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Most of the literature on compressed sensing has not 
paid enough attention to scenarios in which the number of 
acquired measurements is insufficient to satisfy minimal 
exact reconstruction requirements. In practice, 
encountering such scenarios is highly likely, either 
intentionally or unintentionally, that is, due to high sensing 
cost or to the lack of knowledge of signal properties. We 
analyze signal reconstruction performance in this setting. 
The main result is an expression of the reconstruction 
error as a function of the number of acquired 
measurements. 
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I. Introduction 

Compressed sensing (CS) [1] is a recent digital data 
acquisition technique that integrates sampling and compression 
into a single stage. According to CS theory, any signal that is 
sparse over any basis can be perfectly reconstructed from a 
very small number of measurements compared to the number 
of samples required by the conventional Shannon/Nyquist rate. 
CS has been attracting much attention lately due to its various 
potential applications, such as medical imaging [2], astronomy 
[3], radar systems [4], communications [5], and remote sensing 
[6]. 

Consider a real signal X(t) modeled by vector X∈RN (all 
upcoming discussion can be applied to complex signals as well 
[1], [7]); X can be expressed as a finite sum of N linearly 
independent vectors ψi∈RN that constitute the columns of an 
orthonormal basis matrix Ψ∈RN×N, where ΨΨT=ΨTΨ=IN. This 
can be expressed algebraically as 

X x= Ψ ,                    (1) 

where x∈RN is the vector of basis expansion coefficients with 
at most K non-zero entries. In many situations, we find that 
K N, namely, x is K-sparse in the Ψ domain. 

CS offers the capability of reconstructing K-sparse signals 
from a highly compressed set of M N measurements/linear 
projections. Performing M measurements can be modeled 
mathematically by applying a measurement matrix Φ∈RM×N to 
X, yielding the measurement vector y∈RM, which can be 
expressed as 

,y X x x= Φ = ΦΨ = Θ              (1) 

where Θ=ΦΨ. Matrix Θ∈RM×N may be called the compression 
matrix. Reconstruction of the sparse coefficients vector x (and 
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consequently X) is achieved by solving the following convex 
optimization problem, which is referred to as a basis pursuit 
(BP) problem [8]: 

1
* arg min ,   s.t.   ,

x
x x y x= = Θ          (3) 

where ||x||1=∑i=1:N|xi| is the ℓ1 norm of x, and acquired 
measurements represent the problem constraints.  

For the above problem to be stable and well conditioned, Θ 
must satisfy a necessary and sufficient condition known as the 
restricted isometry property (RIP) [9]. Matrix Θ is said to have 
the RIP of order K if there exists δK∈ (0,1) such that 

( ) ( )2 2 2

2 2 2
1 1K Kv v vδ δ− ≤ Θ ≤ +         (4) 

is valid for any vector ν in the set of all K-sparse vectors. δK is 
called a K-restricted isometry constant. A matrix that has an 
RIP with δ2K ≤ 21/2−1 guarantees that solving (3) will exactly 
yield the K-sparse vector x [10]. For a given Θ and x, the value 
of the isometry constant is inversely proportional to M. The 
optimization problem in (3) can be solved efficiently by 
recasting it as a linear program (LP) [8]. Greedy/iterative 
algorithms such as the orthogonal matching pursuit [11] 
represent an alternative family of sparse reconstruction 
algorithms. 

While guarantees on performance of ℓ1 norm minimization 
in the ideal setting where Θ has the RIP with sufficiently small 
isometry constant are well established [9], [10], performance 
when the number of measurements is insufficient to guarantee 
exact reconstruction was overlooked. A special case of this 
problem was addressed in [7], [9], in which a bound on 
reconstruction error was given for CS of arbitrary non-sparse 
signals in RN. This implies that exact reconstruction can only 
be achieved trivially at M=N. However, it was found that if Θ 
has an RIP of order S with a sufficiently small isometry 
constant, the reconstruction error is bounded as follows [7], [9]: 

1
12

* ,Sx x
x x c

S

−
− ≤ ⋅              (5) 

where xS is generated by keeping the largest S entries of the 
non-sparse signal x, and c1 is a well behaved constant. Based 
on the fact that ||x−xS||2≤||x−xS||1≤N1/2||x−xS||2 [12], this bound 
would be very loose for large values of N. Instead, we are more 
interested in having a generalized compact expression of the 
reconstruction error that can be applied for error estimation in 
practical scenarios for arbitrary values of M, N, and K. 

