
1. INTRODUCTION

Reinforced concrete (RC) has been used in various types of 
structures such as building, dam and underground structures. 
With extensive construction of RC structures, there have been 
tremendous demands to develop the methodologies predicting the 
behaviours of RC structures in numerical way. The FE method has 
been generally used in inelastic analysis of RC structures since the 
pioneering work of Ngo and Scordelis (1967). They carried out the 
analysis of RC structures with assumptions for cracks, constitutive 
relationship, failure criteria, time dependent effects, bond, dowel 
action and aggregate interlock. Since then, there have been some 
research works on the analysis of structural components such as 
beam, plate and shell etc. In particular, interests directed at plate 
and shell structures. For plates and shells, the degenerated solid 
concept (Ahmad, 1970) which does not have to rely on a specific 
shell theory has been used in the development of shell FEs based 
on RM assumptions (Reissner, 1945; Mindlin, 1951). However, it is 

found that there are serious defects such as locking phenomena in 
the degenerated RM shell element. As an early remedy to locking 
phenomena inherited in the degenerated RM shell element, the 
reduced integration (Zienkiewicz et al., 1971) was used in the 
transverse shear energy term. However, the reduced integration 
suffered from the mechanism and later other methods such as 
stabilization method (Stolaski and Belytscho, 1983) and assumed 
strain method (Dvorkin and Bathe, 1984; Huang and Hinton, 
1986; Lee and Kanok-Nuchulchai, 1998)  have been successfully 
used in FE analysis. However, there are a few investigations on the 
nonlinear analysis of RC structures using assumed strain RM shell 
elements (Lee and Seo, 2000, 2001; Lee et al., 2002).

In this study, the nonlinear analysis of plates and shells is carried 
out by using degenerated shell element. RM assumptions are 
adopted with the layer-wise approach and assumed strain method 
with judicious selection of sampling point is used to alleviate 
element deficiencies inherited in the standard RM shell element. 
An EPF material model (Maekawa and Okamura, 1983) is adopted 
to represent the material characteristic of concrete for uncracked 
situation. The material models such as tension stiffening model 
(Okamura and Maekawa, 1997) and shear transfer model (Li et 
al., 1989) are adopted to represent the characteristics of cracked 
concrete with relevant cracking criteria (Niwa, 1980; Aoyagi and 
Yamada, 1984). In addition, reinforcing steel is represented as 
smeared layer of equivalent thickness in the present shell element 
and a full bond is assumed in the steel-concrete interface. In 
particular, the arc-length control method is used to trace the full 
load-displacement path of RC structures.

2. SHELL FINITE ELEMENT

  In order to develop a RM degenerated shell element, the 
following two basic assumptions are employed:
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1. The normal to the mid-surface remains straight after deformation 
but not necessarily normal to the deformed mid-surface.

2. The normal transverse stress is negligible as in Kirchhoff-Love theory. 

  Numerical integration through the thickness direction is 
facilitated by the first assumption and the constitutive equation 
is simplified by the second assumption. Note that the above 
assumptions can be more effectively used with a specific local 
coordinate system.

2.1 Kinematics
In three dimensional space , the geometry of the shell 

element can be defined by two vectors at each nodal point as shown 
in Fig. 1. One vector  expresses the positions of shell mid-
surface which could be denoted as  and the other 
vector  which is called as the unit normal vector, expresses any 
position with magnitude of thickness between the top surface and 
the bottom surface of the shell in thickness direction .

After FE discretization on the mid-surface of the continuum 
shell, the initial configuration of the shell element having constant 
thickness  can be written as

Since the 9-node Lagrange shell element is adopted in this study, 
nine position vectors  which have three Cartesian components  

 and nine unit normal vectors  are required to 
express the shell element. These unit normal vectors, which are 
normal to the mid-surface at the nodal points, are evaluated as

 

in which  

Figure 1. Geometry of 9-node shell element

2.2 Displacement
The displacement field  used in the present shell element having 

five degrees of freedom per node (Ahmad, 1970) can be defined as

w he re,  t he  t r an s for m at i on  m at r i x  i s  ,  t he 
translation vector is  and the rotation vector 
is .

