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OBSTACLE SHAPE RECONSTRUCTION BY LOCALLY

SUPPORTED BASIS FUNCTIONS

Ju-Hyun Lee and Sungkwon Kang∗

Abstract. The obstacle shape reconstruction problem has been
known to be difficult to solve since it is highly nonlinear and severely
ill-posed. The use of local or locally supported basis functions for
the problem has been addressed for many years. However, to the
authors’ knowledge, any research report on the proper usage of local
or locally supported basis functions for the shape reconstruction has
not been appeared in the literature due to many difficulties. The
aim of this paper is to introduce the general concepts and method-
ologies for the proper choice and their implementation of locally
supported basis functions through the two-dimensional Helmholtz
equation. The implementations are based on the complex nonlin-
ear parameter estimation (CNPE) formula and its robust algorithm
developed recently by the authors. The basic concepts and ideas
are simple. The derivation of the necessary properties needed for
the shape reconstructions are elementary. However, the capturing
abilities for the local geometry of the obstacle are superior to those
by conventional methods, the trial and errors, due to the proper
implementation and the CNPE algorithm. Several numerical exper-
iments are performed to show the power of the proposed method.
The fundamental ideas and methodologies described in this paper
can be applied to many other shape reconstruction problems.
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1. Introduction

The obstacle shape reconstruction has been one of main subjects in
the inverse scattering such as remote sensing, ultrasound tomography,
non-destructive testing, seismic imaging, etc.[1-6]. It is well-known that
the problem is difficult to solve due to the high nonlinearity and severe
ill-posedness[3, 4, 5]. Many methods for solving the problem have been
proposed in the literature[2-15]. However, many conventional methods
are based on the trial and errors so that their results are not satisfactory
in the sense of computational as well as practical application aspects.

The use of local or locally supported basis functions for the shape re-
construction problem has been addressed for many years, for example,
see [11] and references therein. To capture the local geometry of the
obstacle shape, the usage of these types of basis functions may be con-
sidered as natural as in the spirit of the finite element methods. As
we may expect, the adoption of locally supported basis functions has
advantages that the local geometry can be captured easily and that the
forward and the inverse solver systems have special structural proper-
ties such as banded-like and sparseness compared with those with global
basis functions. Therefore, by accounting for these special features, the
computational efficiency may be enhanced significantly. However, sur-
prisingly, to the authors’ knowledge, any report on the proper usage of
local or locally supported basis functions for the shape reconstruction
has not been appeared in the literature. It may be due to the difficulties
of choosing the regularization parameters controlling the ill-posedness
and the lack of proper stopping criteria for iterations as mentioned in
the literature[11]. More critically, most conventional methods are based
on the trial and errors for estimating the parameters representing the
obstacle shape due to the lack of proper estimation formula.

Once the obstacle shape is parameterized by the appropriate basis func-
tions, the shape reconstruction problem becomes a parameter estimation
one. Recently, Lee and Kang[16] developed the complex nonlinear pa-
rameter estimation (CNPE) formula and its algorithm. The algorithm
is designed particularly for treating the highly nonlinear and severely
ill-posed complex-valued parameter estimation problems. The formula
is simple, exact, explicit, and systematic. The algorithm is accurate,
efficient, and robust to noise. The parameters are estimated automati-
cally during the inverse iteration steps rather than by the trial and errors
adopted in many conventional methods.
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The purpose of this paper is to introduce the general ideas and method-
ologies for the proper choice and implementation of locally supported
basis functions for the obstacle shape reconstruction problems through
the two-dimensional Helmholtz equation representing the scattering phe-
nomena for a sound-soft obstacle or a perfect electric conductor[2, 5].
The basic concepts and ideas are simple. The selection of the basis func-
tions and the derivation of the necessary properties needed for the shape
reconstruction procedures are elementary. The basis functions turn out
to be a modified cubic B-splines[18, 19]. However, the proper imple-
mentation of the basis functions through the CNPE algorithm shows a
superior capability of capturing the local geometry of the obstacle shape.
The accuracy and the efficiency of the proposed method are difficult to
obtain by the conventional methods due to the lack of proper parameter
estimation formula as mentioned before. The fundamental ideas and
methodologies described in this paper can be extended to many other
shape reconstruction problems.

Section 2 describes briefly the shape reconstruction and the related inte-
gral representations for the two-dimensional Helmholtz equation repre-
senting a sound-soft obstacle or a perfect electric conductor. The basic
ideas for the selection of the locally supported basis functions and the
derivation of their necessary properties for the shape reconstruction are
explained in Section 3. The basis functions turn out to be the modi-
fied cubic B-splines so that some of the properties and their derivations
are known or elementary. The boundary conditions are accounted for
the modification of the basis functions. Also, the relations between the
frequency- and the physical domain are derived. These relations are
needed for solving the forward and the inverse problems. In Section 4,
the implementation of the basis functions through the CNPE algorithm
is explained. Also, several numerical experiments are performed to show
the power of the proposed method. The conclusion is in Section 5.

