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Dynamic Embedded Optimization Applied to Power System Stabilizers 
 
 

Byung Chul Sung*, Seung-Mook Baek** and Jung-Wook Park† 
 

Abstract – The systematic optimal tuning of power system stabilizers (PSSs) using the dynamic 
embedded optimization (DEO) technique is described in this paper. A hybrid system model which has 
the differential-algebraic-impulsive-switched (DAIS) structure is used as a tool for the DEO of PSSs. 
Two numerical optimization methods, which are the steepest descent and Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithms, are investigated to implement the DEO using the hybrid system model. As 
well as the gain and time constant of phase lead compensator, the output limits of PSSs with non-
smooth nonlinearities are considered as the parameters to be optimized by the DEO. The simulation 
results show the effectiveness and robustness of the PSSs tuned by the proposed DEO technique on the 
IEEE 39 bus New England system to mitigate system damping. 
 

Keywords: BFGS, Dynamic embedded optimization, Hybrid system, Power system stabilizer, PSS 
output limits, System damping. 

 
 
 

1. Introduction 
 
Design processes are inherently optimizing problems, 

involving trade-offs between competing objectives, whilst 
ensuring constraints are satisfied. Such problems are not 
always established formally, nevertheless underlying 
optimization principles apply. Design questions arising 
from system dynamic behavior can also be thought of in 
an optimization framework. However, the optimization 
formulation in this case must capture the processes driving 
dynamics. This class of problems has come to be known as 
dynamic embedded optimization (DEO) [1]. For a typical 
disturbance, power system stabilizer (PSS) used to mitigate 
system damping of low-frequency oscillations is an 
important control objective for which the DEO technique 
can be applied. 

The dynamic behaviors of the PSS are affected by the 
linear parameters (gain and time constant of phase 
compensator) with smoothness and the constrained 
parameter (output limits) with non-smooth nonlinearities. 
The appropriate selection of linear parameters has been 
usually made using the conventional tuning techniques 
[2-5] based on the small signal stability analysis. However, 
by focusing only small signal conditions, the dynamic 
damping performance immediately following a large 
disturbance is often degraded. The PSS output limits 
(which cannot be determined by the linear approach) can 
provide the solution to balance theses competing effects 
[6]. In particular, these limit values attempt to prevent the 
machine terminal voltage from falling below the exciter 

reference level while speed is also falling, which means 
that it can improve the reduced transient recovery after 
disturbance (faster recovery to its initial steady state points, 
therefore, it allows to save system energy), especially in 
multi-machine power systems [5]. 

Power systems frequently exhibit interactions between 
continuous-time dynamics, discrete-time, discrete-event 
dynamics, switching action, and jump phenomenon. Such 
systems are known generically as hybrid systems, which 
can be modeled by a set of differential-algebraic-
impulsive-switched (DAIS) structure [6, 7]. Especially, this 
hybrid system model provides the effective and insightful 
analysis of PSS with non-smooth nonlinear dynamics due 
to saturation limits. This paper makes the new contribution 
by jointly determining of the systematic optimal 
parameters [gain (KPSS), time constant (T1) of phase-lead 
compensator, and output limits (Vmax and Vmin)] of PSS 
shown in Fig. 1 using the hybrid system model based on 
the DAIS structure. The performance of the PSS tuned by 
the proposed DEO is assessed through its application to 
the IEEE 39 bus New England multi-machine power 
system in Fig. 2. In this paper, minimization of objective 
function used in the DEO is solved by the two numerical 
optimization methods: steepest descent method and 
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Broyden-Fletcher-Goldfarb-Shanno (BFGS) [8, 9] method, 
which is the most popular quasi-Newton algorithm. The 
efficiency of these two algorithms used in the DEO for the 
tuning of PSSs on the multi-machine power system (in Fig. 
2) is investigated. Also, the starting point in an iterative 
optimization problem can give a significant effect on the 
efficiency and robustness of the algorithm even though 
the same method is used. The conventional tuning method 
based on the eigenvalue analysis may provide a good initial 
guess as the starting point of steepest descent and BFGS 
algorithms. Therefore, its usefulness is considered as an 
important factor for the DEO in this paper. 

