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GEOMETRY OF LIGHTLIKE SUBMANIFOLDS OF AN

INDEFINITE KENMOTSU MANIFOLD

Dae Ho Jin

Abstract. In this paper, we study the forms of the curvatures of
lightlike submanifolds M of an indefinite Kenmotsu manifold M̄
subject to the conditions: M is locally symmetric or M is semi-
symmetric.

1. Introduction

In the classical theory of Sasakian manifolds, the following result is
well-known: If a Sasakian manifold is locally symmetric, then it is of
constant positive curvature 1. In 2012, K.L. Duggal and D.H. Jin [4]
studied the forms of curvatures of locally symmetric generic lightlike
submanifolds of an indefinite Sasakian manifold. They obtained the
following result: If a locally symmetric generic lightlike submanifold with
flat lightlike transversal connection of an indefinite Sasakian manifold is
totally umbilical, then it is of constant positive curvature 1.

Further in 1971, K. Kenmotsu proved the following result: If a Ken-
motsu manifold is locally symmetric, then it is of constant negative
curvature −1 [9]. D.H. Jin proved the lightlike version of this result for
lightlike hypersurfaces [5, 7] and half lightlike submanifolds [6, 8].

The objective of this paper is to study the forms of the curvatures
of general r-lightlike submanifolds of an indefinite Kenmotsu manifold
subject to the conditions: (1) M is locally symmetric, i.e., the curvature
tensor R of M satisfies ∇R = 0, or (2) M is semi-symmetric, i.e., R
satisfies R ·R = 0. We prove the following theorems:

Received July 11, 2014. Accepted October 20, 2014.
2010 Mathematics Subject Classification. 53B25, 53C40, 53C50.
Key words and phrases. locally symmetric, semi-symmetric, lightlike submani-

fold, indefinite Kenmotsu manifold.



708 D.H. Jin

Theorem 1.1. Let M be a locally symmetric r-lightlike submanifold
of an indefinite Kenmotsu manifold M̄ equipped with an almost contact
metric structure (J, ζ, θ, ḡ).

(1) If the structure vector field ζ of M̄ is tangent to M , then M is a
space of constant negative curvature −1 and the induced connec-
tion on M is a torsion-free metric connection of M .

(2) If the transversal vector bundle tr(TM) of M is parallel and M is
irrotational, then M is flat and ζ is a normal vector field of M .

In this two cases, the lightlike transversal connection of M is flat and
the Ricci type tensor is symmetric.

Theorem 1.2. Let (M, g, S(TM), S(TM⊥)) be a semi-symmetric r-
lightlike submanifold of an indefinite Kenmotsu manifold M̄ .

(1) If ζ is tangent to M , then M is a space of constant negative cur-
vature −1, the induced connection on M is a torsion-free metric
connection of M and the Ricci type tensor is symmetric.

(2) If tr(TM) is parallel on TM̄ , M is irrotational and the tangential
component ω of the structure vector field ζ of M̄ satisfies θ(ω) 6=
0, then ω is a null vector field on M . Moreover, if S(TM) is
Riemannian vector bundle, then R is given by

R(X,Y )Z = θ(ω)−1 θ(Z){θ(X)Y − θ(Y )X},
for any vector fields X, Y and Z of M .

2. Lightlike submanifolds

An odd dimensional semi-Riemannian manifold M̄ is said to be an
indefinite almost contact metric manifold [9] if there exists a structure
set (J, ζ, θ, ḡ), where J is a (1, 1)-type tensor field, ζ is a vector field
which called the structure vector field, θ is a 1-form and ḡ is the semi-
Riemannian metric on M̄ such that

J2X = −X + θ(X)ζ, Jζ = 0, θ ◦ J = 0, θ(ζ) = 1,(2.1)

θ(X) = ḡ(ζ,X), ḡ(JX, JY ) = ḡ(X,Y )− θ(X)θ(Y ),

for any vector fields X, Y on M̄ . An indefinite almost contact metric
manifold M̄ is called an indefinite Kenmotsu manifold [9] if