2. Shape reconstruction problem

In this section, we consider the shape reconstruction problem de-
scribed by the two-dimensional Helmholtz equation representing the
scattering phenomena for a sound-soft obstacle or a perfect electric
conductor[2, 5] using multiple incident plane waves.
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Let D be a sound-soft obstacle with a simple closed C2-boundary ∂D in
R2. ∆ denotes the Laplace operator. Assume that k > 0 is a wave num-
ber such that k2 is not a Dirichlet eigenvalue for the negative Laplacian
in the interior of D. Let L incident waves with incident angle vectors
d1, d2, · · · , dL be given. For each l, l = 1, 2, · · · , L, let

ul = uinc,l + us,l (2.1)

be the l-th total field, where uinc,l and us,l are the l-th incident field and
the corresponding l-th scattered field induced by the l-th incident angle
vector dl, respectively. Here, we assume that the incoming waves are
time-harmonic, i.e., uinc,l(x) = eikx·dl , 1 ≤ l ≤ L. Then the total field
ul and the scattered filed us,l satisfy the following Helmholtz equation[5].

∆ul + k2ul = 0 in R2\D, (2.2)

ul = 0 on ∂D, (2.3)

lim
r→∞

√
r

(
∂us,l

∂r
− ikus,l

)
= 0, r = |x|, (2.4)

uniformly in all directions, where D is the closure of D. The Sommerfeld
radiation condition (2.4) ensures uniqueness of the solution to (2.1)-(2.4)
and guarantees that the scattered wave is outgoing. It is known that
there exists a unique solution ul ∈ C2(R2\D)

∩
C(R2\D), 1 ≤ l ≤ L.

Also, it is known that, for each l, 1 ≤ l ≤ L, the scattered field us,l

satisfying (2.1)-(2.4) may be represented by the combination of double
and single-layer potentials as

us,l(x) =

∫
∂D

{∂Φ(x, y)
∂ν(y)

− iηΦ(x, y)}φl(y)ds(y), x ∈ R2\∂D, (2.5)

where Φ is the fundamental solution to (2.2) given by

Φ(x, y) =
i

4
H

(1)
0 (k|x− y|), x ̸= y, (2.6)

H
(1)
0 is the Hankel function of order zero and of the first kind, ν is the

outward unit normal vector on ∂D, η is a positive coupling parame-
ter, and the density φl on ∂D satisfies the following boundary integral
equation[5, 11].

φl(x)+2

∫
∂D

{
∂Φ(x, y)

∂ν(y)
− iηΦ(x, y)

}
φl(y)ds(y) = −2uinc,l(x), x ∈ ∂D.

(2.7)
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By Green’s second integral theorem, the scattered field us,l in (2.5)
can also be represented by using Huygen’s principle[5, 10] as

us,l(x) = −
∫
∂D

Φ(x, y)
∂ul

∂ν
(y)ds(y), x ∈ R2\D, (2.8)

where the normal derivative ∂ul

∂ν of the total field satisfies the following
boundary integral equation.

∂ul

∂ν
(x) + 2

∫
∂D

{
∂Φ(x, y)

∂ν(x)
− iηΦ(x, y)

}
∂ul

∂ν
(y)ds(y)

= 2
∂uinc,l

∂ν
(x)− 2iηuinc,l(x), x ∈ ∂D.

(2.9)

It is known that the scattered field us,l satisfies the following asymptotic
behavior.

us,l(x) =
eik|x|√
|x|

(
ul∞(x̂) +O

(
1

|x|

))
, |x| → ∞, (2.10)

uniformly for all directions x̂ = x
|x| , where the far field pattern ul∞

satisfies the following integral equation

ul∞(x̂) =
e−iπ

4

√
8πk

∫
∂D

{kν(y) · x̂+ η}e−ikx̂·yφl(y)ds(y), |x̂| = 1, (2.11)

where φl satisfies (2.7). Also, ul∞ can be represented by

ul∞(x̂) = − ei
π
4

√
8πk

∫
∂D

e−ikx̂·y ∂u
l

∂ν
(y)ds(y), |x̂| = 1, (2.12)

where ∂ul

∂ν satisfies (2.9). More details on the integral representations
and their far field patterns can be found, for example, in [5].

We now consider the shape reconstruction problem. The problem can
be described as following.

(IP) Given the far field patterns ul∞, 1 ≤ l ≤ L, in (2.11) or (2.12),
find the obstacle boundary ∂D.

It is known that (IP) is nonlinear and severely ill-posed so that it is
difficult to solve[5].
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3. Locally supported basis functions

In this section, we consider the locally supported basis functions pa-
rameterizing the shape of the obstacle boundary. Also, the relations
between the frequency- and the physical domains are derived. The rela-
tions are needed for solving the forward and the inverse scattering prob-
lems described in Section 2. The basic concepts and ideas are simple.
The derivation of the basis function properties are elementary. It turns
out to be the modified cubic B-splines so that some of their properties
are well-known[18, 19]. However, the selection of locally supported basis
functions accounting for the proper implementation on the forward and
the inverse procedures is not simple. The selection of the basis functions
are based on the following general criteria. The criteria are simple and
natural as in the finite element methods. Depending on the problems,
other constraints may be needed to adapt the specific situations.

(A1) They are locally supported.
(A2) They have enough regularities so that the approximation for the
boundary as well as the integrations (2.5)-(2.12) are well-defined.
(A3) They are simple as much as possible so that it is easy to calculate
them.
(A4) The frequency- and the physical domain relation should be one-
to-one correspondence so that the solutions on the physical- and the
frequency domains are uniquely determined.

