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INVARIANT SUBSPACES FOR THE BACKWARD

SHIFT ON THE HARDY SPACE

Hong Youl Lee

Abstract. In this note we provide a concrete description on the in-
variant subspaces for the backward shift on the Hardy space H2(T).

1. Introduction

Let H be a complex Hilbert space and let B(H) be the set of bounded
linear operators acting on H. For an operator T ∈ B(H), we write ker T
and ranT for the kernel and the range of T , respectively. Let T denote
the unit circle in the complex plane C. Let L2 ≡ L2(T) be the set
of square-integrable measurable functions on T and H2 ≡ H2(T) be
the corresponding Hardy space. If P and P⊥ denote the orthogonal
projections from L2 onto H2 and (H2)⊥, respectively and J denotes the
unitary operator on L2 defined by

J(f)(z) = zf(z),

then for every bounded measurable function φ ∈ L∞, the operators Tφ
and Hφ on H2 are defined by

Tφg := P (φg) and Hφ(g) := JP⊥(φg) (g ∈ H2),

which are called the Toeplitz operator and the Hankel operator, respec-
tively, with symbol φ (cf. [2], [5], [6]). The following is a basic connection
between Hankel and Toeplitz operators:

(1) T ∗φ = Tφ
(2) H∗φ = H

φ̃

(3) Hφψ = T ∗
φ̃
Hψ +HφTψ (φ, ψ ∈ L∞),
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where

h̃(z) := h(z).

The shift operator S on H2 is defined by

S = Tz

and the backward shift operator on H2 is defined by the adjoint operator
S∗ of the shift operator, i.e.,

S∗ = Tz.

The following is well known (cf. [2], [5]):

Beurling’s Theorem. A nonzero subspace M of H2 is invariant for
the shift operator S if and only if M = θH2 for some inner function θ.

We recall (cf. [1], [3], [4]) that a function φ ∈ L∞ is said to be of
bounded type (or in the Nevanlinna class) if there are functions ψ1, ψ2 in
H∞(D) such that

φ(z) =
ψ1(z)

ψ2(z)

for almost all z ∈ T. Evidently, rational functions are of bounded type.
It was known [1, Lemma 3] that if φ ∈ L∞ then

(1.1) φ is of bounded type ⇐⇒ kerHφ 6= {0}.
If φ ∈ L∞, we write

φ+ ≡ P (φ) ∈ H2 and φ− ≡ P⊥(φ) ∈ zH2.

For an inner function θ, we write

H(θ) := H2 	 θH2 .

Assume now that φ ∈ L∞ is of bounded type. Since TzHψ = HψTz for
each ψ ∈ L∞, it follows from Beurling’s Theorem that

ker Hφ−
= θH2

for some inner function θ. We thus have a := φ−θ ∈ H2, and hence we
may write

(1.2) φ− = θa (θ is inner and a ∈ H2),

where θ and a are coprime. We will refer the coprime factorization of
φ− for the representation (1.2). Note that if f = θa ∈ L2, then f ∈ H2

if and only if a ∈ H(zθ); in particular, if f(0) = 0 then a ∈ H(θ). If φ−
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is a rational function then in (1.2), θ can be chosen as a finite Blaschke
product.

Let BMO denote the set of functions of bounded mean oscillation
in L1. It is well-known that L∞ ⊆ BMO ⊆ L2. It is also known
that if f ∈ L2, then Hf is bounded on H2 whenever P⊥f ∈ BMO (cf.

[6]). If φ ∈ L∞, then φ−, φ+ ∈ BMO, so that Hφ−
and Hφ+

are well

understood.

By an easy application of Beurling’s Theorem, we can see that a
nonzero subspace M of H2 is invariant for S∗ if and only if M = H(θ)
for some inner function θ. We are interested in the following question:
What is a relation between M and θ ? In this note we answer this
question.

For f ∈ H2, write

Mf
S∗ :=

∨
{S∗nf : n ≥ 0}.

Our main theorem now follows.

Theorem 1. Let f ∈ H∞. We then have:

(1) f is not bounded type if and only if f is a cyclic vector of Tz,
(2) If f is of bounded type of the form

f = θa (coprime factorization)

then

Mf
S∗ =

{
H(zθ) if a(0) 6= 0

H(θ) if a(0) = 0.

2. The proof of Theorem 1

For a proof of Theorem 1, we need to get two auxiliary lemmas.

Lemma 1. If φ ∈ L2, then

JTz(I − P )φ = (I − P )φ̃.

Proof. If φ ∈ L2, then we we can write

φ(z) =
∞∑

n=−∞
bnz

n.
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We thus have

JTz(I − P )φ = JTz

∞∑
n=1

b−nz
n

= J
∞∑
n=0

b−n+1z
n

=

∞∑
n=1

b−nz
n = (I − P )φ̃,

which gives the result.

Lemma 2. If f ∈ H∞, then we have

Mf
S∗ = cl ranH

z̃f
.

Proof. Let f ∈ H∞. Thus we may write

f(z) =

∞∑
k=0

akz
k.

For n = 1, 2, 3, · · · , we have

S∗nf = P (znf) =
∞∑
k=0

ak+nz
k = Tz

( ∞∑
k=0

ak+nz
k+1

)
.

Observe that

(I − P )(zn−1f) = (I − P )

( ∞∑
k=0

akz
n−k−1

)
=

∞∑
k=1

an−1+kz
−k

and hence

(I − P )(zn−1f) =

∞∑
k=1

an−1+kz
k =

∞∑
k=0

ak+nz
k+1.

Therefore

S∗nf = Tz(I − P )(zn−1f)

= J
(
JTz(I − P )(zn−1f)

)
(since JJ = I)

= J(I − P )(zn−1f̃) (by Lemma 1)

= H
f̃
zn−1.
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On the other hand, we observe

H
z̃f

1 = J(I − P )(z̃f) = z(zf) = f

and

H
z̃f
zn = J(I − P )(z̃fzn) = J(I − P )(f̃ zn−1) = H

f̃
zn−1

for each n = 1, 2, 3, · · · . It thus follows

Mf
S∗ =

∨
{S∗nf : n ≥ 0}

= {αf : α ∈ C}
∨
{S∗nf : n = 1, 2, 3, · · · }

= {αf : α ∈ C}
∨
{H

f̃
zn−1 : n = 1, 2, 3, · · · }

= cl ranH
z̃f
,

which gives the result.

We are ready for proving Theorem 1.

Proof of Theorem 1. (1) We first observe that f is not of bounded type
if and only if zf is not of bounded type. Thus we have

f is not of bounded type

⇐⇒Mf
S∗ = ranH

z̃f
= (kerHzf )⊥ = H2 (by (1.1))

⇐⇒ f is a cyclic vector of Tz.

(2) Since θ and a are coprime, θ̃ and ã are also coprime. Let a(0) 6= 0.

Then a and z are coprime and hence zθ̃ and ã are coprime. Therefore
it follows from Lemma 2 that

Mf
S∗ = cl ranH

zθ̃ã
= H(zθ).

Suppose a(0) = 0. Then we can write a = a1z for some a1 ∈ H2. Thus

Mf
S∗ = cl ranH

zθ̃ã
= cl ranH

θ̃ã1
,

which proves the theorem.
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