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CONFORMALLY RECURRENT SPACE-TIMES ADMITTING

A PROPER CONFORMAL VECTOR FIELD

Uday Chand De and Carlo Alberto Mantica

Abstract. In this paper we study the properties of conformally recur-
rent pseudo Riemannian manifolds admitting a proper conformal vector
field with respect to the scalar field σ, focusing particularly on the 4-
dimensional Lorentzian case. Some general properties already proven by
one of the present authors for pseudo conformally symmetric manifolds
endowed with a conformal vector field are proven also in the case, and
some new others are stated. Moreover interesting results are pointed out;
for example, it is proven that the Ricci tensor under certain conditions

is Weyl compatible: this notion was recently introduced and investigated
by one of the present authors. Further we study conformally recurrent
4-dimensional Lorentzian manifolds (space-times) admitting a conformal
vector field: it is proven that the covector σj is null and unique up to
scaling; moreover it is shown that the same vector is an eigenvector of the
Ricci tensor. Finally, it is stated that such space-time is of Petrov type
N with respect to σj .

1. Introduction

Recurrent manifolds have been of great interest and were investigated by
many geometers (see for example [1], [14], [15] and [33]). In particular, Walker
studied manifolds on which the Riemannian curvature tensor is recurrent [33]
while conformally recurrent manifolds were investigated by Adati andMiyazawa
[1]. Mc Lenaghan and Leroy [22] and then Mc Lenaghan and Thompson [23]
investigated deeply space-times with complex-recurrent conformal curvature
tensor. They showed that such spaces belong to types D and N of the Petrov
classification and found the metric forms of these spaces in the case in which
the recurrence vector is real. Conformally recurrent semi-Riemannian mani-
folds were studied in some detail also by Suh and Kwon [32]. An n-dimensional
pseudo-Riemannian manifold is said to be conformally recurrent (CR)n [1] if
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it is not conformally flat and satisfies the following condition:

(1) ∇iCjklm = λiCjklm,

where λi is a non null covector called associated vector and Cm
jkl is the conformal

curvature tensor whose local components are given by [26]:

(2)

Cm
jkl = Rm

jkl +
1

n− 2
(δmj Rkl − δmk Rjl +Rm

j gkl −Rm
k gjl)

−
R

(n− 1)(n− 2)
(δmj gkl − δmk gjl).

In the previous expression the Ricci tensor is defined as Rkl = −Rm
mkl and the

scalar curvature as R = gijRij . An n-dimensional pseudo Riemannian manifold
is said to admit an infinitesimal conformal vector field (or a proper conformal
motion) ξ if the Lie derivative of the metric gij along ξ satisfies the following
condition (see [31] page 564 and [12]):

(3) £ξgij ≡ ∇iξj +∇jξi = 2σgij ,

where σ is a scalar function. If σj ≡ ∇jσ 6= 0 the motion is called proper, if
σ is constant the vector is called homothetic [31]. Several authors investigated
different space-times structures admitting conformal vector fields. For example
Sharma [28] studied conformally symmetric space-times, i.e., 4-dimensional
Lorentzian manifolds with∇iCjklm = 0, equipped with a conformal vector field:
he found that such spaces are necessarily of Petrov types N or O. Moreover,
the same author extended these results to space-times with divergence free
Weyl tensor, i.e., to 4-dimensional Lorentzian manifolds with ∇mCm

jkl = 0 and

equipped with a proper conformal vector field (see [29]). Also Barua and De
[4] extended the result of Sharma.

Investigating pseudo conformally symmetric manifolds (see [5]), i.e., pseudo
Riemannian manifolds with the Weyl tensor subjected to the condition

(4) ∇iCjklm = 2AiCjklm +AjCiklm +AkCjilm +AlCjkim +AmCjkli,

being Ai a non null vector, De and Mazumder proved in [6] the following results:
1) if a pseudo conformally symmetric manifold admits a proper conformal

motion with respect to the scalar field σ, then the manifold is either conformally
flat or ∇jσ is a null vector;

2) if a pseudo conformally symmetric space-time (PCS)4 admits a proper
conformal motion, then (PCS)4 is either of Petrov type N or O. Pseudo
Riemannian manifolds satisfying (4) were recently studied by one of the present
authors in [21].