In this paper, we analyze the performance of the ℓ1 norm 
minimization approach to solving compressed sensing 
problems. We study the behavior and main characteristics of 
the reconstructed signal and derive an expression of the 
reconstruction error that is valid for signals with arbitrary 
sparsity order given any number of measurements.  

The remainder of this paper is arranged as follows. In section 
II, we introduce our settings, assumptions, and metrics. In 
section III, we present our analysis and modeling strategy of 
various characteristics of the reconstructed signal until we 
finally reach an expression of the reconstruction error. 
Simulation results are presented, discussed, and compared to 
the outcome of our analysis in section IV. Finally, we close 
with concluding remarks in section V. 

II. System Model 

Our main interest is to inspect how the number of 
measurements impacts reconstruction performance when it is 
insufficient to satisfy exact reconstruction requirements (that is, 
the RIP). Performance is expressed in terms of the normalized 
mean square error (NMSE) criterion given by 

( ) ( ) ( )2 2

2 2

2 2

2 2

* * 2 , *
NMSE 1 ,

x x x x x

x x

− −
= = +
E E E

  (6) 

where x* is the outcome of (3).  
As analysis may vary for different measurement/basis 

matrices, we will focus our interest on the most popular 
random measurement matrices whose elements φij are 
independent and identically distributed (iid) random variables 
from a Gaussian or symmetric Bernoulli probability density 
function with zero mean and variance of 1/N [9], [13], [14]. 
The popularity of random measurement matrices stems from 
the fact that they tend to satisfy the RIP for almost any 
sparsifying signal basis since they sustain their properties when 
multiplied by almost any orthonormal basis matrix. This fact 
was proven in [14]. 

For these two matrix types, the RIP is satisfied with 
overwhelming probability if the number of acquired 
measurements is larger than or equal to [13] 

RIP 2 log NM c K
K

⎛ ⎞= ⋅ ⋅ ⎜ ⎟
⎝ ⎠

.            (7) 

Given a certain CS framework, determining a specific value 
of MRIP requires running a set of Monte Carlo simulations to 
find the value of the constant c2 that satisfies the majority of 
trials. An example of this procedure can be found in [15].  

To simplify our analysis, we assume that the measurement 
matrix Φ is row-wise orthonormal, that is, ΦΦT=IM. This 
assumption is easy to justify since any two randomly selected 
vectors in high-dimensional space are known to be nearly 
orthogonal [16]. Hence, simply generating a random 
measurement matrix with iid Gaussian or Bernoulli entries and 
normalizing its rows is sufficient to approximately satisfy our 
assumption with very small deviation. This assumption entails 
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that Θ is also row-wise orthonormal since ΘΘT= 
ΦΨ(ΨTΦT )=IM. 

It is actually desirable to generate and employ row-wise 
orthonormal measurement matrices since row orthogonality 
implies that each measurement will provide a maximum and 
equal amount of information about the sensed signal. On the 
other hand, equal row norms ensure that the measurements will 
be equally scaled, that is, no measurement will dominate 
another. 

III. Methodology 

According to (6), it is obvious that finding the NMSE is 
bound to finding the expected energy of the reconstructed 
signal E(||x*||22), and the expected inner product E(〈x, x*〉). 
Throughout this section, we present the methodology we 
adopted to derive expressions of these quantities. 

1. Measurement Vector 

From (2), given M measurements, the measurement vector 
energy can be expressed as 

( )

( )

2 2 2 2 2
2 2 2 2

1 1

2 2
2

1

,

, ,

M M

i i i
i i

M

i
i

y x x x
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θ θ α θ

α θ

= =

=

= =

=

∑ ∑

∑
      

(8)
 

where θi indicates the i-th unit norm row of Θ (||θi||2=1,       
i = 1,…,M), and α2(θi, x) ∈ [0,1] is the squared correlation 
coefficient between θi and x. We now recall the work in [17], 
which found that for random Θ with entry variance of 1/N, 
E(||y||22) = (M/N)||x||22. It was also shown in [17] that the 
random variable ||y||22 is strongly concentrated about its 
expected value, and we may therefore set 

2 2

2 2
.My x

N
=               (9) 

By comparing (8) to (9), we find that α2(θi, x)=α2(θj, x)=1/N 
for i, j=1,…,M. This is obvious by keeping in mind that this is 
the only way (8) and (9) can both be satisfied for all possible 
values of M, which may take any value from 1 up to N. This 
observation is justified by the orthogonality between the rows 
of Θ. 