2.3 Strains
The linear stain terms of shell is usually defined in local 

coordinate systems 

The deformation gradient in local coordinate system can be 
derived in the following way:

where     and  

With the use of Von Karman assumption, the Green-Lagrange 
strains may be expressed in local coordinates by using the linear 
strain term defined in (4) and nonlinear term such as

where the second term of (6) has null values for . Note 
that the symmetric geometric stiffness is evaluated by using the 
second term of (6) which has geometric nonlinear contribution. 
The detailed evaluation of the geometric stiffness of the shell 
element is described in Reference (Hinton and Owen, 1984)

Because of the element deficiencies inherited in degenerated RM 
shell element, the standard linear strain-displacement matrix is 
substituted with assumed strains in this study. The sampling points 
(Huang and Hinton, 1986) used in the formulation of assumed 
natural strains are presented in Fig. 2. 

Figure 2. The sampling point for assumed strains: (top-left)                                
and   (top-right)   and   (bottom)  
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The interpolation functions used in formulating the assumed 
strains are based on Lagrange interpolation polynomials as used by 
Lee and Kanok-Nuchulchai (1998). Consequently, the substitute 
assumed natural strains  can be defined in the following form:

in which  denotes the position of the sampling 
point as shown in Fig. 2 and the shape functions  and  
are

The assumed strains  derived from (7) are used in the present 
shell element instead of the strains  of (6) obtained from the 
displacement field.

Figure 3. Microscopic material model (Okamura & Maekawa, 1997)

3. CONSTITUTIVE MATERIAL MODELS

  Concrete is a brittle material and it shows inelastic behaviour 
after the cracks occur. Therefore, the constitutive equations are 
required for cracked and uncracked situations. The EPF model 
(Okamura and Maekawa, 1997) is adopted for uncracked concrete. 
It uses an equivalent stress-strain relationship to find the concrete 
stress level due to the external load (See Fig. 3(a)). In particular, 
it represents the level of stress in one dimensional space in terms 
of the equivalent stress-strain definition which is defined by the 
function of mean and deviatoric stresses and strains. 

The material models such as tension stiffening model, compressive 
cracked model and shear transfer model (Li et al ., 1989) are also 
adopted to represent the behaviour of cracked concrete. As cracking 
criteria, Niwa’s model (1980) and Aoyagi-Yamada’s models (1984) 
illustrated in Fig. 4 are used in tension-compression (T-C) and 
tension-tension (T-T) stress regions respectively. Although the stress-
based cracking criteria is adopted in this study, crack formation will 
be confirmed with the satisfaction of two conditions that stress level 
reaches to the adopted cracking criteria and also principal strain 
meets the given limited strain values.

Figure 4. Cracking criteria for T-C and T-T stress regions

Reinforcing bar is represented as smeared layer of equivalent 
thickness in shell element as shown in Fig. 5. 
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Figure 5. Smeared layer model: (top) physical shell, (middle) layered         
shell FE model (bottom) stress in equivalent thickness

The stress resultant of shell element is obtained by taking 
integration through the thickness as follows

where nlayer  is the total number of layer of the shell.
A full bond is assumed in the steel and concrete interface. The 

bi-linear stress-strain relationship (Shima et al ., 1987) is adopted 
to represent the material characteristic of reinforcement. If the 
reinforcement yields at crack plan, the average stress and strain 
will drift away from the elastic region although other part of 
reinforcement is still not yielded. At this point, average stress will be 
lower than yield strength (See Fig. 3(d)). Therefore, the yielding of 
reinforcement will be confirmed when the overall tensile strength 
of reinforcement is reduced or the stress level of reinforcement 
reaches yield strength during the analysis. 