This paper is organized as follows: Section II presents a 
summary of the hybrid system model with the DAIS 
structure. The steepest descent and BFGS algorithms used 
as solver in the DEO are described in Section III. The 
detailed explanation of how to implement the DEO using 
the hybrid system model is given in Section IV. The 
dynamic damping performances of the PSSs tuned by 
proposed DEO technique are evaluated by the case studies 
in Section V, which also includes the comparisons of 
convergence speed by the steepest descent and BFGS 
algorithms. Finally, the conclusions are given in Section VI. 

 
 

2. Hybrid System Presentation 
 

2.1 Modeling 
 
As mentioned in Section I, hybrid systems, which 

include power systems, are characterized by the following: 
• Continuous and discrete states. 
• Continuous dynamics. 
• Discrete events or triggers. 

• Mappings that define the evolution of discrete states 
at events. 

 
In other words, the hybrid system is a mathematical 

model of a physical process consisting of an interacting 
continuous and discrete event system [10]. This means that 
there are both continuous and discrete states in such 
systems that influence each other’s behavior. It is shown in 
[7] that such behavior can be captured by the following 
DAIS structure. 

 
 ( , )x f x y=&  (1)  
 0 ( , )g x y=  (2) 
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and 

• x are the continuous dynamic states, for example 
generator angles, speed, and fluxes. 

• z are discrete dynamic states, such as transformer tap 
positions and protection relay logic states. 

• y are algebraic states, e.g. load bus voltage magnitudes 
and angles. 

• λ are parameters such as generator reactance, 
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Fig. 2. IEEE 39 bus New England power system. 
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controller gains, switching times, and limit values. 
 
The differential equations f in (1) are correspondingly 

structured for ( , ),x f x y=&  whilst z and λ remain constant 
away from events. Similarly, the reset equations jh in (4) 
ensure that x and λ remain constant at reset events, but the 
dynamics states z are reset to new values according to 

( , )jz h x y−+ −=  (The notation x+  denotes the value of x  
just after the reset event, while x−  and y− refer the values 
of x  and y just prior to the event). The algebraic function 
g in (2) is composed of g(0) together with appropriate 
choices of g(i-) or g(i+), depending on the signs of the 
corresponding elements of yd in (3). An event is triggered 
by an element of yd changing sign and/or an element of ye 
in (4) passing through zero. In other words, at an event, the 
composition of g changes and/or elements of z are reset. 

The system flows φ are defined accordingly as 
 

 0
0

0

( , ) ( )
( , ) .

( , ) ( )
x

y

x t x t
x t

x t y t
φ

φ
φ
⎡ ⎤ ⎡ ⎤

= =⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦

 (5)  

 
The full detailed explanation and associated mathe-

matical equations of the DAIS model (especially for the 
switching and impulse effects) are given in [7] with the 
comprehensive studies of the hybrid system. 

 
2.2 Trajectory sensitivities 

 
The flows φ in (5) of a system will generally vary with 

changes in parameters and/or initial conditions. Trajectory 
sensitivity provides a way of quantifying the changes in 
the flow that result from (small) changes to parameters 
and/or initial conditions. The development of these 
sensitivity concepts will be based on the DAIS model in 
(1)~(4). Trajectory sensitivities follow from a Taylor series 
expansion (neglecting higher order terms) of the flows 

andx yφ φ in (5), which can be expressed as 
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where 

0

n n
x

×∈ℜΓ  and m n
y

×∈ℜΓ  are partial derivatives 
of system flows and known as the trajectory sensitivities. 
Recall that 0x incorporates parameters λ, therefore the 
sensitivities to initial conditions 0x include parameter 
sensitivities. 

The calculations in (6) and (7) can require the expensive 
computational efforts when the equations have high 
dimension for large systems. Fortunately, by using an 
implicit numerical integration technique such as 
trapezoidal integration, the computational burden for 
obtaining the trajectory sensitivities can be reduced 

considerably [6, 7]. 
 