Now, if M<MRIP, we expect that reconstruction is no more 
exact and hence x*≠x. However, since x* is a feasible point that 
falls in the same translated null space {x*:y=Θx*}, then it must 
satisfy (8), that is, 

( ) ( )
2

2 22
2

1
2

MRR , * , * ,
*

M

i
i

y
x M x

x
α θ α θ

=

= = = ⋅∑    (10) 

 

Fig. 1. Visualization of 1 norm minimization in R2. 
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where α2(θi, x*) is the squared correlation coefficient between 
θi and x*, α2(θ, x*) is its nominal value, and MRR stands for 
“measurements to reconstructed signal ratio.” Similar to   
α2(θi, x), we assume α2(θi, x*) to be equal for i=1,…,M since 
this property refers to Θ, which did not change. Using (10), for 
the same measurements vector y, the ℓ2 norm (Euclidean 
length) of the reconstructed signal will be bounded as follows: 

( )( ) ( )( )

1/ 2 1/ 22 2

2 2
22 2

/ /
* .

max , * min , *

y M y M
x

x xα θ α θ

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟≤ ≤
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (11) 

The lower bound in the above inequality is achieved when 
(3) returns the least norm (LN) solution expressed as 
xLN=ΘT(ΘΘT)−1y=ΘTy [12]. Since ||xLN||22=yTΘΘTy=||y||22, we 
find that max(α2(θ, x*))=1/M by applying (10). On the other 
hand, min(α2(θ, x*))=1/N because if it takes a smaller value, 
∑i=1:Nα2(θi, x*)=1 will not be satisfied, which violates 
Parseval’s theorem [18]. Consequently, we can rewrite (11) as 

LN 2 2 2 2
*x y x x= ≤ ≤ .           (12) 

These bounds are illustrated in Fig. 1 for a simplified 
example in R2 (N=2) at M=1, where sparse vectors in R2 must 
lie on the coordinate axes (to include a zero). The sparse vector 
x lies on the positive y-axis. The constraints are represented by 
an N−M=1-dimensional translated null space of Θ, which is a 
straight line in this case. The least norm solution is the first 
point of contact that occurs between the constraint line and the 
ℓ2 ball. Conversely, the minimum ℓ1 norm solution x* is the 
first point of contact that occurs between that line and the 
diamond-shaped ℓ1 ball. In this scenario, the RIP is not satisfied 
and ℓ1 minimization yields an incorrect solution. By looking at 
the ℓ2 norm of x* (Euclidean distance from origin), we can see 
that it is confined between those of xLN and x (that is, within the 
green area). Visualizing other sparse vectors lying on either 
axes and corresponding solution spaces will always lead to the 
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same observation. 

2. Reconstructed Signal Energy 

The behavior and characteristics of the reconstructed signal 
energy ||x*||22 will obviously be influenced by the number of 
measurements compared to MRIP. In this section, we will show 
that these characteristics divide the domain of M into the three 
following stages. 

A. Exact Reconstruction Stage (MRIP≤M≤N) 

In this stage, exact reconstruction is achieved, that is, x=x* 
and ||x*||22=||x||22 according to the guarantees in [9], [13]. 
Consequently, applying (9) yields MRR=||y||22/||x*||22=M/N. 

B. Unrestricted Reconstruction Stage (1≤M<MT) 

In this stage, M MRIP and the reconstructed signal could 
therefore be randomly located anywhere in RN as long as it 
satisfies the length constraints in (12). This is due to the fact 
that the information provided by measurements is insufficient 
to drive x* effectively closer to x. Hence, x* could have any 
length within the range in (12) with equal probability, that is, 
||x*||2 fits a uniform probability distribution over that range. 
Letting this argument be valid up to MT≤MRIP, which is to be 
defined below, the mean reconstructed signal norm can be 
expressed as 

( ) 2 2
2

2

*
2

1 / .
2

x y
x

M N x

+
=

⎛ ⎞+= ⎜ ⎟⎜ ⎟
⎝ ⎠

E
       

(13)
 

Consequently, the expected reconstructed signal energy 

E(||x*||22) = E(||x*||2)2+var(||x*||2) can now be expressed as 

( ) ( )22
2 2

2 2
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⎝ ⎠
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(14)

 

where the variance of a uniformly distributed random variable 
supported on [a, b] is known to be equal to (b−a)2/12 [19]. 

