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Abstract

In many practical machine learning and data mining applications, unlabeled training
examples are readily available but labeled ones are fairly expensive to obtain. Therefore
semi-supervised learning algorithms have attracted much attentions. However, previ-
ous research mainly focuses on classification problems. In this paper, a semi-supervised
regression method based on support vector regression (SVR) formulation that is pro-
posed. The estimator is easily obtained via the dual formulation of the optimization
problem. The experimental results with simulated and real data suggest superior per-
formance of the our proposed method compared with standard SVR.

Keywords: Semi-supervised regression, semi-supervised support vector regression, sup-
port vector regression, unlabeled data.

1. Introduction

One of the major problem in machine learning is how to get a large amount of labeled
examples. However, data labeling is usually expensive due to the fact that labeling requires a
lot of human efforts. While unlabeled data could yet relatively easy to obtain. For example,
it is easy to download a batch of web pages from the internet, but it requires experts to
label the pages. Therefore, semi-supervised learning (SSL), which employs both the labeled
data and unlabeled data, has attracted a lot of research focus in recently year. One of the
important issues in SSL is how to efficiently and effectively explore the information of the
unlabeled data.

SSL have achieved successes in many applications, such as categorization, image classifi-
cation, and spam filtering. The promising empirical success of SSL algorithms in favorable
situations has triggered several recent attempts (Lafferty and Wasserman, 2007; Niyogi,
2008) at developing a theoretical understanding of SSL. In a recent paper, Singh et al.
(2008) established that if the complexity of the distributions under consideration is too high
to be understood using labeled data points, but is small enough to be understood using
unlabeled data points, using a finite sample analysis in SSL can improve the performance
of a supervised learning task. There have been many successful practical SSL algorithms
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generated as summarized in Chapelle et al. (2006), Zhu (2005), Zhu and Goldberg (2009)
and Seok (2010). It is worthwhile noting that the previous research focused primarily on
classification and semi-supervised regression (SSR) remains largely under-studied.

According to the work of Belkin et al. (2006) the graph-based method could be applied to
the regression estimator. This means that unlabeled data can contain helpful information
and can increase the performance of the regression estimator. Zhou and Li (2007) proposed
an SSR algorithm named COREG that boosts regression accuracy by exploiting unlabeled
data in two k-nearest neighbor regression estimators using different distance metrics, each
of which labels the unlabeled data for the other regression estimator. Wang et al. (2006)
developed an SSR algorithm called semi-supervised kernel regression (SSKR) based on the
classical kernel regression estimator. They also investigate the connection between the SSKR
and the graph-based method. They showed that with a properly-chosen weighting factor,
the SSKR remarkably outperformed kernel regression and the graph-based method. Cortes
and Mohri (2007) dealt with regression problems in a transductive setting. They gave a
new error boundary for transductive regression that holds for all bounded loss functions
and coincides with the tight classification bounds of Vapnik (1998). Based on the given
error bound, they presented a new algorithm for transductive regression that performs well
and can scale to large data sets. Seok (2012, 2013) proposed semi-supervised local constant
estimator (SSLCE) and kernel ridge estimator and showed the better performance of the
semi-supervised method through numerical experiment. Seok (2012) also showed that the
SSLCE has a faster convergence rate than that of the local constant estimator when a well
chosen weighting factor is employed.

Some existing SSR methods have empirically shown promising performance. However,
Lafferty and Wasserman (2008) showed that SSR methods based on regularization using
graph Laplacians do not lead to faster minimax rates of convergence than those of kernel
regression estimators. They also demonstrated how improved rates of convergence can be
obtained by formulating and exploiting appropriate semi-supervised smoothness conditions.

Support vector machine (SVM) is being used as a powerful technique for regression and
classification problems. SVM is based on the structural risk minimization (SRM) principle,
which has been shown to be superior to the traditional empirical risk minimization (ERM)
principle. SRM minimizes an upper bound on the expected risk unlike ERM, which minimizes
the error on the training data. By minimizing this bound, high generalization performance
can be achieved. In particular, for the support vector regression (SVR) case, SRM results
in a regularized ERM with an e-insensitive loss function. Introductions and applications
of recent developments SVM can be found in Vapnik (1995, 1998), Smola and Schölkopf
(1998), Shim and Hwang (2009) and Cristianini and Shawe-Taylor (2000). Xu et al. (2011)
proposed a semi-supervised least squares SVR and showed their feasibility and efficiency by
experiment on a Corn data set.