 

3. Numerical Optimization Methods 
 
In engineering multivariable nonlinear problems, 

numerical optimization methods play the significant part to 
find the solutions of nonlinear functions on complex 
systems or select the parameters by which the objective 
function J can be minimized / maximized. The optimal 
tuning problem for the PSSs described in this paper is the 
case of the latter. The two representative first-order 
gradient-based methods [8, 9], which are the steepest descent 
and BFGS quasi-Newton algorithms, are investigated. It 
is important to note that this first-order gradient-based 
information is already available by applying the trajectory 
sensitivities based on the DAIS structure described in 
Section II. 

 
3.1 Steepest descent algorithm 

 
The steepest descent method is the simple to implement. 

However, it is often slow to converge. The gradient of an 
objective function J at a point is the direction of the most 
rapid increase in the value of the function at that point. The 
descent direction is the negative of the gradient direction. 
The series of steps to be taken are given in below. 

 
Algorithm-1: Steepest descent 

Given starting point 0 ,x N (number of iterations), 

1 2, (positive stopping criteria),ε ε  k←0; 
while (k<N) or _1 1( )tolf ε〉  or _ 2 2( )tolf ε〉  

Compute search direction ( )k kp x= −∇J . 
Set 1k k k kx x pα+ = +  where kα  is the step length. 
k ← k + 1; 

end (while) 
 
The more detailed explanation of the step length kα  

and functions _1tolf  and _ 2tolf  for the stopping criteria is 
given in the next Section IV. 

 
3.2 BFGS quasi-newton algorithm 

 
Like the steepest descent, the quasi-Newton methods [8, 

9] require only the first-order gradient of the objective 
function J to be supplied at each iterate. By measuring the 
changes in gradients, it provides the dramatic improvement 
on the convergence rate and robustness over the steepest 
descent, especially difficult problem. Moreover, because 
the second derivatives are not required, the quasi-Newton 
methods are sometimes more efficient than Newton’s 
method. A further advantage of the quasi-Newton methods 
is that they provide an estimate of the Hessian 2 ( )x∇ J  
(Recall that building the true Hessian is not feasible in 
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practice since it involves the second order trajectories 
sensitivities, which are computationally expensive). 

This estimated Hessian may provide an indication of 
coupling between design parameters λ, and hence allow 
physical insights that assist in the design process [1]. The 
most popular quasi-Newton algorithm is the BFGS method, 
named for its discoverers Broyden, Fletcher, Goldfarb, and 
Shanno. The BGFS algorithm is driven in below. 

 
Algorithm-2: BFGS method 

Given starting point 0 ,x N (number of iterations), 

1 2, (stopping criteria),ε ε inverse Hessian  
approximation H0 (positive definite matrix), k← 0; 

while (k<N) or _1 1( )tolf ε〉  or _ 2 2( )tolf ε〉  
Compute search direction ( )k k kp x= − ⋅∇H J . 
Set 1k k k kx x pβ+ = +  where kβ  is the step length. 
Define 1k k ks x x+= − and 1( ) ( )k k kd x x+= ∇ −∇J J . 
Compute 

1 ( ) ( ) ,T TT
k k k k k k k k k k ks d d s s sρ ρ ρ+ = − ⋅ ⋅ − +H I H I  

where I is an identity matrix and 1/( )T
k k kd sρ = . 

k← k + 1; 
end (while) 
 
The descriptions of how to define the initial 

approximation H0 and step length kβ  are also presented in 
the next Section. 

 
 

4. Implementation of the DEO 
 

4.1 Test system 
 
In this study, the ten machines 39 bus New England 

multi-machine power system in Fig. 2 is considered. The 
data of this system is given in [11]. Each machine has been 
represented by a fourth-order nonlinear model [12]. It is 
assumed that all generators (G1~G10) are equipped with 
the PSS/automatic voltage regulator (AVR) system shown 
in Fig. 1. The targeted parameters to be optimized are 
KPSS(i), T1(i), Vmax(i) and Vmin(i), i=G1, G2,…, G10 (of all 
PSSs), therefore the number of optimized parameters are 
total 40. 

 
4.2 Objective function and minimization 

 
Many practical optimization problems can be formulated 

using a Bolza form of the objective function J. 
 