∇̄Xζ = −X + θ(X)ζ,(2.2)

(∇̄XJ)Y = −ḡ(JX, Y )ζ + θ(Y )JX,(2.3)

where ∇̄ is the Levi-Civita connection of M̄ .
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Let (M, g) be an m-dimensional lightlike submanifold of an (m +
n)-dimensional indefinite Kenmotsu manifold M̄ . We follow Duggal-
Bejancu [2] and Duggal-Jin [3] for notations and structure equations used
in this paper. Then the radical distribution Rad(TM) = TM ∩ TM⊥
is a vector subbundle of the tangent bundle TM and the normal bundle
TM⊥, of rank r (1 ≤ r ≤ min{m, n}). In general, there exist two
complementary non-degenerate distributions S(TM) and S(TM⊥) of
Rad(TM) in TM and TM⊥ respectively, called the screen distribution
and co-screen distribution of M , such that

TM = Rad(TM)⊕orth S(TM),(2.4)

TM⊥ = Rad(TM)⊕orth S(TM⊥),

where ⊕orth denotes the orthogonal direct sum. We denote such a light-
like submanifold by (M, g, S(TM), S(TM⊥)). Denote by F (M) the alge-
bra of smooth functions on M and by Γ(E) the F (M) module of smooth
sections of a vector bundle E over M . We use the same notation for any
other vector bundle. We use the following range of indices:

i, j, k, ... ∈ {1, ... , r}, α, β, γ, ... ∈ {r + 1, ... , n}.
Let tr(TM) and ltr(TM) be complementary (but not orthogonal)

vector bundles to TM in TM̄|M and TM⊥ in S(TM)⊥ respectively,
which are called the transversal vector bundle and lightlike transversal
vector bundle of M with respect to S(TM) respectively, where S(TM)⊥

is the orthogonal complementary vector bundle to S(TM) in TM̄|M .
Let {N1, · · · , Nr} be a lightlike frame fields of ltr(TM)|U consisting of

smooth sections of S(TM)⊥|U , where U is a coordinate neighborhood of

M , such that
ḡ(Ni, ξj) = δij , ḡ(Ni, Nj) = 0,

where {ξ1, · · · , ξr} is a lightlike frame fields of Rad(TM). Then we have

TM̄ = TM ⊕ tr(TM) = {Rad(TM)⊕ tr(TM)} ⊕orth S(TM)(2.5)

= {Rad(TM)⊕ ltr(TM)} ⊕orth S(TM)⊕orth S(TM⊥).

We say that a lightlike submanifold (M, g, S(TM), S(TM⊥)) of M̄ is
(1) r-lightlike if 1 ≤ r < min{m, n};
(2) co-isotropic if 1 ≤ r = n < m;
(3) isotropic if 1 ≤ r = m < n;
(4) totally lightlike if 1 ≤ r = m = n.

The above three classes (2)∼(4) are particular cases of the class (1) as
follows: S(TM⊥) = {0}, S(TM) = {0} and S(TM) = S(TM⊥) = {0}
respectively. The geometry of r-lightlike submanifolds is more general
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form than that of the other three type submanifolds. For this reason,
we consider only r-lightlike submanifolds M ≡ (M, g, S(TM), S(TM⊥))
with the following local quasi-orthonormal field of frames of M̄ :

{ξ1, · · · , ξr , N1, · · · , Nr , Fr+1, · · · , Fm , Wr+1, · · · , Wn},

where {Fr+1, · · · , Fm} and {Wr+1, · · · , Wn} are orthonormal frame fields
of S(TM) and S(TM⊥) respectively.

