier patches while 
[18] used cubic Bézier patches. With each increase in the 
subdivision level, a smaller physical projection area is modeled 
using a 2nd-order Bézier patch, thus suppressing the error. In 
the case in which the 0th level of Bézier subdivision is used on 
a local surface distortion that is higher than the 2nd order; the 
error effect is propagated to all the subsequent subdivisions. 
However, with the application of every new subdivision, this 
effect begins to limit itself nearer to the dislocated control point. 
More than 80% suppression in error is observed as the 
subdivision level is increased from 0 to 2. On the contrary, as 
shown in Figs. 7(f) and 7(g), higher-order Bézier patches 
cannot handle the local surface distortions and become 
unstable when a higher-order Bézier patch is mapped. 

4. Projection on Arbitrary Surfaces 

Since the proposed scheme is applicable to quadratic and 
planar surfaces without any modification, the developed 
application is tested with multiple arbitrary surfaces. Figure 
8(a) shows the uncorrected output for a two-projector setup on 
a dome surface when one of the projectors is tilted at an 
arbitrary angle. Figure 8(b) shows the aligned and 
geometrically corrected output using the proposed scheme. 
Figure 8(c) shows the uncorrected projection of two projectors  

 

Fig. 8. (a), (c), (e) Uncorrected outputs for arbitrary projection
surfaces. (b), (d), (f) Corresponding geometrically
corrected and aligned outputs. (g) Results for three-
projector cylindrical projection surface. 

(a) (b) 

(c) (d) 

(e) (f) 

(g) 

 
on a surface formed by placing a non-reflective plastic sheet 
over a cylindrical piece of polystyrene foam. Figure 8(d) shows 
the geometrically corrected result. Figure 8(f) shows the 
corrected results for another random projection surface (that 
shown in Fig. 8(e)) while Fig. 8(g) shows the results for a 
cylindrical projection surface. All the results reflect that the 
proposed scheme is able to suppress surface distortions and 
align the content from multiple projectors.  

Computational time analysis of the proposed scheme is 
provided in Table 3. The 2nd level of subdivision correction 
with greater than 80% distortion suppression for the dome 
surface takes 20 seconds for the calibration. The computational 
overhead increases linearly for the subdivision-based approach. 
On the contrary, the LUT computational time increases 
exponentially as the degree of the Bézier patch is increased. 
This is due to the large number of coefficients involved in the 
computation of a high-dimensional Bézier patch. As a future 
work, the method can be enhanced by using a local distortion 
correction method, that is, only local patches having distortions 
greater than a predefined threshold are further subdivided and 
the remaining projection area is mapped using a lower 
subdivision, reducing the computational time. 
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Table 3. Comparison of time (seconds) required by various stages of 
proposed scheme compared with higher-order Bézier. 

Bézier subdivision 

Level 
Feature point 

extraction 
Bézier control point 

computation 
LUT 

generation 
Total 

(sec) 

0 5 0.1 3.0 8.1 

1 5 3.0 8.0 16.0 

2 8 4.0 8.5 20.0 

3 13 8.0 10.0 31.0 

Single Bézier patch 

Order 
Feature point 

extraction 
Bézier control point 

computation 
LUT 

generation 
Total 

(sec) 

2 5 0.1 3.0 8.1 

4 5 0.2 8.6 13.8 

8 8 1.1 26.0 35.1 

16 13 8.8 108.0 129.8 

 

 
VI. Conclusion 

A novel technique for geometrically correcting images and 
videos for projection on low-cost quadratic and planar surfaces 
with imperfections was proposed in this paper. Such surfaces 
form a major class of immersive projection environments. The 
scheme employs low (2nd) order Bézier patches in a recursive 
subdivisional fashion to suppress the distortions due to 
imperfect surfaces. The scheme is automatic and suitable for a 
layman since it requires no camera calibration, no manual 
intervention, and no prior surface model. Convincing results 
with greater than 80% error suppression were demonstrated for 
two cases: a simulated irregular screen surface and a low-cost 
imperfect dome surface. The complete geometric correction 
process takes 20 seconds using a 13-mega-pixel feedback 
image for the dome surface. The proposed scheme was proven 
to be computationally efficient compared to higher-order 
Bézier-based surface estimation. 
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