 ,
min ( , , , )

f
ft

x y t
λ

λJ   (8) 

0

( )
suject to ( , ), where (constraint set)

( )
x t

x t x S
y t
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= ∈⎢ ⎥
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  (9) 

 ( ) ( )
0

( ), ( ), , ( ), ( ), , ,ft

f f f t
x t y t t x t y t t dtϕ λ ψ λ= + ∫J   (10) 

 
where λ are the optimized parameters (of total 40 in this 
study) that are adjusted to minimize the value of objective 
function J in (10), and tf is the final time. The objective of 
the PSSs tuning is to mitigate system damping and force 
the system to recover to the post-disturbance stable 
operating point as quickly as possible. The speed deviation 
(Δω) and terminal voltage deviation (ΔVt) of each 
generator are considered as good assessments of the 
damping and recovery. Therefore, the objective function in 
(10) can be re-formulated for the optimal tuning of PSSs 
with specific time tf as the following. 
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f

Ts s
t i i i i

s st
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where the weighting matrix
1 0

.
0 5
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

W  The ands s
tVω   

are the post-fault steady state values of and ,tVω  
respectively. Note that the dependence of system responses 

,( , ) and ( , )i t iλ t V λ tω  on the parameters λ is provided by 
the flows in (5). Also, the diagonal matrix with 
weighting factors W is determined by considering the 
balance of the conflicting requirements on the speed and 
voltage deviations. 

 
4.3 Computation of gradient 

 
Minimization of the value of J in (11) is straightforward 

even though the cost is obtained by integrating over the 
system flows (trajectories). The simplest way of obtaining 
J is to introduce a new state variable costx , with costx& equal 
to the integrand of (11). Thereafter, cost ( ) .fx t = J  The 
trajectory sensitivities with respect to λ directly provide the 
gradient. 

 
 cost

( ).x ft∇ =J Γ   (12) 
 
Again, note that through the appropriate implementation 

of trajectory sensitivities described in Section II-B, the 
extra computational requirement in determining (12) is 
negligible. 

 
4.4 Important factors of numerical methods 

 
4.4.1 Stopping criteria 

 
With the efficient computation of ∇J by (12), the two 

numerical optimization methods (steepest descent and 
BFGS algorithms) proposed in Section III are ready to be 
applied. It is now necessary to present the functions 

_1tolf  and _ 2tolf  (used for the stopping criteria 1 2and ),ε ε  
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which evaluate the maximum relative gradient of J at x  
in (13) and maximum relative change in successive values 
at x  in (14), respectively. The detailed descriptions for 
stopping criteria are given in [9]. 
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4.4.2 Step length 

 
In this study, the fixed step lengths kα  and kβ  are used 

in the steepest descent and BFGS algorithms, respectively. 
The more efficient line search algorithms [8, 9] can be used 
to determine the optimal step length, which will be 
reported in the authors’ other publication. 

The magnitude of order (O) of gradient at a starting 
point is observed to be different depending on the 
characteristic of parameters: i.e. the gradient of [KPSS, T1] 
with smoothness is the range of O(10-3), whilst the gradient 
of [Vmax, Vmin] with non-smoothness is the range of O(10-1 

~10-2). Therefore, for the steepest descent algorithm, the 
step length kα with the different scaling factors of 100 and 
0.01 are used for the corresponding separate gradients of 
[KPSS, T1] and [Vmax, Vmin], respectively. Otherwise, the 
convergence of the steepest descent is too slow with a 
small single step length, or it can be diverged with a big 
single step length. On the other hands, for the BFGS 
algorithm, the unit step length of 1kβ =  is used because it 
has the effective self-correcting property due to the Hessian 
approximation H for even the gradients with different 
magnitude of order. 

 
4.4.3 Initial inverse hessian approximation in BFGS  

method 
 
The initial inverse Hessian approximation H0 should be 

a positive definite matrix. The value of H0 affects on the 
effectiveness and robustness of overall algorithm. It is 
often set to some multiple μ⋅I of the identity, but there is no 
good general strategy for choosing μ [8]. Its value is 
determined experimentally by evaluating the convergence 
speed and robustness of the algorithm (the convergence 
will be slow by “too large” value and be failed by “too 
small” value of μ). The μ =100 is used in this study. 