From now and in the sequel, let X, Y, Z and W be the vector fields
on M , unless otherwise specified. Let ∇̄ be the Levi-Civita connection
of M̄ and P the projection morphism of TM on S(TM) with respect
to the first equation of (2.4)[denote (2.4)1]. For an r-lightlike submani-
fold, the local Gauss-Weingarten formulas for M and S(TM) are given
respectively by

∇̄XY = ∇XY +

r∑
i=1

h`i(X,Y )Ni +

n∑
α=r+1

hsα(X,Y )Wα,(2.6)

∇̄XNi = −ANiX +
r∑
j=1

τij(X)Nj +
n∑

α=r+1

ρiα(X)Wα,(2.7)

∇̄XWα = −AWαX +
r∑
i=1

φαi(X)Ni +
n∑

β=r+1

σαβ(X)Wβ,(2.8)

∇XPY = ∇∗XPY +

r∑
i=1

h∗i (X,PY )ξi,(2.9)

∇Xξi = −A∗ξiX −
r∑
j=1

τji(X)ξj , ∀X, Y ∈ Γ(TM),(2.10)

where ∇ and ∇∗ are induced linear connections on TM and S(TM) re-
spectively, h`i and hsα are called the local lightlike and local screen second
fundamental forms on TM respectively, h∗i are called the local second
fundamental forms on S(TM). ANi , AWα and A∗ξi are linear operators

on Γ(TM), which called the shape operators on TM and S(TM) respec-
tively, and τij , ρiα, φαi and σαβ are 1-forms on TM .

Since the connection ∇̄ is torsion-free, the induced connection ∇ is
also torsion-free and h`i and hsα are symmetric. From the fact h`i(X,Y ) =
ḡ(∇̄XY, ξi), we know that h`i are independent of the choice of the vector
bundles S(TM), S(TM⊥) and ltr(TM). The above three local second
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fundamental forms are related to their shape operators by

g(A∗ξiX, Y ) = h`i(X, Y ) +

r∑
j=1

h`j(X, ξi)ηj(Y ),(2.11)

ḡ(A∗ξiX,Nj) = 0,

g(AWαX, Y ) = εαh
s
α(X, Y ) +

r∑
i=1

φαi(X)ηi(Y ),(2.12)

ḡ(AWαX,Ni) = εαρiα(X),

g(ANiX,PY ) = h∗i (X,PY ), εβσαβ = −εασβα,(2.13)

ηj(ANiX) + ηi(ANjX) = 0,

where εα(= ±1) = ḡ(Wα,Wα) and ηi are the 1-forms defined by

(2.14) ηi(X) = ḡ(X,Ni).

The induced connection ∇ on TM is not metric and satisfies

(2.15) (∇Xg)(Y, Z) =
r∑
i=1

{h`i(X,Y ) ηi(Z) + h`i(X,Z) ηi(Y )}.

Denote by R̄ and R the curvature tensors of ∇̄ and ∇ respectively.
Using the local Gauss-Weingarten formulas for M , we obtain

R̄(X,Y )Z = R(X,Y )Z(2.16)

+

r∑
i=1

{h`i(X,Z)ANiY − h`i(Y, Z)ANiX}

+

n∑
α=r1

{hsα(X,Z)AWαY − hsα(Y, Z)AWαX}

+
r∑
i=1

{(∇Xh`i)(Y,Z)− (∇Y h`i)(X,Z)

+
r∑
j=1

[τji(X)h`j(Y,Z)− τji(Y )h`j(X,Z)]

+

n∑
α=r+1

[φαi(X)hsα(Y,Z)− φαi(Y )hsα(X,Z)]}Ni

+

n∑
α=r+1

{(∇Xhsα)(Y, Z)− (∇Y hsα)(X,Z)
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+
r∑
i=1

[ρiα(X)h`i(Y,Z)− ρiα(Y )hsα(X,Z)]

+
n∑

β=r+1

[σβα(X)hsβ(Y,Z)− σβα(Y )hsβ(X,Z)]}Wα,

R̄(X,Y )Ni = −∇X(ANiY ) +∇Y (ANiX) +ANi [X,Y ](2.17)

+
r∑
j=1

[τij(X)ANjY − τij(Y )ANjX]

+

m∑
α=r+1

[ρiα(X)AWαY − ρiα(Y )AWαX]

+
r∑
j=1

{h`j(Y,ANiX)− h`j(X,ANiY ) + 2dτij(X,Y )