Based on the above criteria, the boundary regularity, and the differential-
and the integral equations described in Section 2, we consider the cu-
bic splines as good candidates for the locally supported basis functions.
Among them, we consider the five points cubic basis functions to fulfilled
the conditions (A1)-(A4). We specifically derive the basis functions and
their properties required for the calculation of the integral equations in
Section 2 for the completeness even though the derivations are elemen-
tary or well-known. For other possible choices of cubic basis functions
and their properties, see [18, 19].

The boundary is simple and closed with C2-regularity, we consider the
cubic splines to approximate a 2π-periodic C2-function r(t) on [0, 2π].
Divide [0, 2π] into M uniform subintervals to obtain the following nodal
points {ti}Mi=0.

0 = t0 < t1 < t2 < · · · < tM = 2π, ti = t0 + ih, 0 ≤ i ≤M, h =
2π

M
. (3.1)



Obstacle Shape Reconstruction 837

For each i, 2 ≤ i ≤M − 2, define the following function:

ϕi(t) =

4∑
j=1

ϕij(t), (3.2)

where

ϕij(t) ={
aij(t− ti)

3 + bij(t− ti)
2 + cij(t− ti) + dij , ti+j−3 ≤ t ≤ ti+j−2,

0, elsewhere,
(3.3)

where aij , bij , cij , dij ∈ R, 1 ≤ j ≤ 4.

For each i, 2 ≤ i ≤ M − 2, the coefficients {aij , bij , cij , dij}4j=1 are

uniquely determined by the following continuity conditions:

(i) C0-continuity:
ϕi1(ti−2) = 0, ϕi1(ti−1) = ϕi2(ti−1), ϕi2(ti) = ϕi3(ti),
ϕi3(ti+1) = ϕi4(ti+1), ϕi4(ti+2) = 0,

(ii) C1-continuity:
ϕ′i1(ti−2) = 0, ϕ′i1(ti−1) = ϕ′i2(ti−1), ϕ

′
i2(ti) = ϕ′i3(ti),

ϕ′i3(ti+1) = ϕ′i4(ti+1), ϕ
′
i4(ti+2) = 0,

(iii) C2-continuity:
ϕ′′i1(ti−2) = 0, ϕ′′i1(ti−1) = ϕ′′i2(ti−1), ϕ

′′
i2(ti) = ϕ′′i3(ti),

ϕ′′i3(ti+1) = ϕ′′i4(ti+1), ϕ
′′
i4(ti+2) = 0,

(iv) ϕi(ti) = 1.

By applying the continuity conditions (i)-(iv), we have the following
specific forms:

ϕi1(t) =

{
1

4h3 (t− ti−2)
3, ti−2 ≤ t ≤ ti−1,

0, elsewhere,
ϕi2(t) ={

− 3
4h3 (t− ti−1)

3 + 3
4h2 (t− ti−1)

2 + 3
4h(t− ti−1) +

1
4 , ti−1 ≤ t ≤ ti,

0, elsewhere,
ϕi3(t) ={

3
4h3 (t− ti+1)

3 + 3
4h2 (t− ti+1)

2 − 3
4h(t− ti+1) +

1
4 , ti ≤ t ≤ ti+1,

0, elsewhere,

ϕi4(t) =

{
− 1

4h3 (t− ti+2)
3, ti+1 ≤ t ≤ ti+2,

0, elsewhere.
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The following Figure 1 and Table 1 show the function ϕi and its nodal
values, respectively.
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Figure 1. Cubic function ϕi =
∑4

j=1 ϕij

Table 1. Nodal values of ϕi, h = 2π
M

tj, j≤i−2 ti−1 ti ti+1 tj, j≥i+2

ϕi(t) 0 1
4 1 1

4 0

ϕ′i(t) 0 3
4h 0 − 3

4h 0

ϕ′′i (t) 0 3
2h2 - 3

h2
3

2h2 0

Notice that these functions are the well-known cubic B-splines[18, 19].
To cover the whole interval [0, 2π] for the integrations described in Sec-
tion 2, we can define the functions ϕ−1, ϕ0, ϕ1, ϕM−1, ϕM , ϕM+1, by
modifying (3.2)-(3.3) appropriately, i.e.,

ϕ−1(t) = ϕ−1,4(t),
ϕ0(t) = ϕ03(t) + ϕ04(t),
ϕ1(t) = ϕ12(t) + ϕ13(t) + ϕ14(t),
ϕM−1(t) = ϕM−1,1(t) + ϕM−1,2(t) + ϕM−1,3(t),
ϕM (t) = ϕM,1(t) + ϕM,2(t),
ϕM+1(t) = ϕM+1,1(t).

(3.4)

The nodal values of ϕi for i = −1, 0, 1,M − 1,M,M + 1 are determined
by (3.4) and Table 1.

We now consider the approximation for a 2π-periodic smooth function
r(t) on [0, 2π] by using the functions {ϕi}M+1

i=−1. Let rM (t) be the ap-
proximation for r(t) given by

rM (t) =
M+1∑
i=−1

αiϕi(t), 0 ≤ t ≤ 2π, (3.5)
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where ϕi(t) are defined by (3.2)-(3.4). Then, by the periodicity, we have
the following relations:

α−1 = αM−1, α0 = αM , α1 = αM+1. (3.6)

Using (3.6), define the modified cubic B-splines ψi by

ψi(t) =


ϕ0(t) + ϕM (t), i = 0,
ϕ1(t) + ϕM+1(t), i = 1,
ϕi(t), 2 ≤ i ≤M − 2,
ϕ−1(t) + ϕM−1(t), i =M − 1.