In this paper we investigate the properties of conformally recurrent man-
ifolds admitting a proper conformal vector field and focusing particularly on
the 4-dimensional Lorentzian case. In Section 2, we extend the results of De
and Mazumdar to conformally recurrent pseudo-Riemannian manifolds; some
general properties are proven: in particular, it is shown that the Ricci tensor of
a conformally recurrent pseudo-Riemannian manifold is Weyl compatible. This
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notion was recently introduced and investigated by one of the present authors
(see [18], [19] and [20]); other interesting results are then derived. In Section
3, we study conformally recurrent 4-dimensional Lorentzian manifolds (space-
times) with conformal motion: it is proven that the covector σj is unique up
to a scaling; moreover it is shown that the same vector is an eigenvector of
the Ricci tensor. Finally, it is stated that such space-time is of Petrov type
N with respect to the null vector σj . Throughout the paper all manifolds un-
der considerations are assumed to be connected Hausdorff manifolds endowed
with a non-degenerate metric of arbitrary signature, i.e., n-dimensional pseudo-
Riemannian manifolds; in Section 3, we will specialize to a metric of signature
s = +2, i.e., to 4-dimensional Lorentz manifold [9]. It is always assumed that
∇jgkl = 0 (Levi Civita connection) and that the space-matter content is de-
scribed by the stress-energy tensor and related to the Ricci tensor by Einstein’s
equations

Rkl −
R
2 gkl = κTkl, being κ = 8πG

c4
the Einstein gravitational constant (see

[9], [30], [31]).

2. Conformally recurrent pseudo Riemannian manifolds with

conformal vector field: general properties

In this section, we extend the results obtained by De and Mazumdar [6] to
n-dimensional conformally recurrent pseudo Riemannian manifolds equipped
with a proper conformal vector field. A proper conformal vector field is known
to satisfy the following properties (see [34]):

(5)
£ξΓ

a
bc = δabσc + δacσb − gabσ

a,

£ξC
a
bcd = 0,

where Γa
bc are the Christoffel symbols of the Levi-Civita connection. Now we

consider the commutation relation:

(6)
£ξ(∇lC

h
ijk)−∇l(£ξC

h
ijk) = (£ξΓ

h
al)C

a
ijk − (£ξΓ

a
li)C

h
ajk

− (£ξΓ
a
lj)C

h
iak − (£ξΓ

a
lk)C

h
ija.

Using equation (5) and ∇lC
h
ijk = λlC

h
ijk that provides £ξ(∇lC

h
ijk) = µlC

h
ijk ,

being µl = £ξλl, we infer easily:

(7)
µlC

h
ijk = − 2σlC

h
ijk + δhl σaC

a
ijk − σhClijk − σiC

h
ljk

− σjC
h
ilk − σkC

h
ijl + gliσ

aCh
ajk + gljσ

aCh
iak + glkσ

aCh
ija.

The previous relation is thus contracted with respect to the indices h and l

obtaining:

(8) µaC
a
ijk = (n− 3)σaC

a
ijk.

Transvecting (7) with σh it is inferred that:

(9)
µlσhC

h
ijk = − σlσhC

h
ijk − (σhσh)Clijk − σiσhC

h
ljk

− σjσhC
h
ilk − σkσhC

h
ijl − gljTik + glkTij ,
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where we have defined the symmetric tensor Tik = σhσ
aCh

ika with the obvious
property σkTik = 0. A further multiplication of (9) with σk gives:

(10) µlTij = −(σhσh)σ
kClijk − (σhσ

h)σkCkijl − σiTlj − σjTil.

Now write three versions of the previous equation with indices l, i, j cyclically
permutated and sum up; recalling the first Bianchi identity for the Weyl tensor
we obtain:

(11) (µl + 2σl)Tij + (µi + 2σi)Tlj + (µj + 2σj)Tli = 0.