+

r∑
k=1

[τik(Y )τkj(X)− τik(X)τkj(Y )]

+

m∑
α=r+1

[ρiα(Y )φαj(X)− ρiα(X)φαj(Y )]}Nj

+

m∑
α=r+1

{hsα(Y,ANiX)− hsα(X,ANiY ) + 2dρiα(X,Y )

+
r∑
j=1

[τij(Y )ρjα(X)− τij(X)ρjα(Y )]

+
m∑

β=r+1

[ρiβ(Y )σβαj(X)− ρiβ(X)σβα(Y )]}Wα,

R̄(X,Y )Wα = −∇X(AWαY ) +∇Y (AWαX) +AWα [X,Y ](2.18)

+

r∑
i=1

[φαi(X)ANiY − φαi(Y )ANiX]

+

m∑
α=r+1

[σαβ(X)AWβ
Y − σαβ(Y )AWβ

X]
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+
r∑
i=1

{h`i(Y,AWαX)− h`i(X,AWαY ) + 2dφαi(X,Y )

+
r∑
j=1

[φαj(Y )τji(X)− φαj(X)τji(Y )]

+
m∑

α=r+1

[σαβ(Y )φβi(X)− σαβ(X)φβi(Y )]}Ni

+

m∑
α=r+1

{hsβ(Y,AWαX)− hsβ(X,AWαY ) + 2dσαβ(X,Y )

+

r∑
j=1

[φαi(Y )ρiβ(X)− φαi(X)ρiβ(Y )]

+
m∑

β=r+1

[σαγ(Y )σγβ(X)− σαγ(X)σγβ(Y )]}Wβ.

Using (2.9) and (2.10), for all X, Y ∈ Γ(TM), we obtain

R(X,Y )ξi = −∇∗X(A∗ξiY ) +∇∗Y (A∗ξiX) +A∗ξ [X,Y ](2.19)

+ τji(Y )A∗ξjX − τji(X)A∗ξjY

+

r∑
j=1

{h∗j (Y,A∗ξiX)− h∗j (X,A∗ξiY )− 2dτji(X,Y )

+

r∑
k=1

[τjk(X)τki(Y )− τjk(Y )τki(X)]}ξj .

Definition 1. A lightlike submanifold M of a semi-Riemannian man-
ifold (M̄, ḡ) is said to be irrotational [10] if ∇̄Xξi ∈ Γ(TM) for any
X ∈ Γ(TM) and ξi ∈ Γ(Rad(TM)).

The above definition is equivalent to

(2.20) h`j(X, ξi) = 0, φαi(X) = hsα(X, ξi) = 0.

A lightlike submanifold M = (M, g,∇) equipped with a degenerate
metric g and a linear connection ∇ is said to be of constant curvature c if
there exists a constant c such that the curvature tensor R of ∇ satisfies

(2.21) R(X,Y )Z = c{g(Y,Z)X − g(X,Z)Y }.
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The induced Ricci type tensor R(0, 2) of M = (M, g,∇) is defined by

R(0, 2)(X,Y ) = trace{Z 7−→ R(Z,X)Y }, ∀X, Y ∈ Γ(TM).

In general, the tensor field R(0, 2) is not symmetric [3]. A tensor field

R(0, 2) of M is called its induced Ricci tensor, denote Ric, of M if it is
symmetric. It is known [3] that R(0, 2) is symmetric if and only if the
1-form tr(Tij) vanishes on any coordinate neighborhood U ⊂ M , where
tr(Tij) is the trace of the matrix (Tij), where

(2.22) Tij(X,Y ) = 2dτij(X,Y ) +

r∑
k=1

{τik(Y )τkj(X)− τik(X)τkj(Y )}.

For any X ∈ Γ(TM), let ∇`XNi = Q(∇̄XNi), where Q is the projec-
tion morphism of Γ(TM̄) on Γ(ltr(TM)) with respect to the decompo-
sition (2.5). Then ∇` is a linear connection on the lightlike transversal
vector bundle ltr(TM) of M . We say that ∇` is the lightlike transversal
connection of M . We define the curvature tensor R` of tr(TM) by

(2.23) R`(X,Y )Ni = ∇`X∇`YN −∇`Y∇`XN −∇`[X,Y ]N.