4. SOLUTION PROCEDURE

In this study, the arc-length control method is used to investigate 
nonlinear behaviour of RC structures since it is reliable to trace 
the full load-displacement path. Usually, an additional constraint 
equation is needed in order to solve the system of n simultaneous 
nonlinear equation in terms of n+1 unknowns. In other words, n  
components of the displacement vector u  and a loading intensity 
parameter  have to be obtained during the nonlinear iteration 
procedure. The equilibrium equation can be written in the 
following form which has n+1 unknowns

where  is the internal force vector which is generally a 
nonlinear function of  and  is a reference load vector which is 
constant in the case of proportional loading. In load-displacement 

path following methods, the n  simultaneous nonlinear equations 
are augmented by an additional constraint equation so that

In this study, the additional constraint equations  has been 
used to deal with nonlinear solution algorithms expressed in 
incremental form, so that

where,  denotes a load coefficient as , c is the 
prescribed solution step.

Linearization of (10) and the constraint equation  with respect 
to   about the previous solution  leads to the 
linearized equilibrium and constraint equation in the matrix form:

where

in which  is the tangent stiffness and  is the unbalanced 
force vector for a known displacement vector . If there is only 
solution step m  in the superscript, that is , this is the final 
solution of step m . The incremental quantities have the following 
relationship.

where, the superscript  denotes the quantity at the  iteration 
of the  solution step. 

5. NUMERICAL EXAMPLES

In this section, a series of numerical tests is carried out by using 
the shell element described in previous sections. Four numerical 
tests have been tackled to check the performance of the present 
shell element in in-plane, plate bending and curved shell situations.

5.1 Vecchio and Collins panels
Theses panels were originally tested by Vecchio and Collins (1982) 

to investigate the shear performance of RC panel. As shown in Fig. 
6(a), the size and thickness of the panel used in the experiment are  
and  respectively.
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Figure 6. Vecchio and Collins panel: (a) Geometry,                                          
(b) FE mesh and (c) Tension stiffening model

The  Poi ss on’s  r at io  of  t he  c onc re te  i s   and  t he 
compressive strengths of concrete  used in each panel are 
summarized in Table 1. The tensile strength of the concrete is 
calculated by using the formula  which was defined 
as lower boundary for the tensile strength from the experimental 
data (Mirza et al ., 1979). Young modulus of the reinforcement 
steel is  200000Mpa. Various ratios of reinforcement  
and  in both x- and y- directions, different types of load 
combination and the yield stress of steel are used in FE analysis 
and described in Table 1. 

Table 1. The summary of Vecchio and Collins experiment data 

Panel L o a d i n g 
ratio

Longitudinal
steel

Transverse
steel

Concrete

PV10 1:0:0 0.01785 276 0.00999 276 14.5

PV11 1:0:0 0.01785 235 0.01306 235 15.6

PV12 1:0:0 0.01785 469 0.00446 269 16.0

PV19 1:0:0 0.01785 458 0.00713 299 19.0

PV20 1:0:0 0.01785 460 0.00885 297 19.6

PV21 1:0:0 0.01785 458 0.01296 302 19.5

PV22 1:0:0 0.01785 458 0.01524 420 19.6

PV27 1:0:0 0.01785 442 0.01785 442 20.5

PV23 1:-0.39:-0.39 0.01785 518 0.01785 518 20.5

PV25 1:-0.69:-0.69 0.01785 466 0.01785 466 19.2

PV28 1:0.32:0.32 0.01785 483 0.01785 483 19.0

In FE analysis, the performance of shell elements is tested with  
 FE mesh as illustrated in Fig. 6(b). In particular, tension 

stiffening effect is investigated. Since specific tension stiffening 
parameters such as c= 0.2, 0.4 and 0.6 are recommended for wire 
mesh, round bar and deformed bar (Okamura and Maekawa, 
1997), the FE analyses are carried out by using these values as 
shown in Fig. 6(c). All numerical results are described in Table 2 
and Fig. 7.