From Walker’s lemma (see [33]) this implies µi + 2σi = 0 or Tij = 0; if we
suppose that µi = −2σi, then from equation (8) we have simply σaC

a
ijk = 0

and thus also Tij = 0; from (9) it is thus (σhσh)Clijk = 0. If µi +2σi 6= 0, then
Tij = 0 and from (10) we get [σkClijk + σkCkijl ] = 0 if (σhσh) 6= 0. From the
first Bianchi identity for the conformal tensor we infer σk(2Clijk + Cijlk) = 0;
thus from σkClijk = σkCjlik we conclude that 3σkClijk = 0. Hence in either
case σkClijk = 0 and from (9) (σhσh)Clijk = 0; since (σhσh) 6= 0 we have
Clijk = 0. We have proved the following:

Theorem 2.1. Let M be an n-dimensional pseudo-Riemannian (CR)n man-

ifold equipped with a proper conformal vector field. Then either the space is

conformally flat or σh is a null vector and the following holds

(12) σkClijk = 0.

Theorem 2.1 is proved by Barua and De [4]. For the sake of completeness
we give the proof here. Moreover by taking the covariant derivative of

(13) σmCm
jkl = 0,

and from (13) it is also:

(14) (∇iσm)Cm
jkl = 0.

A further covariant derivative gives (∇h∇iσm)Cm
jkl = 0 and consequently

[(∇i∇h −∇h∇i)σm]Cm
jkl = 0,

and thus by the Ricci identity we infer:

(15) R
p
ihmσpC

m
jkl = 0.

We have thus the following:

Corollary 2.2. Let M be an n-dimensional pseudo-Riemannian (CR)n man-

ifold equipped with a proper conformal vector field. Then (14) and (15) hold.

Another important property of a conformally recurrent space equipped with
a proper conformal vector is now elucidated. First we need the following Lemma
(see [16], [17]):
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Lemma 2.3 (Lovelock’s differential identity). Let M be an n-dimensional

pseudo-Riemannian manifold. Then the following identity is fulfilled:

(16) ∇i∇mRm
jkl+∇j∇mRm

kil+∇k∇mRm
ijl = −RimRm

jkl−RjmRm
kil−RkmRm

ijl.

Lovelock’s identity is thus written for the conformal curvature tensor (see
[17] and [19]):

(17)

∇i∇mCm
jkl +∇j∇mCm

kil +∇k∇mCm
ijl

= −
n− 3

n− 2
{RimRm

jkl +RjmRm
kil +RkmRm

ijl}.

Assuming that the covector λi is closed, i.e., that ∇jλk = ∇kλj from equations
(1) and (17) the following theorem is thus proven (see [17] Theorem 3.10 and
Corollary 3.11):

Theorem 2.4. Let M be an n(n > 3) dimensional (CR)n pseudo-Riemannian

manifold. If the covector λj is closed, then the following algebraic relation is

fulfilled.

(18) RimRm
jkl +RjmRm

kil +RkmRm
ijl = 0.

If the Ricci tensor satisfies equation (18) it is named Riemannian compat-

ible (see [18], [19] and [20]). Geometric and topological consequences of this
condition were extensively studied in [19]. If we insert in relation (18) the local
form of the Weyl tensor [26] we obtain:

(19) RimCm
jkl +RjmCm

kil +RkmCm
ijl = 0.

The Ricci tensor is thus Weyl-compatible. In recent works Weyl compatibil-
ity has been extensively investigated in the Riemannian case [19] and in the
pseudo-Riemannian case [20]. In Section 3 we will give a deep account of
its consequences on the structure of (CR)4 space-times. If we use Einstein’s
equations in (19) we infer an analogous condition for the stress energy tensor
namely:

(20) TimCm
jkl + TjmCm

kil + TkmCm
ijl = 0.

From the above discussion we may state the following:

Theorem 2.5. Let M be an n(n > 3) dimensional (CR)n pseudo-Riemannian

manifold. If the covector λj is closed, then the stress energy tensor is Weyl

compatible.

From equations (19) and (20) transvecting with σi and using (12) it is in-
ferred easily that

(21)
σiRimCm

jkl = 0,

σiTimCm
jkl = 0.

We have thus the following:



324 U. C. DE AND C. A. MANTICA

Theorem 2.6. Let M be an n(n > 3) dimensional (CR)n pseudo-Riemannian

manifold equipped with a proper conformal vector field. If the covector λj is

closed, then equations (21) hold.