(3.7)

Then the approximation rM (t) in (3.5) can be expressed in terms of the
new basis functions {ψi}, i.e.,

rM (t) =

M−1∑
i=0

αiψi(t). (3.8)

The functions {ψi}M−1
i=0 are the locally supported basis functions we are

looking for.

Remark 3.1. It is easy to see that ϕM+1(ti) = ϕ′M+1(ti) = ϕ′′M+1(ti) =
0 for all i = 0, 1, 2, · · · ,M − 1. Thus, the function ϕM+1 has no con-
tribution in (3.5) and (3.8) when we evaluate rM (t) at the nodal points

{ti}M−1
i=0 .

We now consider the relation between the coefficients {αi}M−1
i=0 and the

nodal values of rM (t), (rM )′(t), and (rM )′′(t). These relations are needed
for solving the integral equations described in Section 2.

Let

{α} = [α0, α1, · · · , αM−1]
T ,

{R} = [rM (t0), r
M (t1), · · · , rM (tM−1)]

T ,
{R′} = [(rM )′(t0), (r

M )′(t1), · · · , (rM )′(tM−1)]
T ,

{R′′} = [(rM )′′(t0), (r
M )′′(t1), · · · , (rM )′′(tM−1)]

T ,

(3.9)

where AT denotes the transpose of A. Then, from (3.5)-(3.8) and Table
1, we have the following relation.

[G]{α} = {R}, [G′]{α} = {R′}, [G′′]{α} = {R′′}, (3.10)
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where

[G] =

(
1

4

)


4 1 0 0 · · · 0 0 1
1 4 1 0 · · · 0 0 0
0 1 4 1 · · · 0 0 0
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 0 · · · · · · 0 1 4 1
1 0 · · · · · · · · · 0 1 4


M×M

, (3.11)

[G′] =

(
3

4h

)


0 1 0 0 · · · 0 0 −1
−1 0 1 0 · · · 0 0 0
0 −1 0 1 · · · 0 0 0
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 0 · · · · · · 0 −1 0 1
1 0 · · · · · · · · · 0 −1 0


M×M

, (3.12)

[G′′] =

(
3

2h2

)


−2 1 0 0 · · · 0 0 1
1 −2 1 0 · · · 0 0 0
0 1 −2 1 · · · 0 0 0
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 0 · · · · · · 0 1 −2 1
1 0 · · · · · · · · · 0 1 −2


M×M

, (3.13)

where h = 2π
M .

Remark 3.2. (i) It is easy to see that [G] is strongly diagonally dom-
inant so that the coefficients {α} are uniquely determined by {R}, and
vice versa. Also, note that [G] and [G′′] are symmetric and [G′] is skew
symmetric.
(ii) [G] is a constant matrix, i.e., it is independent of the step size h
so that [G−1] may be computed before getting into the optimization
iteration process. This property can reduce the computational costs
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needed for switching operations between the frequency- and the physical
domain significantly.
(iii) [G], [G′], and [G′′] have sparse and banded-like structures.

4. Implementation and numerical results

In this section, we consider the implementation of the basis functions
(3.7) for the shape reconstruction of the two-dimensional Helmholtz
equation for a sound-soft obstacle.

Let D be a sound-soft obstacle with C2-boundary Γ := ∂D and k > 0
be a wave number such that k2 is not an eigenvalue for the negative
Laplacian in D as mentioned in Section 2. For simplicity of our presen-
tation, we assume that Γ is star-like shaped and parameterized in polar
coordinates by

Γ := Γα : xα(t) = rα(t)

(
cos t

sin t

)
, 0 ≤ t ≤ 2π, (4.1)

where

rα(t) =
M−1∑
j=0

αjψj(t), (4.2)

α = [α0, α1, · · · , αM−1]
T ∈ RM , (4.3)

and ψjs are the basis functions defined by (3.7). For some 0 < ρ1 < ρ2,
let the parameter space UM be

UM = {α ∈ RM : ρ1 ≤ rα(t) ≤ ρ2, t ∈ [0, 2π]} (4.4)

and let the unit circle Ω be

Ω = {x ∈ R2 : |x| = 1}. (4.5)

Assume that L incident angle vectors d1, d2, · · · , dL are given. We
assume that, for each incident angle, the far field patterns are measured
at P angles {x̂i}Pi=1, x̂i ∈ Ω. More specifically, for each l, l = 1, 2, · · · , L,
let

F l : UM ⊂ RM → CP , F l(α) = {ul∞(α; x̂i)}Pi=1 (4.6)

be the far field measurement operator, where α is the parameter vector
representing the boundary Γ = Γα as in (4.1)-(4.4), ul∞ is the far field
pattern induced by the l-th incident angle vector dl, and u

l
∞(α; x̂i) is the

ul∞ measurement at angle x̂i for the obstacle boundary Γα. Then the
Fréchet derivative of F l can be characterized as the following theorem.
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Since it is a simple application of known results[13, 17], we only sketch
the proof.