Table 2. The FE solution for ultimate shear strength 

Panel
Ultimate shear strength 

(c=0.2)

Experiment Present 

c=0.2 c=0.4 c=0.6

PV10 3.97 4.196 3.960 3.813 1.06

PV11 3.56 4.113 3.946 3.837 1.16

PV12 3.13 3.311 3.084 2.884 1.06

PV19 3.95 4.029 3.753 3.575 1.02

PV20 4.27 4.381 4.095 3.915 1.03

PV21 5.03 5.181 4.916 4.752 1.03

PV22 6.07 6.385 6.095 5.925 1.05

PV27 6.36 6.685 6.400 6.236 1.05

PV23 8.88 9.149 8.826 8.619 1.03

PV25 9.12 8.954 8.557 8.297 0.98

PV28 5.81 5.923 5.654 5.507 1.02

From numerical results, it appears that tension stiffening effect is 
significant in the panels. The present results with tension stiffening 
parameter  produces the slightly overestimated stress-
strain curves compared to the experiment in case of the panel with 
lower compressive strength and lower steel ratio such as PV10, 
PV11. But it has good agreement with the experiment data in case 
of the panel having high compressive strength although the lower 
reinforcement ratio is used. The panel with large steel ratios in both 
x- and y- directions produces more stable results. In case of the 
panel with large ratio  such as PV12 and PV19, the present 
result reaches the failure point before the values of strains produced 
by the experiment. However, the levels of shear strength of these 
panels are similar to the experiment data. The values of ultimate 
shear strength obtained from the present study are very close to the 
experimental data as described in Table 2. 
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Figure 7. Shear stress-shear strain curves for Vecchio and Collins panels

The ratios of the ultimate shear strength  between 
experiment data and the present FE solution indicates the validity 
of the present shell element. From the results of the panels PV19, 
PV20, PV21 and PV22, the failure strains produced by the present 
shell is shown to be more sensitive to the reinforcement ratio than 
the values of compressive strength. Note that the tensile strength of 
the concrete influences the stress-strain curves but the overall shape 
of stress-strain curves will not have much differences.

5.2 One-way slab
This test deals with a one-way slab which is originally tested by 

Jain and Kennedy (1974). Later, it is also numerically analyzed by 
Gilbert and Warner (1978). It is also a verification example of 
ABAQUS. The slab is simply supported and subjected to the 
uniform line load illustrated in Fig. 8.

Figure 8. Geometry of one-way slab

The length of the plate is L = 30in = 762mm and the thickness 
of the plate is h  = 1.5in = 38.1mm. The reinforcement having the 
diameter   = 3/16in=4.7625mm are placed with equal space of 
2.57in=65.278mm longitudinally as shown in Figure 8. The position 
of the steel reinforcement is denoted as  = 1.22in =  31mm. The 
material properties of concrete are elastic modulus E = 29Gpa  and 
Poisson ratio is  0.18. The compressive strength of the concrete 

is   32Mpa. The ratio of tensile strength to compressive strength 
is used as the value of . The elastic modulus and yield 
stress of steel are    200Gpa  and 220Mpa respectively. In FE 
analysis, a half of the plate is modeled using   FE meshes. 

Figure 9. Load-deflection curve for one-way slab

The overall performance of the present shell element in the 
bending dominant situation is investigated with different tension 
stiffening parameters c=0.2, 0.4, 0.6, 0.8 and 2.0. Two FE reference 
solutions are produced by the element S8R of the ABAQUS with 
tension stiffening parameters  and . 
All load-deflection paths at the center of plate are plotted in Fig. 9. 

From numerical results, the tension stiffening effect appeared to 
be important to determine the overall behaviour of the plate since 
there could be a significant tension stiffening effect in the bottom of 
the plate. The overall results produced by the present shell element 
fit in good range of ABAQUS solutions as shown in Fig. 9.

5.3 Corner supported square plate
A corner supported square plate subjected to a point load at the 

center is considered. The plate is originally tested experimentally by 
McNeice (1967) and subsequently analyzed by various researchers 
(Hinton et al., 1981; Gilbert and Warner, 1978). The geometry of 
the plate is illustrated in Fig. 10. 