In this paper we derive a novel algorithm of semi-supervised learning for SVR based on
SVM formulation. The estimator is easily obtained via the dual formulation of the optimiza-
tion problem. In Section 2 we review SVR. In Section 3 we propose the semi-supervised SVR
(S3VR) using SVR. In Section 4 we perform the numerical studies through synthetic and
real examples. In Section 5 we give the conclusions.
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2. Support vector regression

Let the training data set denoted by {xi,yi} n
i=1, with each input xi ∈ Rd and the response

yi ∈ R, where the output variable yi is linearly or nonlinearly related to the input vector
xi. Here the feature mapping function φ(·) : Rd → Rdf maps the input space to the higher
dimensional feature space where the dimension df is defined in an implicit way. An inner
product in feature space has an equivalent kernel in input space, φ(xi)

′φ(xj) = K(xi,xj)
(Mercer, 1909). Several choices of the kernel K(·, ·) are possible. We consider the nonlinear
regression case, in which the regression function of the response given x0, µ(x0), can be
regarded as a nonlinear function of input vector x0.

With e-insensitive loss function ρe(·), the estimator of the regression function can be
defined as any solution to the optimization problem,

min
λ

2
w′w +

n∑
i=1

ρe(yi − µ(xi)), (2.1)

where λ > 0 is a regularization parameter, ρe(r) = 0 if |r| ≤ e and ρe(r) = |r| − e if |r| > e.
We can express the regression problem (2.1) by formulation for SVM as follows:

min
1

2
w′w + C

n∑
i=1

(ξi + ξ∗i )

subject to

yi −w′φ(xi)− b ≤ e+ ξi

w′φ(xi) + b− yi ≤ e+ ξ∗i , e, ξi, ξ
∗
i ≥ 0

where λ is a regularization parameter penalizing the training errors. We construct a Lagrange
function as follows:

L =
1

2
w′w + C

n∑
i=1

(ξi + ξ∗i )−
n∑

i=1

αi(e+ ξi − yi +w′φ(xi) + b) (2.2)

−
n∑

i=1

α∗i (e+ ξ∗i + yi −w′φ(xi)− b)−
n∑

i=1

(ηiξi + η∗i ξ
∗
i ).

We notice that the positivity constraints αi, α
∗
i , ηi, η

∗
i ≥ 0 should be satisfied. After tak-

ing partial derivatives of equation (2.2) with regard to the primal variables (w, ξi, ξ
∗
i ) and

plugging them into equation (2.2), we have the optimization problem below.

max−
1

2

n∑
i,j=1

(αi − α∗i )(αj − α∗j )K(xi,xj) +

n∑
i=1

(αi − α∗i )yi − e
n∑
i

(αi + α∗i )

with constraints αi, α
∗
i ∈ [0, C], where the data points corresponding to positive values of αi

or α∗i are called support vectors. Solving the above equation with the constraints determines
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the optimal Lagrange multipliers, αi, α
∗
i , the estimator of the regression function given the

input vector xt is obtained as follows.

µ̂(xt) =

n∑
i=1

(α̂i − α̂∗i )K(xi,xt) + b̂.

Here b̂ is obtained by KKT conditions (Kuhn and Tucker, 1951) as follows;

b̂ =
1

ns

∑
i∈Is

(yi −K(xi,x)(α̂− α̂∗)),

where x = (x1, ...,xn) and ns is the size of Is = {i = 1, · · · , n|0 < α̂i < C, 0 < α̂∗i < C}.

3. Semi-supervised support vector regression

Let the labeled training data set L denoted by {xi, yi}ni=1 and the unlabeled training data
set U denoted by {xi}n+m

i=n+1. Suppose the estimates of unlabeled responses were obtained

in some way such as {ỹi}n+m
i=n+1. We can express the semisupervised regression problem by

formulation of SVM as follows:

min
λ

2
w′w + C1

n∑
i=1

(ξi + ξ∗i ) + C2

m∑
i=1

(ζi + ζ∗i )

subject to

yi −w′φ(xi)− b ≤ e+ ξi

w′φ(xi) + b− yi ≤ e+ ξ∗i , i = 1, · · · , n
ỹn+i −w′φ(xn+i)− b ≤ e+ ζi

w′φ(xn+i) + b− ỹi ≤ e+ ζ∗i , i = 1, · · · ,m, e, ξ(∗)i , ζ
(∗)
i ≥ 0

where C1 and C2 are penalty parameters penalizing the training errors. We construct a
Lagrange function as follows:

L =
λ

2
w′w +

n∑
i=1

(ξi + ξ∗i )−
n∑

i=1

αi(e+ ξi − yi +w′φ(xi) + b) (3.1)

−
n∑

i=1

α∗i (e+ ξ∗i + yi −w′φ(xi)− b)−
n∑

i=1

ηiξi −
n∑

i=1

η∗i ξ
∗
i

−
m∑
i=1

βi(e+ ζi − ỹi +w′φ(xn+i) + b)−
m∑
i=1

β∗i (e+ ζ∗i + ỹi −w′φ(xn+i)− b)

−
m∑
i=1

νiζi −
∑
i=1

ν∗i ζ
∗
i
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We notice that the positivity constraints α
(∗)
i , η

(∗)
i , β

(∗)
i , ν

(∗)
i ≥ 0 should be satisfied. After

taking partial derivatives of equation (3.1) with regard to the primal variables (w, ξi, ξ
∗
i , ζi, ζ

∗
i )

and plugging them into equation (3.1), we have the optimization problem below.

max−
1

2

n∑
i,j=1

(αi − α∗i )(αj − α∗j )K(xi,xj)−
1

2

m∑
i,j=1

(βi − β∗i )(βj − β∗j )K(xn+i,xn+j)

−
n∑

i=1

m∑
j=1

(αi − α∗i )(βj − β∗j )K(xi,xn+j) +

n∑
i=1

(αi − α∗i )yi +

m∑
i=1

(βi − β∗i )ỹi

− e
n∑

i=1

(αi + α∗i )− e
m∑
i=1

(βi + β∗i )

with constraints αi, α
∗
i ∈ [0, C], βi, β

∗
i ∈ [0, C] and

∑n
i=1(αi − α∗i ) +

∑m
i=1(βi − β∗i ) = 0.

Solving the above equation with the constraints determines the optimal Lagrange multi-
pliers, αi, α

∗
i , βi, β

∗
i , the estimator of the regression function given the input vector xt is

obtained as follows.

µ̂(xt) =

n∑
i=1

(α̂i − α̂∗i )K(xi,xt) +

m∑
i=1

(β̂i − β̂∗i )K(xn+i,xt) + b̂.

Here b̂ is obtained by KKT conditions (Kuhn and Tucker, 1951) as follows:

b̂ =
1

ns1 + ns2
(
∑
i∈Is1

(yi −K(xi,x
l)(α− α∗)−K(xi,x

u)(β − β∗))

+
∑
i∈Is2

(ỹi −K(xn+i,x
l)(α̂− α̂∗)−K(xn+i,x

u)(β̂ − β̂∗)))

where ns1 is the size of Is1 = {i = 1, · · · , n|0 < α̂i < C, 0 < α̂∗i < C}, ns2 is the size of

Is2 = {i = 1, · · · ,m|0 < β̂i < C, 0 < β̂∗i < C}, xl = (xi)
n
i=1 and xu = (xn+i)

m
i=1.

4. Numerical studies

We illustrate the performance of S3VR with SVR through the simulated and real data
sets on the nonlinear regression cases. The radial basis kernel function is utilized in each
example, which is,

K(x1, x2) = exp

(
−

1

σ2
(x1 − x2)2

)
.

In SVR µ̂(xi) for i = 1, · · · , n is obtained by SVR with {yi, xi}ni=1, µ̂(xi) for i = n+1, · · · , n+
m is obtained by SVR with {yi, xi}ni=1 and {xi}n+m

i=n+1. In S3VR, µ̂(xi) for i = 1, · · · , n+m

is obtained by S3VR with {yi, xi}ni=1 and {ỹi, xi}n+m
i=n+1, where ỹi = µ̂(xi) is obtained by
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SVR with {yi, xi}ni=1 and {xi}n+m
i=n+1. For simple calculation, we set e = 0.1 and the optimal

values of (C, σ2) for SVR and (C1, C2, σ
2) for S3VR are obtained from 10-fold cross validation

function (Kohavi, 1995).

Example 4.1 To present the prediction performance of the proposed method 100 data
sets are generated. Each data set consists of 100 x’s and 100 y’s. Here x’s are generated
from a uniform distribution U(0,1) and y’s are generated from a normal distribution N(1 +
sin(πx), 0.1). That is, the true regression function is given as

µ(x) = 1 + sin(πx).