 
4.5 Starting point of numerical methods 

 
The closed-form solution, which is a global minimum *x , 

is out of question. In other words, it is practically 
impossible to know if there is a global minimum of the 

objective function. The most numerical optimization 
algorithms at best can locate one local minimum, which is 
“close enough” to the *x ; usually this is good enough in 
practice. Therefore, the inability to determine the existence 
and uniqueness of the solution is not the primary concern 
in many practical applications [9]. The choice of starting 
point 0x  can give a significant effect on the efficiency and 
robustness of the overall algorithm. In this study, the 
conventional tuning method [2-5] based on the eigenvalue 
analysis is used to determine the starting point (so-called 
SP-EIG) as a good initial guess. For the DAIS model of 
hybrid system in (1) and (2), the eigenvalues can be 
computed from the system matrix A with the reduced order 
in (15). 

 

 1 1

, 0

, ( )
x yx y

y x y xx y

x f x f y g x g y

y g g x x f f g g x x− −

Δ = Δ + Δ = Δ + Δ

Δ = − Δ Δ = − ⋅Δ = ⋅ΔA

&

&
  (15) 

 
To compare with the SP-EIG, another starting point (so-

called SP-INI) by the same parameters (KPSS=2, T1=5, 
T2=0.05, and TW=10) for all PSSs of G1~G10 (in Fig. 2) is 
used as the one example of the worse starting point than 
the SP_EIG. Also, the output limits [Vmax, Vmin] of all PSSs 
are set to [0.1, -0.1] in both the SP-EIG and SP-INI. The 
parameters in the SP-EIG are shown in Table 1, which also 
presents the eigenvalues of the electromechanical mode 
(Δω) of G1~G10 by the SP-EIG and SP-INI. 

It is observed from the Table 1 that the PSSs of all 
machines have the better damping ratios in the SP-EIG 
than the SP-INI. For the visual illustrations, the system 
responses (Δω) of G1 and G10 are shown in Figs. 3 and 4 
when a three-phase short circuit fault is applied to the bus 
39 in Fig. 2 at t=0.1 s. 

Table 1. Parameters in SP_EIG and eigenvalues of electro-
mechanical mode in all machines by SP_EIG and 
SP_TEMP. 

Parameters SP-EIG 
KPSS T1 T2 

Eigenvalues 
in SP-EIG 

Eigenvalues 
in SP-INI 

PSS-G1 7 5 0.05 -1.620 
±j2.715 

-0.828 
±j3.057 

PSS-G2 9 5 0.01 -23.627 
±j9.038 

-1.922 
±j6.685 

PSS-G3 2 9 0.05 -5.702 
±j11.074 

-2.783 
±j8.203 

PSS-G4 4.5 5 0.002 -28.827 
±j11.357 

-4.187 
±j11.637 

PSS-G5 5 5 0.02 -16.140 
±j8.871 

-2.558 
±j7.381 

PSS-G6 2 5 0.05 -7.233 
±j7.240 

-3.152 
±j8.886 

PSS-G7 5 5 0.005 -26.501 
±j11.700 

-3.388 
±j10.778 

PSS-G8 3 5 0.03 -7.270 
±j11.640 

-3.393 
±j10.866 

PSS-G9 5 5 0.002 -29.911 
±j10.802 

-2.114 
±j10.233 

PSS-G10 6 5 0.05 -1.598 
±j8.067 

-0.659 
±j7.332 
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5. Simulation Results 

 
5.1 Convergence speed 

 
The performance for convergence speed by the steepest 

descent and BFGS algorithms is compared in Figs. 5 and 6, 
which show the values of J variations during 20 iterations 
from the starting points SP-INI and SP-EIG, respectively. 

It is clearly shown from the results in Figs. 5 and 6 that 
BFGS algorithm has the much faster convergence speed 
than the steepest descent algorithm. Not surprisingly, this 
fact proves that the BFGS is remarkably successful over 
the steepest descent for the DEO applied to the PSSs on a 
multi-machine power system, as known generally in the 
field of numerical optimization. 