To identify MT, we must highlight the following observation: 
from (10), we notice that the MRR is a monotonically 
increasing function of M, which stems from the fact that the 
squared correlation coefficient is a nonnegative quantity. As a 

result, the unrestricted reconstruction stage must terminate as 
soon as the value of the MRR reaches MRIP/N, which is the 
minimum MRR associated with the exact reconstruction stage 
as defined in part A of this section. Hence, using (14), MT can 
be defined as 

( ){ }1

T RIP: 3 1 / / /M M N M N M M N
−

= + + =⎡ ⎤⎢ ⎥ , 

which can be expressed after some straightforward calculations 
as follows: 

T 2

1 4 2 1 ,
2
Nb NbM

Nb
⎡ ⎤− − += ⎢ ⎥
⎢ ⎥

           (15) 

where b=(1/N−3/MRIP) and ⎡·⎤ is the ceiling function. 

C. Transition Stage (MT≤M<MRIP) 

As the MRR reaches MRIP/N at MT, the only way for it to 
stay monotonic over M ∈ [MT, MRIP] is to sustain its value at 
MRIP/N. As a result, by applying (9) and rearranging, we find 
that E(||x*||22)=(M/MRIP)||x||22, that is, the energy of the min ℓ1 
solution starts to approach that of the optimal solution faster 
than it did in the unrestricted reconstruction stage. This 
observation is highly logical since we are getting very close to 
MRIP, and measurements hence have better influence in driving 
x* effectively closer to x. By combining the previous findings, 
we can finally express the normalized reconstructed signal 
energy as 

( ) T2

2

2
T RIP2

RIP

RIP

1 1 , 1 ,      
3*

,                  ,

1,                          ,   

M M M M
N Nx

R M M M Mx
M

M M N

⎧ ⎛ ⎞
+ + ≤ <⎪ ⎜ ⎟⎜ ⎟⎪ ⎝ ⎠⎪= =⎨

≤ <⎪
⎪
⎪ ≤ ≤⎩

E
(16) 

and the MRR as 
1

T

2

2
RIP2

T RIP
2

RIP

3 1 , 1 ,     

,                    ,*

,                        .  

N N M M
M M

y M
M M Mx N

M M M N
N

−⎧ ⎛ ⎞
⎪ + + ≤ <⎜ ⎟⎜ ⎟⎪ ⎝ ⎠⎛ ⎞ ⎪⎪⎜ ⎟=⎨ ≤ <⎜ ⎟ ⎪⎝ ⎠
⎪
⎪ ≤ ≤
⎪⎩

E (17) 

3. Inner Product 〈x, x*〉 

We now turn to modeling the inner product 〈x, x*〉. The first 
step is to determine its bounds. It has been established that 
minimum ℓ1 norm solutions of CS problems always represent a 
closer match to the sensed signal than LN solutions due to the 
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tendency of the latter to converge to non-sparse solutions [12]. 
Consequently, the Euclidean distance between xLN and x will 
always be greater than or at least equal to the distance between 
minimum ℓ1 solution and x, that is, ||x−x*||22 ≤ ||x−xLN||22, which 
expands to ||x||22+||x*||22−2〈x, x*〉 ≤ ||x||22+||xLN||22−2〈x, xLN〉. By 
simplifying and using the fact that ||xLN||2 ≤ ||x*||2, we get 

2 2 2
LN LN LN2 2 2

2 , * * 2 , * 2 , .x x x x x x x x x− ≤ − ≤ − (18) 

It follows that 〈x, xLN〉 ≤ 〈x, x*〉. Since 〈x, xLN〉=xT(ΘTy)=||y||22, 
and knowing that 〈x, x*〉 ≤ ||x||2·||x*||2 ≤ ||x||22, 〈x, x*〉 is therefore 
bounded as follows: 

2 2 2

2 2 2
, * .My x x x x

N
= ≤ ≤         (19) 

Since each measurement provides approximately an equal 
amount of information due to the orthogonality between the 
rows of Φ, we can argue that, on average, each measurement 
contributes an equal share to the ultimate value of 〈x, x*〉 
achieved at M≥MRIP, which is ||x||22. As a result, E(〈x, x*〉) will 
increase approximately as a linear function of M ∈ [1, MRIP]. 
Thus, E(〈x, x*〉) can be approximated by 

( ) 2
RIP2

RIP

, * , ,  Mx x x M M
M

= ≤E       (20) 

which is consistent with the bounds in (19). Therefore, the 
NMSE can finally be expressed as 

RIP
RIP

RIP

1 2 , ,
NMSE =

0,                    ,

MR M M
M

M M

⎧ + − <⎪
⎨
⎪ ≥⎩

      (21) 

where R is defined in (16). 