Theorem 4.1. Assume that M basis functions, L incident waves,
P far field pattern measurement angles, and the far field measurement
operator F ls are given as in (4.1)-(4.6). Then, for each l, 1 ≤ l ≤ L, F l

is differentiable with

∂F l(α)

∂αj
= {ulj,∞(x̂i)}Pi=1, 0 ≤ j ≤M − 1, (4.7)

where ulj,∞ is the far field pattern of ulj ∈ C2(R2\D)
∩
C(R2\D) and ulj

is the solution of the exterior boundary value problem:

∆ulj + k2ulj = 0 in R2\D, (4.8)

lim
r→∞

√
r

(
∂ulj
∂r

− ikulj

)
= 0 uniformly in r = |x| → ∞, (4.9)

ulj(xα(t)) = − rα(t)√
(r′α(t))

2 + (rα(t))2
∂

∂ν
ul,0(xα(t))ψj(t), (4.10)

t ∈ [0, 2π], ul,0(xα(t)) is the total field induced by the incident angle
vector dl, ν is the outward unit normal vector on Γα, and rα(t) and
xα(t) are as in (4.1)-(4.3).

Sketch of the proof. Let the boundary Γ := Γα be parameterized by
(4.1)-(4.3). Then the unit outward normal vector field ν on Γ can be
espressed by

ν(t) =
1√

(r′α(t))
2 + (rα(t))2

(
r′α(t) sin t+ rα(t) cos t

−r′α(t) cos t+ rα(t) sin t

)
.

For each j, 0 ≤ j ≤M − 1, let the direction vector field qj be

qj(t) = ψj(t)

(
cos t

sin t

)
.

Then, for each l, 1 ≤ l ≤ L, by applying the results in [13, 17], it

is easy to see that the Fréchet derivative ∂F l(α)
∂αj

, 0 ≤ j ≤ M − 1, of

F l in the direction of qj exists and given by the far-field pattern mea-

surements {ulj,∞(x̂i)}Pi=1, where ulj,∞ is the far field pattern of ulj ∈
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C2(R2\D)
∩
C(R2\D) and ulj is the solution of the exterior boundary

value problem (4.8)-(4.9) with the boundary condition

ulj(xα(t)) = −(qj(t) · ν(t))
∂ul,0

∂ν
(xα(t)),

where ul,0 is the total field induced by the incident wave vector field dl.
Then it is easy to obtain the boundary condition (4.10) by computing
qj(t) · ν(t).

Remark 4.2. One can observe, from (4.8)-(4.10), that ulj , and, hence,

ulj,∞ are affected by the basis function ψj(t)(see (4.10)). The boundary

condition (4.10) is also valid for global basis functions. Therefore, the
locally supported basis functions enhance the sparseness of the solver
systems for (4.8)-(4.10) compared with the choice of global basis func-
tions.

The inverse problem (IP) in Section 2 becomes finding the true param-
eter α in (4.2) identifying the true obstacle boundary Γ. To solve the
problem, let

Y l = [ yl1, y
l
2, · · · , ylP ]T ∈ CP (4.11)

be the l-th true far field pattern measurement vector, where yli is the
l-th true far field pattern exact or noisy measured data at location x̂i,
1 ≤ l ≤ L. Consider the following optimization problem:

(OP) Find the best parameter vector α∗ that minimizes the cost func-
tional

S(α) =

L∑
l=1

P∑
i=1

∣∣∣yli − F l
i (α)

∣∣∣2 , (4.12)

where F l
i (α) = ul∞(α; x̂i) as in (4.6).

Recently, the complex nonlinear parameter estimation solution formula
and its robust algorithm for the type of optimization problem (OP) in
a general setting[16]. We describe the formula and the algorithm briefly
in the context of (4.12). Let

F l(α) := [ F l
1(α), F

l
2(α), · · · , F l

P (α) ]
T (4.13)

be the far field pattern estimation vector,

∂F l

∂α
:=

∂F l

∂α
(α) =

[
∂F l

∂α0
(α),

∂F l

∂α1
(α), · · · , ∂F l

∂αM−1
(α)

]
(4.14)
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be the Jacobian row vector, and

δ = [ δ0, δ1, · · · , δM−1 ]T ∈ RM (4.15)

be the parameter increment vector. Then, using the linear approxima-

tion F l(α) + ∂F l

∂α δ for F l(α + δ), the linear approximation for S(α + δ)
becomes

S(α+ δ) ≈
L∑
l=1

P∑
i=1

∣∣∣∣yli − (F l
i (α) +

∂F l

∂α
(x̂i)δ

)∣∣∣∣2 . (4.16)

Using the notations

J l =
[
J l
1, J

l
2, · · · , J l

P

]T
, J l

i =
[
J l
i0, J

l
i1, · · · , J l

i,M−1

]
, 1 ≤ i ≤ P, (4.17)

where

J l
im =

∂F l

∂αm
(x̂i), 1 ≤ i ≤ P, 0 ≤ m ≤M − 1, (4.18)

the the normal equation for (4.16) becomes[
L∑
l=1

Re{(J l)∗J l}

]
δ =

L∑
l=1

Re{(J l)∗(Y l − F l(α))}. (4.19)

The formula (4.19) is the solution formula for the nonsingular systems.
For the singular systems, we consider the following Levenberg-type ro-
bust algorithm:[