If R` vanishes identically, then the lightlike transversal connection ∇` is
said to be flat [5].

Theorem 2.1. Let M be a lightlike submanifold of a semi-Riemannian
manifold (M̄, ḡ). Then the lightlike transversal connection ∇` is flat
if and only if each 2-form Tij vanishes identically on any coordinate
neighborhood U ⊂M .

Proof. From (2.7) and the definition of ∇`, we have

∇`XNi =
r∑
j=1

τij(X)Nj , ∀X ∈ Γ(TM).

Substituting this into the right side of (2.23) and using (2.22), we get

R`(X,Y )Ni =
r∑
j=1

Tij(X,Y )Nj .

From this result we deduce our assertion.
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3. Proof of Theorem 1.1

(1) Step 1. Assume that ζ is tangent to M . It is well known [1]
that if ζ is tangent to M , then it belongs to S(TM) which we assume
this paper. Replacing Y by ζ to (2.6) and using (2.2), we have

(3.1) ∇Xζ = −X + θ(X)ζ, h`i(X, ζ) = hsα(X, ζ) = 0.

Substituting (3.1)1 into the right side of

R(X,Y )ζ = ∇X∇Y ζ −∇Y∇Xζ −∇[X,Y ]ζ

and using (3.1)1 and the fact that ∇ is torsion-free, we have

(3.2) R(X,Y )ζ = θ(X)Y − θ(Y )X + 2dθ(X,Y )ζ.

Replacing Z by ζ to (2.16) and using (3.1)2 and the facts that

(∇Xh`i)(Y, ζ) = h`i(X,Y ), (∇Xhsα)(Y, ζ) = hsα(X,Y ),

we have R̄(X,Y )ζ = R(X,Y )ζ. Thus we show that

R̄(X,Y )ζ = θ(X)Y − θ(Y )X + 2dθ(X,Y )ζ.

Taking the scalar product with ζ to this result and using g(R̄(X,Y )ζ, ζ)
= 0 and (2.1), we get dθ = 0, i.e., θ is closed on TM . Therefore the
equation (3.2) is reduced to

(3.3) R(X,Y )ζ = θ(X)Y − θ(Y )X.

Applying ∇̄X to θ(Y ) = g(Y, ζ) and using (2.1), (2.2) and (2.6), we get

(3.4) (∇Xθ)(Y ) = −g(X,Y ) + θ(X)θ(Y ).

Step 2. Assume that M is locally symmetric. Applying ∇Z to (3.3)
and using (3.1)1, (3.3) and (3.4), we have

(3.5) R(X,Y )Z = g(X,Z)Y − g(Y, Z)X.

Thus, by (2.21), M is a space of constant negative curvature −1.
Applying ∇U to (3.5) and using (3.5) and the fact ∇UR = 0, we have

(∇Ug)(X,Z)Y = (∇Ug)(Y,Z)X.

Taking Z = ξk and Y = ξj to this and using (2.15) and (2.20)1, we have

h`i(X,Y )ξj = 0.

This implies h`i(X,Y ) = 0. From this result and (2.15), we show that ∇
is a torsion-free metric connection on M .
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As h`i = 0 for all i, we have A∗ξi = 0 for all i by (2.11). Thus, by

(2.19), we get

R(X,Y )ξi = −
r∑
j=1

Tji(X,Y )ξj .

On the other hand, replacing Z by ξi to (3.5), we have R(X,Y )ξi = 0.
Thus we have

Tij(X,Y ) = 0.

From this result and Theorem 2.1, we show that the lightlike transver-
sal connection ∇` is flat and the Ricci type tensor R(0, 2) on M is a
symmetric Ricci tensor of M .