Among 100 data, 80 unlabeled data (m = 80) are obtained by removing responses from a
randomly chosen subset of 100 data, whereas the remaining 20 training data (n = 20) are
treated as labeled. Figure 4.1 shows the true regression functions (solid lines), the estimated
regression functions by SVR (dotted lines, left) and S3VR (dotted lines, right), respectively,
superimposed on the scatter plots of one data set (∗=labeled, o=unlabeled). From the Figure
4.1 we know that the unlabeled data could help to explore the relationship between x and
y.

Figure 4.1 The regression functions superimposed on the scatter plots of 100 data points of a data set.
The true regression functions, the estimated regression functions by SVR (left) and S3VR (right).

Example 4.2 For the second example 100 data sets are generated. Each data set consists of
100 x1’s, 100 x2’s and 100 y’s. Here x1’s and x2’s are generated independently from a uniform
distribution U(0,1) and y’s are generated from a normal distribution N(x1 exp(−0.5x2), 0.1).
The true regression function is given as

µ(x1, x2) = x1 exp(−0.5x2).

Among 100 data, 80 unlabeled data (m = 80) are obtained by removing responses from a
randomly chosen subset of 100 data, whereas the remaining 20 data (n = 20) are treated as
labeled.

With the data sets of Example 1 and Example 2 we obtain the mean squared error (MSE)
to compare the performance of S3VR to SVR, which are shown in Table 4.1. The boldfaced
figure signifies the smaller MSE in S3VR and SVR. From the table we can see that the
proposed S3VR provides better performance than SVR.
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Table 4.1 The average of 100 MSE of S3VR and SVR (standard deviations of MSE in parenthesis).

Example 1 Example 2
SVR S2SVR SVR S2SVR

0.0292 (0.0024) 0.0264 (0.0023) 0.0846 (0.0077) 0.0746 (0.0051)

Example 4.3 Corn data set (http://www.eigenvector.com/data/Corn/index.html) consists
of 80 examples of corn measured on 3 different near-infra-red spectrometers, m5, mp5 and
mp6. In this study, spectra from instrument m5 are used, where the wavelength range is
1100-2498nm at 2nm intervals. The moisture, oil, protein and starch values represent four
output/dependent variables. As the first principal component describes 99% of the overall
variance, this indicates high multicollinearity among the input/independent variables. Sim-
ilar to Rosipal and Trejo (2001) and Xu et al. (2011), instead of modeling the real response
we generated four different outputs as follows :

y1 = exp(x′x/2m)

y2 = exp(x′A−1x/2m1)

y3 = (x′x/m)3 exp(x′x/2m)

y4 = 0.3y1 + 0.25y2 − 0.7y3

where A is a symmetric matrix with off-diagonal elements set to 0.8 and diagonal elements

set to 1.0, and c and c1 are averages of {x′ix}
80
i=1 and

{
x′iA

−1x
}80
i=1

. The first 20 examples
are used to create a training data set L, the last 20 examples are utilized to create a testing
data set, and the remaining examples form a training data set U . In order to make the
synthetic outputs (4.1) more realistic, Gaussian white noise with different levels is added,
where noise level, denoted as n/s, corresponds to ratios of the standard deviation of the
noise and the clean output variables. In this study, we set n/s = 15%.

In order to assess prediction performance, we calculate the MSE and correlation coefficients
(R) of actual and predicted outputs. Table 4.2 shows the result of Corn data experiment.
The MSE and R of S3VR are less than those of SVR for all responses except y3. From the
Table 4.2, we see that our S3VR outperforms SVR.

Table 4.2 The average of MSE and R of S3VR and SVR for Corn data
(standard deviations of MSE in parenthesis).

MSE R
response S3VR SVR S3VR SVR

y1 0.1992 (0.0410) 0.2280 (0.0425 ) 0.9882 (0.0079) 0.9845 (0.0083)
y2 0.3616 (0.0712) 0.4494 (0.0748) 0.9649 (0.0239 ) 0.9575 (0.0255)
y3 0.2505 (0.0559) 0.2479 (0.0665) 0.9302 (0.0203) 0.9335 (0.0228 )
y4 0.4017 (0.2357) 0.4788 (0.2682) 0.9300 (0.0707) 0.9141 (0.0822)

5. Concluding remarks

An interested algorithm of semi-supervised learning for SVR based on SVM formulation is
proposed. In the proposed S3VR, the idea of kernel function is used to perform operations in
the input space rather than in the high dimensional feature space. This enables us to handle
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nonlinear as well as linear regression function estimation. We performed the numerical stud-
ies through synthetic and real data sets. The experiment revealed the superior performance
of the proposed S3VR.
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