L∑
l=1

Re{(J l)∗J l}+ λI

]
δ =

L∑
l=1

Re{(J l)∗(Y l − F l(α))}, (4.20)

where λ > 0 is the regularization parameter and I is theM×M identity
matrix. Here, the regularization parameter λ is adjusted automatically
during iterations based on the following selection criterion:

S(α+ δ) < S(α). (4.21)

For a small value of λ, the framework is similar to the Newton type
method, and for a large value of λ, it is close to the steepest descent
method. The global stopping criterion for α can be chosen as

S(α)− S(α+ δ) < convergence tolerance. (4.22)

The following is the Levenberg-type optimization algorithm for solving
the optimization problem (OP). For more details on the CNPE formula
and its robust algorithm, see [16].
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Algorithm 4.3

Step 1: Choose an initial guess for parameter vector α and regular-
ization parameter λ > 0. For example, choose λ = 0.001. Perform
Step 2 - Step 5 until the cost (4.12) reaches the minimum.

Step 2: Compute Ji(α) and form the matrix J(α) as in (4.17)-(4.18).
Compute the cost S(α) by (4.12).

Step 3: Solve the linear system (4.20) for δ, and compute S(α+ δ)
by (4.12).

Step 4: If the criterion (4.21) is satisfied, update α and λ by α+ δ
and, for example, λ

10 , respectively. Go to Step 2.
Step 5: If the criterion (4.21) is failed, update λ by, for example,

10λ, and repeat Step 3 until (4.21) is satisfied. Go to Step 4.

For all the numerical experiments, the wave number k = 1 was chosen.
The far field pattern synthetic data u∞ were obtained from the combined
double- and single-layer integral equations (2.5) with (2.11) as well as
the Huygen representation (2.8) with (2.12) using the global sine and
cosine basis functions to avoid the inverse crime[5]. The coupling pa-
rameter η = 1 was chosen in (2.5) and (2.11). To treat the singularities
appeared in equations (2.7) and (2.9), the Nyström method with the
Trapezoidal rule was applied. It is known that the method is fast and
accurate[5]. To apply the Trapezoidal rule, it is necessary to have even
nodes for spatial discretization. From the experiments, we observed that
the synthetic data obtained from the different integral representations
such as (2.11) or (2.12) were almost same with the spatial discretization
dimension M greater or equal to 128. Also, using the basis functions
ψjs for approximating the obstacle boundary, the far field pattern data
from (2.11) or (2.12) as well as the scattered field data from (2.5) or
(2.8) were matched well with those with the global basis functions.

The Gaussian random noise was added on the far field pattern synthetic
data based on the following condition:[∑L

l=1

∑P
i=1 |yli − yl,ϵi |2

] 1
2

[∑L
l=1

∑P
i=1 |yli|2

] 1
2

≤ noise level, (4.23)

where yl,ϵi is the noise added data on yli. For the stopping criterion of
global iteration, we used the relative residual
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Res(α) =

[∑L
l=1

∑P
i=1 |yli − F l

i (α)|2
] 1

2

[∑L
l=1

∑P
i=1 |yli|2

] 1
2

(4.24)

and terminated the iteration when

Res(α(n))−Res(α(n+1)) < sequential tolerance, (4.25)

where α(n) is the estimated n-th parameter vector. As a measure for
reconstruction, the discrete relative l2-error in the frequency domain
was used, i.e.,

ErrF (α) =

[∑M−1
m=0 (α

∗
m − αm)2

] 1
2

[∑M−1
m=0 (α

∗
m)2
] 1

2

, (4.26)

where α∗ = [α∗
0, α

∗
1, · · · , α∗

M−1]
T is the true parameter identifying the

true boundary.

For the numerical experiments, we did not optimize our numerical codes.
Even though, in most cases, only a few seconds were enough for recon-
struction under the MATLAB environment on a usual personal com-
puter.

Example 1. We consider the following example known as a kite. It
is commonly used in the inverse scattering[5, 11, 12]. The kite can be
parameterized as

Γ : x(t) =

(
x1(t)

x2(t)

)
,
x1(t) = cos t+ 0.65(cos 2t − 1)
x2(t) = 1.5 sin t, 0 ≤ t ≤ 2π.

(4.27)

The parameterization (4.27) can be converted into a polar form as

Γ : x(t) = xα(t) = rα(t)
(
cos t
sin t

)
,

rα(t) =
∑M−1

j=0 αjψj(t),

α = [α0, α1, · · · , αM−1] ∈ RM ,
t ∈ [0, 2π],

(4.28)

where ψjs are the basis functions defined by (3.7).

The following tables and figures show typical numerical results. In Ta-
bles 2-5, S, Res, ResSeq, ErrF , and ErrP denote, respectively, the cost
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defined in (4.12), the relative residual (4.24), the sequential residual dif-
ferences (4.25), the relative frequency reconstruction l2-error (4.26), and
the discrete relative physical reconstruction l2-error given by

ErrP (α) =

[∑P
i=1 |Γ(α∗; x̂i)− Γ(α; x̂i)|2

] 1
2

[∑P
i=1 |Γ(α∗; x̂i)|2

] 1
2

, (4.29)

where Γ(α∗; x̂i) and Γ(α; x̂i) are the boundary coordinate vector mea-
sured at angle x̂i for the true and the reconstructed obstacles, respec-
tively.