Figure 10. Geometry of McNeice slab with FE mesh
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The length of the square plate is  L = 36in = 914.4mm and the 
thickness of the plate is h = 1.75in = 44.45mm  and the position 
of the steel reinforcement is  denoted as  = 1.31in = 33.3mm. 
The material properties of concrete are elastic modulus E 
= 28.6Gpa and Poisson ratio  0.15.  The compressive 
strength of concrete is assumed as   37.92Mpa and the 
ratio of tensile strength to compressive strength of concrete is 
assumed as . The elastic modulus and the yield 
stress of steel  are  200Gpa and     

 respectively.  The bar is  reinforced in both 
x- and y- directions with the same reinforcement ratios 

. 
A symmetric quarter of the plate is modeled by using  FE 

meshes. Because of the corner boundary condition, considerable 
nonlinearity is expected in the response and it might have the 
possibility of unstable regimes as the concrete cracks. There may be 
the strong tension stiffening effect on the slab and three different 
tension stiffening parameters (c= 0.4, 0.6 and 0.8) are therefore used 
in the FE analysis.

Since the experimental data is only available up to the value of the 
central displacement 1.0 cm , the shell element S9R5 of the 
ABAQUS is used to produce a FE reference solution. As shown in 
Fig. 11, the present results show a large tension stiffening effect in 
this plate. The ABAQUS solution lies in the present solutions 
obtained with the tension stiffening parameters c=0.4 and c=0.6. 
The overall load-displacement path produced by the present shell 
element has a good agreement with the experimental data and 
ABAQUS solution with appropriate values of tension stiffening 
parameter.

Figure 11. Center deflection of McNeice slab

5.4 Parabolic cylindrical shell roof
A parabolic cylindrical shell roof with variable thickness 

subjected to uniformly distributed pressure is analyzed. The 
circular edges of the shell are supported on rigid diaphragms and 
the straight edges of the shell are free as shown in Fig. 12.

This problem is experimentally tested by Hedgren and Billington 
(1967) and then numerically analyzed by Figueiras and Owen 
(1984). The shell is constructed with 17 different layer patterns 
illustrated in Fig. 12 and it is summarized in Table 3. 

Figure 12. Geometry and FE mesh of parabolic cylindrical shell roof

Table 3. Layer pattern of the parabolic cylindrical shell roof

Layer Layer1 Layer2

pattern (1) (2) (3) (4) (1) (2) (3) (4)

1 4 0.602 -0.795 0 3 0.574 -0.64 90

2 4 0.602 -0.795 0 3 0.574 -0.64 90

3 4 0.602 -0.795 0 3 0.502 -0.64 90

4 4 0.602 -0.795 0 3 0.302 -0.64 90

5 3 0.691 -0.642 0 3 0.574 -0.64 90

6 3 0.691 -0.642 0 3 0.574 -0.64 90

7 3 0.691 -0.642 0 3 0.502 -0.64 90

8 3 0.691 -0.642 0 3 0.302 -0.64 90

9 3 0.483 -0.5 0 3 1.102 -0.308 90

10 3 0.483 -0.5 0 3 1.102 -0.308 90

11 3 0.483 -0.5 0 3 0.964 -0.308 90

12 3 0.483 -0.5 0 3 0.579 -0.308 90

13 3 0.483 -0.5 0 3 0.552 -0.308 90

14 3 0.483 -0.5 0 3 0.482 -0.308 90

15 3 0.483 -0.5 0 3 0.552 -0.308 90

16 3 0.483 -0.5 0 3 0.482 -0.308 90

17 3 0.483 -0.5 0 3 0.579 -0.308 90
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Layer Layer3 Layer4

pattern (1) (2) (3) (4) (1) (2) (3) (4)