IV. Simulation Results and Discussion 

In this section, we compare simulated results to the 
expressions we derive to verify their accuracy. In simulations, 
we consider the sensed signal x∈RN with N=512. The entries of 
compression matrix Θ are iid realizations of either zero mean 
Gaussian or symmetric Bernoulli (±1/N1/2 with equal 
probability) random variables with variance of 1/N. The rows 
of Θ are normalized prior usage. To generate each vector x, the 
locations of nonzero entries are uniformly selected at random, 
while the coefficients are zero mean Gaussian random 
variables. 

Simulations are performed using the ℓ1 magic program [20]. 
Primal-dual tolerance (algorithm-relevant parameter) is set to 
10−3 [8]. Each point on every curve we present is the average of 
103 independent trials, each employing a different realization of 
Θ and x. The value of MRIP required for calculations is 

 

Fig. 2. MRR vs. compression ratio (M/N) for Gaussian 
compression matrix at N=512 and (a) K=64, (b) K=256. 
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Fig. 3. MRR vs. compression ratio (M/N) for Bernoulli 
compression matrix at N=512 and (a) K=128, (b) K=512.
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identified numerically, as in [15]. 

Figures 2 and 3 illustrate examples of the MRR versus the 
compression ratio (M/N) for different combinations of sparsity 
orders K and compression matrix types. Figs. 2(a) and 2(b) 
depict the MRR for the Gaussian compression matrix at K=64 
and K=256, respectively. On the other hand, Figs. 3(a) and 3(b) 
depict the same quantity for the Bernoulli matrix at K=128 and 
K=512. 

As discussed in subsection III.2 and summarized in (17), 
during the unrestricted reconstruction stage (M<MT), MRR 
increases slowly up to the point at which the transition stage is 
initiated at M=MT, defined in (15). Beyond this point up to 
M=MRIP, the transition stage forces the MRR to maintain its 
value at MRIP/N until the exact reconstruction stage is reached, 
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Fig. 4. NMSE vs. compression ratio (M/N) in dB for N=512 at
K={128, 512} for Gaussian compression matrix and
K={64, 256} for Bernoulli compression matrix. 
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at which point it starts growing back at a linear rate. 

It is useful to highlight the result in Fig. 3(b). Here, we 
inspect scenarios in which the sensed signal is non-sparse. In 
this case, the parameters MT and MRIP are meaningless and 
converge to N. Hence, the unrestricted reconstruction stage 
prevails, and the MRR over the whole domain of M is 
governed by (14). 

Figure 4 illustrates the NMSE versus 20log(M/N) for the 
complementary combinations to those of Figs. 2 and 3. The 
figure shows the NMSE for Gaussian compression matrices at 
K=128 and K=512 and for Bernoulli matrices at K=64 and 
K=256. It is important to notice that the behavior of the 
reconstruction algorithm is highly regular and is not influenced 
by the sparsity order of the sensed signal or the number of 
measurements. Reconstruction error increases gradually as M 
decreases below MRIP with no abrupt performance drops. The 
curves show that we get about a 30% to 45% error rate for a  
3-dB drop in the number of measurements below MRIP. This 
indicates that ℓ1 norm minimization has a relatively high level 
of tolerance to the reduction of the number of measurements. 

Generally, the curves shown in all figures manifest 
satisfactory similarity between the simulation results and the 
corresponding expressions we derive for both Gaussian and 
Bernoulli measurement matrices except for some deviation at 
exceedingly low compression ratios that are unlikely to be used 
practically. Consequently, (21) can be used for reconstruction 
error estimation in real-world CS-based systems. With 
knowledge of the number of acquired measurements and the 
sparsity order of the sensed signal, a reliable estimate of the 
reconstructed signal error can be made easily. Conversely, (21) 
could be used in the design process of systems characterized by 
high sensing cost and high error tolerance to determine the 

minimum number of measurements required to adhere to a 
given error tolerance. 

V. Conclusion 

In this paper, we analyzed the performance of CS in the most 
general setting, in which an arbitrary number of measurements 
is applied to a signal with an arbitrary sparsity order. We 
derived a set of expressions that model the behavior and 
characteristics of the reconstructed signal and quantify the 
reconstruction error. This work can be useful in real-world CS 
system design and optimization, in which estimating 
reconstruction error is crucial to account for losses in the 
acquisition stage. This work is to be extended to analyze error 
performance for cases in which the sensed signal is noise-
corrupted. 
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