For all the following tables and figures, P = 128 uniformly distributed
observation angles {x̂i}Pi=1 with x̂i = (i− 1)2π/P were chosen. For the
boundary approximation, M = 128 was chosen in (4.28). Thus, the
number of parameters identifying the boundary is 128. The number L
of incident waves were varied. The circle with radius 1.5 was chosen
as an initial boundary. The starting regularization parameter λ > 0 in
(4.20) was chosen as 0.001.

Figure 2 shows the reduction of relative residuals (4.24) for one, three,
and five incident angles as iteration increases. The angles θ = 0 for
the solid line, θ = −π/12, 0, π/12 for the dashed line, and θ = −2π/12,
−π/12, 0, π/12, 2π/12 for the circle-dashed line were chosen. For this
figure, the noise level 5 % was selected. One can observe that the resid-
uals converge after 3 or 4 iterations for all the three cases. Their con-
vergence rates show similar behaviors. However, we can notice that the
reconstruction accuracies are improved as the number of incident angles
increases (see Tables 2-5 and compare Figure 3(c) to Figure 4(c), and
Figure 5(c) to Figure 6(c)).
Tables 2-5 show the convergence of reconstruction errors. In the tables,
θ is the incident angle. For these examples, one incident angle θ = 0 for
Tables 2 and 4 and three angles θ = −π/12, 0, π/12 for Tables 3 and 5
were chosen. In Tables 2-3 and 4-5, the noise levels were chosen as 0%
and 5%, respectively. The 5% noise level corresponds to SNR(Signal to
Noise Ratio) 20. From Tables 2-5, one can see that the far field residual
Res convergence has achieved in 4-6 iterations and the frequency ErrF
or physical ErrP convergence have achieved in 3-4 iterations under the
sequential tolerance 10−2 or 10−3 in (4.25). The computational costs
required for 3-6 iterations were 2-3 seconds.
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Figure 2. Convergence of relative residuals(noise=5%)
(1(solid), 3(dashed), 5(circle-dashed) incident angles)

Table 2. Reconstruction errors(noise= 0%, θ = 0)

Iter S Res ResSeq ErrF ErrP

0 9.5407 0.2438 0.2438 0.3689 0.3681
1 2.5842 0.1269 0.1169 0.3094 0.3089
2 1.2728 0.0890 0.0378 0.1696 0.1693
3 0.1102 0.0262 0.0628 0.0386 0.0369
4 0.0937 0.0242 0.0020 0.0226 0.0177
5 0.0040 0.0050 0.0192 0.0287 0.0230
6 0.0022 0.0037 0.0012 0.0281 0.0224
7 0.0016 0.0032 0.0006 0.0280 0.0222

Table 3. Reconstruction errors(noise= 0%, θ = −π/12, 0, π/12)

Iter S Res ResSeq ErrF ErrP

0 28.8473 0.2454 0.2454 0.3689 0.3681
1 16.0977 0.1833 0.0621 0.2661 0.2655
2 2.2575 0.0687 0.1147 0.0881 0.0878
3 0.2703 0.0238 0.0449 0.0194 0.0178
4 0.2103 0.0210 0.0028 0.0182 0.0154
5 0.0034 0.0027 0.0183 0.0206 0.0170
6 0.0026 0.0023 0.0003 0.0197 0.0169
7 0.0023 0.0022 0.0002 0.0197 0.0170

On all the following Figures 3-6, the solid lines are the exact data(far-
field pattern or boundary shape) and the dashed lines are the recon-
structed ones. In each figure, (a) and (b) show the comparison of the



Obstacle Shape Reconstruction 849

Table 4. Reconstruction errors(noise= 5%, θ = 0)

Iter S Res ResSeq ErrF ErrP

0 9.6316 0.2441 0.2441 0.3689 0.3681
1 2.7350 0.1301 0.1140 0.3102 0.3096
2 1.5220 0.0970 0.0330 0.1761 0.1758
3 0.2830 0.0418 0.0552 0.0542 0.0523
4 0.1762 0.0330 0.0088 0.0384 0.0364
5 0.1480 0.0303 0.0028 0.0369 0.0353
6 0.1457 0.0300 0.0002 0.0325 0.0307
7 0.1446 0.0299 0.0001 0.0324 0.0307

Table 5. Reconstruction errors(noise= 5%, θ = −π/12, 0, π/12)

Iter S Res ResSeq ErrF ErrP

0 29.0931 0.2463 0.2463 0.3689 0.3681
1 16.4398 0.1852 0.0612 0.2669 0.2664
2 2.6278 0.0740 0.1111 0.0935 0.0931
3 0.7476 0.0395 0.0345 0.0252 0.0236
4 0.4181 0.0295 0.0100 0.0231 0.0216
5 0.3975 0.0288 0.0007 0.0226 0.0211
6 0.3964 0.0288 0.0000 0.0233 0.0217
7 0.3961 0.0287 0.0000 0.0233 0.0218

magnitudes and the phase angles of the exact and the reconstructed far
field patterns, respectively. The shape reconstruction results are shown
in (c).

Figure 3 and Figure 4 show the reconstruction results for noise level
0 % using one incident angle θ = 0 and three incident angles θ =
−π/12, 0, π/12, respectively. For Figure 4 (a)-(b), the far field pattern
u1∞ induced by the first incident angle θ = −π/12 was chosen. It is easy
to see that they match together well. The shape reconstruction has been
improved using the three incident angles compared with the one by one
incident angle(see Tables 2-3 and Figures 3(c)-4(c)).