 
5.2 Damping performance 

 
After 20 iterations from the SP-EIG, the values of J by 

the steepest descent and BFGS algorithms are 0.0269 and 
0.0176, respectively. At this point, the corresponding 
damping performance by applying the same three-phase 

short circuit fault at the bus 39 in Fig. 2 is compared in 
Figs. 7 and 8. 

The results (speed deviation responses, Δω of G1 and 
G10) in Figs. 7 and 8 show that the PSSs with the 
parameters (which is given in Table 2) optimized by the 
BFGS algorithm have the better damping performance for 
low-frequency oscillations than by the steepest descent 
algorithm. 
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5.3 Robustness of algorithms 
 
With the same step lengths ( kα and kβ ) and initial 

inverse Hessian approximation H0 as used before, the 
robustness of the algorithms is tested by a three-phase short 
circuit applied to a different location, which is the bus 16 in 
Fig. 2. 

Starting from the SP-INI and SP-EIG, the values of J 
variations during 20 iterations are shown in Figs. 9 and 10, 

respectively. The BFGS algorithm still has the better 
convergence property than the steepest descent algorithm, 
especially with the SP-EIG. 

After 20 iterations by the steepest descent and BFGS 
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Fig. 10. Value of objective function J variations from SP-

EIG: test by a three-phase short circuit fault 
applied at the bus 16. 
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Fig. 11. Comparison of damping performance by steepest 

descent and BFGS algorithms: test by a three-
phase short circuit fault applied at the bus 16 
(speed deviation response Δω [rad/s] of G1). 
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Table 2. Optimized parameters by BFGS algorithm after 

20 iterations from SP-EIG 

Parameters KPSS T1 Vmax Vmin 
PSS-G1 13.3480 14.0677 0.0838 -0.1413 
PSS-G2 10.1147 7.0473 0.1001 -0.0993 
PSS-G3 13.4816 11.6038 0.1422 -0.1132 
PSS-G4 6.1887 6.4224 0.1000 -0.0995 
PSS-G5 6.4968 6.3948 0.1000 -0.1000 
PSS-G6 10.2214 8.3927 0.1026 -0.0916 
PSS-G7 5.6672 5.5852 0.1000 -0.1000 
PSS-G8 9.1019 8.7239 0.1040 -0.0992 
PSS-G9 7.0405 6.8929 0.1012 -0.0945 

PSS-G10 13.5339 14.3189 0.0992 -0.1508 
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INI: test by a three-phase short circuit fault applied 
at the bus 16. 
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algorithms as shown in Fig. 10, the values of J are 0.4940 
and 0.4424, respectively. With the optimized parameters 
at this point, the damping performance by applying the 
same three-phase short circuit fault at bus 16 (in Fig. 2) is 
evaluated in Figs. 11 and 12, which show that the 
parameters optimized by the BFGS improves the overall 
system damping more effectively than the steepest descent 
method. 

 
 

6. Conclusions 
 
In this paper, the systematic optimal tuning of power 

system stabilizers (PSSs) on a multi-machine power system 
by the dynamic embedded optimization (DEO) technique 
was described. In addition to the linear parameters (gain 
and time constant of phase compensator) with smoothness, 
the output limits of the PSSs with the non-smooth 
nonlinearities are also considered as the objective to be 
optimized. 

To implement the DEO technique applied for tuning of 
the PSSs (including the output limits), the hybrid system 
model based on the differential-algebraic-impulsive-
switched (DAIS) structure was used. From the trajectory 
sensitivities exploited in the hybrid system model with the 
DAIS structure, the gradients of the objective function J 
with respect to the parameters were computed. 

Minimization of the value of J used in the DEO is 
solved by the two numerical optimization algorithms, 
which are the steepest descent method and Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithms. For the 
performance of convergence speed, the simulation results 
showed that the BFGS algorithm is superior to the steepest 
descent algorithm. Moreover, the optimized parameters of 
the PSSs tuned by the BFGS improved the system damping 
more efficiently than steepest descent. As a good initial 
guess for the starting point of the steepest descent and 
BFGS algorithms, the conventional tuning method based 
on the eigenvalue analysis was used to determine the initial 
parameters of the PSSs. This starting point was well 
matched with the two proposed numerical optimization 
algorithms. 
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