(2) Step 1. From the decomposition of TM̄ , ζ is decomposed by

(3.6) ζ = ω +
r∑
i=1

aiNi +
n∑

α=r+1

bαWα,

where ω is a smooth vector field on M and ai = θ(ξi) and bα = εαθ(Wα)
are smooth functions. Applying ∇̄X to (3.6) and using (2.2), (2.7), (2.8)
and (3.6), we obtain

∇Xω = −X + θ(X)ω +
r∑
i=1

aiANiX +
m∑

α=r+1

bαAWαX,(3.7)

Xai +

r∑
j=1

ajτji(X) +

m∑
α=r+1

bαφαi(X) + h`i(X, ω) = aiθ(X),(3.8)

Xbα +

r∑
i=1

aiρiα(X) +

m∑
β=r+1

bβσβα(X) + hsα(X, ω) = bαθ(X).(3.9)

Substituting (3.8) and (3.9) into the following equations

[X,Y ]ai = X(Y ai)− Y (Xai), [X,Y ]bα = X(Y bα)− Y (Xbα)

and using (2.16)∼(2.18), (3.6)∼(3.9), we have respectively

2ai dθ(X,Y ) = ḡ(R̄(X,Y )ζ, ξi),(3.10)

2bα dθ(X,Y ) = ḡ(R̄(X,Y )ζ, Wα).

Substituting (3.7) into the right side of

R(X,Y )ω = ∇X∇Y ω −∇Y∇Xω −∇[X,Y ]ω

and using (2.16)∼(2.18), (3.6)∼(3.9) and (3.10), we have

(3.11) R̄(X,Y )ζ = θ(X)Y − θ(Y )X + 2dθ(X,Y )ζ.
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Taking the scalar product with ζ to (3.11) and using (2.1) and

g(R̄(X,Y )ζ, ζ) = 0,

we show that dθ = 0 on TM , i.e., θ is closed on TM .

Step 2. Assume that tr(TM) is parallel on TM̄ and M is irrota-
tional. As tr(TM) is parallel, we have ANi = AWα = 0 due to (2.7)
and (2.8). Let di = ḡ(ζ,Ni) = 0. Applying ∇̄X to this and using
(2.2) and (2.7), we have ηi(X) = 0 for all X ∈ Γ(TM). It is a con-
tradiction to ηi(ξi) = 1. Thus di 6= 0 for each i and ζ is not tan-
gent to M . As M is irrotational, by (2.20) we have h`j(X, ξi) = 0 and

φαi(X) = hsα(X, ξi) = 0 for all X ∈ Γ(TM). Thus, from (2.12) and
(2.13) we get hsα = h∗i = ρiα = 0. Then we have

(3.12) R̄(X,Y )Ni =

r∑
j=1

Tij(X,Y )Nj , R̄(X,Y )Wα = 0.

Substituting (3.6) into (3.11) with dθ = 0 and using (3.12), we have

(3.13) R̄(X,Y )ω = θ(X)Y − θ(Y )X −
r∑

i, j=1

aiTij(X,Y )Nj .

Substituting (3.6) into (3.10)1 with dθ = 0 and using (3.12), we have

ḡ(R̄(X,Y )ω, ξi) = −
r∑
j=1

ajTji(X,Y ).

Replacing Z by ω to (2.16) and using the last equation, we get

R̄(X,Y )ω = R(X,Y )ω +

r∑
i=1

ḡ(R̄(X,Y )ω, ξi)Ni

= R(X,Y )ω −
r∑

i, j=1

aiTij(X,Y )Nj .

Substituting this equation into (3.13), we get

(3.14) R(X,Y )ω = θ(X)Y − θ(Y )X.

Applying ∇̄X to θ(Y ) = g(Y, ζ) and using (2.2) and (2.6), we have

(3.15) (∇Xθ)(Y ) = θ(X)θ(Y )− g(X,Y ) +

r∑
i=1

dih
`
i(X,Y ).
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Step 3. Assume that M is locally symmetric. Applying ∇Z to (3.14)
and using (3.7), (3.14) and (3.15), we have

R(X,Y )Z = {g(X,Z)−
r∑
i=1

dih
`
i(X,Z)}Y(3.16)

−{g(Y,Z)−
r∑
i=1

dih
`
i(Y, Z)}X.