For Figures 5-6, the noise level 5% with one incident angle θ = 0(Figure
5) and three incident angles θ = −π/12, 0, π/12(Figure 6) was chosen.
As for Figure 4 (a)-(b), the noise added u1∞ induced by the incident angle
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Figure 3(a). |u∞| Figure 3(b). Angle(u∞) Figure 3(c). Shape
(noise=0%, θ = 0, solid(exact), dashed(reconstructed))
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Figure 4(a). |u1∞| Figure 4(b). Angle(u1∞) Figure 4(c). Shape
(noise=0%, θ = −π/12, 0, π/12, solid(exact), dashed(reconstructed))

θ = −π/12 for Figure 6 (a)-(b) was chosen for the comparison. Com-
paring with Figures 3-4 and 5-6, it is easy to see that the reconstruction
shows robustness to noise. Also, the reconstructions using three inci-
dent angles showed more fast and accurate results than those with one
incident angle(see Tables 2-5 and Figures 3-6).

0 1 2 3 4 5 6

0.6

0.8

1

1.2

1.4

1.6

1.8

observation angle(radian)

| f
ar

−
fie

ld
 p

at
te

rn
 |

0 1 2 3 4 5 6
0

0.5

1

1.5

2

2.5

observation angle(radian)

ph
as

e 
an

gl
e(

fa
r−

fie
ld

 p
at

te
rn

)

−1.5 −1 −0.5 0 0.5 1

−1.5

−1

−0.5

0

0.5

1

1.5

x

y

Figure 5(a). |u∞| Figure 5(b). Angle(u∞) Figure 5(c). Shape
(noise=5%, θ = 0, solid(exact), dashed(reconstructed))
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5. Conclusion

The obstacle shape reconstruction problem using the locally sup-
ported basis functions for the two-dimensional Helmholtz equation was
considered. The basis functions turn out to be the modified cubic B-
splines. After applying the basis functions together with the complex
nonlinear parameter estimation algorithm developed recently by the au-
thors, the numerical results showed the superior accuracy and efficiency.
These superiorities are difficult to obtain by the conventional methods
such as the trial and errors. The basic concepts and the methodologies
can be extended to many other shape reconstruction problems.

Acknowledgments

The authors thank Professors Cakoni, Colton, and Monk for sharing
their insights and intrinsic ideas for many years.

References

[1] H. Ammari, An Introduction to Mathematics of Emerging Biomedical Imaging
(Mathematiques et Application), Springer, 2008.

[2] F. Cakoni and D. Colton, Qualitative Methods in Inverse Scattering Theory,
Springer, Berlin, 2006.

[3] F. Cakoni, D. Colton, and P. Monk, The Liner Sampling Method in Inverse
Electromagnetic Scattering, SIAM, 2011.

[4] D. Colton and R. Kress, Handbook of Mathematical Methods in Imaging(Scherzer
O(ed.)), Chapter 13. Inverse Scattering, Springer, 2011.

[5] D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory
(3rd Ed), Springer, Berlin, 2013.

[6] O. Dorn and D. Lesselier, Handbook of Mathematical Methods in Imag-
ing(Scherzer O(ed.)), Chapter 10. Level Set Methods for Structural Invasion and
Image Reconstruction, Springer, 2011.



852 Ju-Hyun Lee and Sungkwon Kang

[7] U. Guo, F. Ma, and D. Zhang, An optimization method for acoustic inverse
obstacle scattering problems with multiple incident waves, Inverse Problems in
Science and Engineering 19 (2011), 461-484.

[8] B. Guzina, F. Cakoni, and C. Bellis, On multi-frequency obstacle reconstruction
via linear sampling method, Inverse Problems 26 (2010) 125005(29pp).

[9] O. Ivanyshyn, Shape reconstruction of acoustic obstacles from the modulus of the
far field pattern, Inverse Problems and Imaging 1(4) (2007), 609-622.

[10] O. Ivanyshyn and T. Johansson, Nonlinear integral equation methods for the re-
construction of an acoustically sound-soft obstacle, Journal of Integral equations
and applications 19(3) (2007), 289-308.

[11] O. Ivanyshyn and R. Kress, Nonlinear integral equations in inverse obstacle scat-
tering, Mathematical Methods in Scattering Theory and Biomedical Engineering
(D. Fotiadis and C. Massalas(eds.)), World Scientific, (2006), 39-50.

[12] T. Johansson and B. D. Sleeamn, Reconstruction of an acoustically sound-soft
obstacle from one incident field and the far field pattern, IMA J. Appl. Math. 72
(2007), 96-112.

[13] A. Kirsch, The domain derivative and two applications in inverse scattering the-
ory, Inverse Problems 9 (1993), 81-96.

[14] A. Kirsch and N. Grinberg, The Factorization Method for Inverse Problems,
Oxford University Press, Oxford, 2008.

[15] R. Kress and W. Rundel, Nonlinear integral equations and the iterative solution
for an inverse boundary value problem, Inverse Problems 21 (2005), 1207-1223.

[16] J. Lee and S. Kang, Complex nonlinear parameter estimation(CNPE) and ob-
stacle shape reconstruction, Computers and Mathematics with Applications 67
(2014), 1631-1642.
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