1 9 2.996 -0.478 0 4 0.419 0 45

2 9 2.853 -0.478 0 4 0.419 0 45

3 9 2.853 -0.478 0 4 0.419 0 45

4 9 1.902 -0.478 0 4 0.629 0 45

5 3 0.251 0.625 0 4 0.479 0.74 90

6 4 0.419 0 45 3 0.251 0.625 0

7 4 0.419 0 45 3 0.251 0.625 0

8 4 0.629 0 45 3 0.251 0.625 0

9 3 0.482 0.28 0 4 0.92 0.5 90

10 4 0.511 0 45 3 0.482 0.28 90

11 4 0.511 0 45 3 0.482 0.28 90

12 4 1.208 0 45 3 0.482 0.28 90

13 3 0.482 0.28 0 4 0.92 0.5 90

14 3 0.482 0.28 0 4 0.805 0.5 90

15 3 0.482 0.28 0 4 1.841 0.5 90

16 3 0.482 0.28 0 4 1.611 0.5 90

17 3 0.482 0.28 0 4 0.614 0.5 90

Layer Layer5

(1) The designation of 

reinforcing bar (#3, #5, #9)

(2) Layer thickness in  - 

coordinate (100)

(3) Layer position in 

normalized  –coordinate 

(top surface:  = 1

 , bottom surface:  = 1)

(4) Angle between the 

reinforcement and the 

longitudinal axis (degrees)                                       

pattern (1) (2) (3) (4)

1 9 0.602 -0.795 0

2 9 0.602 -0.795 0

3 9 0.602 -0.795 0

4 9 0.602 -0.795 0

5                 

6 4 0.691 -0.642 0

7 4 0.691 -0.642 0

8 4 0.691 -0.642 0

9                 

10 4 0.483 -0.5 0

11 4 0.483 -0.5 0

12 4 0.483 -0.5 0

Layer Layer6 Layer7

pattern (1) (2) (3) (4) (1) (2) (3) (4)

1 3 0.25 0.625 0 4 0.479 0.74 90

2 3 0.25 0.625 0 4 0.479 0.74 90

3 3 0.25 0.625 0 4 0.419 0.74 90

4 3 0.25 0.625 0 4 0.503 0.74 90

The material properties of concrete are elastic modulus 
 and Poisson ratio . Compressive 

and tensile strengths of the concrete are  and  
 respectively. The elastic modulus of steel is 

. Three different types of reinforcing bar are 

used in the shell. The material properties of those bars denoted as 
#3, #4 and #9 are described in Table 4.

Table 4. Material properties of reinforcing bar used in the shell roof

Type diameter Area

#3 1.22 0.0117 2040816 2581 3712

#4 1.53 0.0195 2040816 2236 3516

#9 3.43 0.0922 2040816 3129 4282

The symmetric quarter of the shell is modeled by using  FE mesh. 
Three tension stiffening parameters c=0.2, 0.4 and 0.6 are used to 
investigate the effect of tension stiffening on the ultimate load of the 
shell roof. Note that the importance of the geometric nonlinear 
effect was reported in Reference (Figueiras and Owen, 1984) and 
therefore the geometric nonlinear strain term is included in this 
analysis. From numerical results illustrated in Fig. 13, the tension 
stiffening effect is crucial to the level of ultimate load. In particular, 
the present solution with c=0.2 have a good agreement with the 
experiment result (Hedgren and Billington, 1967). The present 
solution is normalized by the load  as described 
in Reference (Figueiras and Owen, 1981).

Figure 13. Load-deflection for parabolic cylindrical shell roof

6. CONCULSIONS

A nine-node assumed strain degenerated shell element is 
introduced to analyze the inelastic behaviour of RC structures. 
The accuracy of the present shell element is tested by using four 
numerical examples with arc-length control method. From the 
numerical results, the present shell element performs well in most 
examples. Numerical results are very close to the experimental 
results and have a good agreement with the other reference 
solutions. Therefore, it is found to be that the present shell element 
is applicable to most RC plate and shell structures with reasonable 
accuracy.
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