Replacing Z by ξi to (3.16) and using (2.20)1, we have R(X,Y )ξi =
0. Comparing this and (2.19), we have Tij = 0. Thus the lightlike

transversal connection ∇` is flat and R(0, 2) is a symmetric Ricci tensor
of M . Using (2.16), (2.17), (3.16) and the fact Tij = 0, we have

0 = ḡ(R̄(X,Y )Ni, Z) = −ḡ(R̄(X,Y )Z,Ni)

= −ḡ(R(X,Y )Z,Ni)

= {g(Y,Z)−
r∑

k=1

dkh
`
k(Y,Z)}ηi(X)

−{g(X,Z)−
r∑

k=1

dkh
`
k(X,Z)}ηi(Y ).

Replacing Y by ξi to this equation and using (2.20)1, we get

g(X,Y ) =
r∑

k=1

dkh
`
k(X,Y ).

From this equation and (3.16), we obtain R = 0. Thus M is flat. From
this result and (3.14), we have

θ(X)Y = θ(Y )X.

Replacing Y by ξi to this and using X = PX +
∑r

j=1 ηj(X)ξj , we have

aiPX = θ(X)ξi − ai
r∑
j=1

ηj(X)ξj .

As the left term of this equation belongs to S(TM) and the right term
belongs to Rad(TM), we have ai PX = 0 and θ(X)ξi = ai

∑r
j=1 ηj(X)ξj

for all X ∈ Γ(TM) and for all i. This results imply ai = 0 for all i and
θ = 0 on TM . As θ(X) = g(X,ω) +

∑r
i=1 ηi(X), we have g(X,ω) = 0

for all X ∈ Γ(TM). This implies ω =
∑r

i=1 diξi. Thus ζ is decomposed
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by

ζ =
r∑
i=1

diξi +
n∑

α=r+1

bαWα.

Thus ζ is a normal vector field of M , i.e., we have ζ ∈ Γ(TM⊥).

Corollary 1. Let M be a lightlike submanifold of an indefinite Ken-
motsu manifold M̄ . Then the structure 1-form θ is closed, i.e., dθ = 0.

4. Proof of Theorem 1.2

(1) Assume that ζ is tangent to M . Then we can use all equations
and results of Step 1 in (1) of Theorem 1.1. Applying ∇Z to (3.3) and
using (3.1)1 and (3.4), we have

(4.1) (∇ZR)(X,Y )ζ = R(X,Y )Z − g(X,Z)Y + g(Y,Z)X.

Substituting (4.1) into (R(U,Z)R)(X,Y )ζ = 0 and using (2.15), (3.1)1
and (4.1), we have

r∑
k=1

{
[h`k(U, Y )ηk(Z)− h`k(Z, Y )ηk(U)]X(4.2)

− [h`k(U,X)ηk(Z)− h`k(Z,X)ηk(U)]Y
}

= θ(U)(∇ZR)(X,Y )ζ − θ(Z)(∇UR)(X,Y )ζ.

Replacing U by ζ to (4.2) and using the fact that (∇ζR)(X,Y )ζ = 0
due to (3.3) and (4.1), we have (∇ZR)(X,Y )ζ = 0. From this result
and (4.1), we show that

(4.3) R(X,Y )Z = g(X,Z)Y − g(Y,Z)X.

Thus, by (2.21), M is a space of constant negative curvature −1.
Replacing U by ξi to (4.2) and using (2.14), (2.20)1 and the fact that

(∇ZR)(X,Y )ζ = 0,

we have

h`i(Y, Z)X = h`i(X,Z)Y.

Replacing Y by ξj to this equation and using (2.20)1, we have

h`i(X,Y ) = 0.

Thus we show that ∇ is a torsion-free metric connection on M by (2.15).
Using (2.19), (4.3) and the method of (1) in Theorem 1.1, we see that
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the lightlike transversal connection ∇` is flat and the tensor field R(0, 2)

is a symmetric Ricci tensor on M .

(2) Assume that tr(TM) is parallel and M is irrotational. Then
we can use all equations and results of Step 1 and Step 2 in (2) of
Theorem 1.1. Thus each di does not vanishes and ζ is not tangent to
M . Taking the scalar product with Ni to (3.13) and using (3.12) and
the fact g(R̄(X,Y )ω, Ni) = −g(R̄(X,Y )Ni, ω), we have

(4.4)
r∑
j=1

djTij(X,Y ) = θ(Y )ηi(X)− θ(X)ηi(Y ).

Applying ∇Z to (3.14) and using (3.7), (3.14) and (3.15), we have

(∇ZR)(X,Y )ω = R(X,Y )Z + {g(Y,Z)−
r∑
i=1

dih
`
i(Y,Z)}X(4.5)

− {g(X,Z)−
r∑
i=1

dih
`
i(X,Z)}Y.

Applying ∇̄X to di = ḡ(ζ,Ni) and using (2.2) and (2.7), we have

(4.6) Xdi = diθ(X) +
r∑
j=1

djτij(X)− ηi(X).

Substituting (4.5) into (R(U,Z)R)(X,Y )ω = 0 and using (2.15), (3.7),
(4.5), (4.6) and the equation R̄(U,Z)X = R̄(X,Z)U+R̄(U,X)Z, we get

θ(Z){R(X,Y )U + g(Y,U)X − g(X,U)Y }(4.7)

− θ(U){R(X,Y )Z + g(Y,Z)X − g(X,Z)Y }

+

r∑
i=1

di{ḡ(R̄(X,Z)U + R̄(U,X)Z, ξi)Y

−ḡ(R̄(Y,Z)U + R̄(U, Y )Z, ξi)X} = 0.

Taking U = ξj and Z = ω to (4.7) and using (3.13) and the fact that
ḡ(R̄(X,Y )ξj , ξi) = 0, we have

θ(ω)R(X,Y )ξj +

r∑
k=1

ak{ajηk(Y ) +

r∑
i=1

diTki(ξj , Y )}X

=

r∑
k=1

ak{ajηk(X) +

r∑
i=1

diTki(ξj , X)}Y.
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Taking the scalar product with Ni and using (2.19) and (4.4), we have

(4.8) Tij(X,Y ) = (θ(ω))−1aj{θ(Y )ηi(X)− θ(X)ηi(Y )}.
Substituting (4.8) into (4.4), we have (θ(ω))−1

∑r
j=1 ajdj = 1, i.e.,

θ(ω) =
∑r

i=1 aidi. From (2.1) and (3.6), we have

θ(ω) = ḡ(ζ, ω) = g(ω, ω) +
r∑
i=1

aidi,

g(ω, ω) = 1− 2
r∑
i=1

aidi −
n∑

α=r+1

b2α = 0.

Thus the projection of ζ on M is a null vector field.
If S(TM) is Riemannian vector bundle, then ω must be ω =

∑r
i=1 diξi.

Consequently ζ is decomposed by

ζ =
r∑
i=1

diξi +
r∑
i=1

aiNi +
n∑

α=r+1

bαWα.

From this results, (2.20)1 and ω =
∑r

i=1 diξi, we have

g(X,ω) = 0, h`i(X,ω) = 0.

Applying ∇̄X to g(Y, ω) = 0 and using (2.6) and (3.7), we have

(4.9)

r∑
i=1

dih
`
i(X,Y ) = g(X,Y ).

Using this, (3.15), (4.5) and (4.7) are reduced respectively to

(∇Xθ)(Y ) = θ(X)θ(Y ), (∇ZR)(X,Y )ω = R(X,Y )Z,

(R(U,Z)R)(X,Y )ω = θ(Z)R(X,Y )U − θ(U)R(X,Y )Z = 0.(4.10)

Replacing U by ω to (4.10) and using (3.14), we have

R(X,Y )Z = θ(ω)−1 θ(Z){θ(X)Y − θ(Y )X}.
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