3. Conformally recurrent space-times with proper conformal vector

field

In this section we study the properties of (CR)4 Lorentzian manifolds (space-
times) equipped with a proper conformal vector field. We begin with some
auxiliary lemmas recently reviewed in [21].

Lemma 3.1 (see [16] page 128 and [21]). Let M be a 4-dimensional pseudo-

Riemannian manifold. Then the following identity involving the conformal cur-

vature tensor holds:

δirC
jk
st + δitC

jk
rs + δisC

jk
tr + δkrC

ij
st + δkt C

ij
rs

+δksC
ij
tr + δjrC

ki
st + δ

j
tC

ki
rs + δjsC

ki
tr = 0.(22)

Remark 3.2 (see [9] page 46 and [21]). Let M be a 4-dimensional pseudo-
Riemannian manifold. Let A be a null vector and B a vector orthogonal to
A, i.e., AiBi = 0. Then B is space-like or null and proportional to A, i.e.,
Bj = λAj for some λ ∈ R.

Now consider a non conformally flat 4-dimensional Lorentzian manifold and
two vector fields Aj and Bj satisfying AmCjklm = 0 and BmCjklm = 0. On
multiplying equation (22) by AjB

s we infer (AjB
j)Cki

tr = 0; in the same way
we have (AjA

j)Cki
tr = 0 and (BjB

j)Cki
tr = 0 (see [16] page 128). Thus Aj and

Bj are orthogonal null vectors. Combining these results with Lemma 3.2 we
state:

Theorem 3.3. Let M be a 4-dimensional non conformally flat manifold with

AmCjklm = 0 and BmCjklm = 0. Then AjA
j = 0, BjB

j = 0 and Bj = λAj

for some λ ∈ R.

Hall (p.148 in [12]) also pointed out that if Ai and Bi are orthogonal null
vectors, then Bj = λAj .

Now if we consider a non conformally flat (CR)4 Lorentzian manifold equipp-
ed with a proper conformal vector, it is σmCm

jkl = 0 and thus we have:

Corollary 3.4. Let M be a 4-dimensional non conformally flat (CR)4 Lorent-

zian manifold admitting a proper conformal vector field. Then the fundamental

covector σj is null and unique up to a scaling.

Now recall the Bel-Debever version of the Petrov [25] classification of the
Weyl tensor on 4 dimensional Lorentzian manifolds (see [3], [7], [12] and [27]); it
is based on null vectors k satisfying increasingly restricted conditions as follows:

a) type I k[bCa]rs[qkn]k
rks = 0,(23)

b) type II,D k[bCa]rsqk
rks = 0,
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c) type III k[bCa]rsqk
r = 0,

d) type N Carsqk
r = 0,

e) type O Carsq = 0.

When k satisfies condition b) the Weyl tensor is named algebraically special
(see [12], [27], [30] and [31]). Choosing ki = σi in the null tetrad formalism we
may assert:

Corollary 3.5. Let M be a 4-dimensional non conformally flat (CR)4 Lorent-

zian manifold equipped with a proper conformal vector field. Then the Weyl

tensor is of Petrov type N with respect to the null vector σj.

As a first application of Theorem 3.3 we may consider equation (12) and
(21), that is, σmCjklm = 0 and σiRimCm

jkl = 0. The last defines a vector

Bm = σiRim such that BmCjklm = 0. Thus it is σiRim = λσm and σj is
an eigenvector of the Ricci tensor. Recalling Einstein’s equations we infer
kσiTim = (λ− 1

2R)σm so that the following theorem holds.

Theorem 3.6. Let M be a 4-dimensional non conformally flat (CR)4 Lorent-

zian manifold with ∇jλk = ∇kλj and equipped with a proper conformal vector.

Then the covector σj is an eigenvector of the Ricci and the stress-energy ten-

sors.

As a second, consider equation (13) that is the condition (∇iσm)Cm
jkl = 0.

Equation (22) is then multiplied by ∇pσj to infer

(24) (∇pσr)C
ki
st + (∇pσt)C

ki
rs + (∇pσs)C

ki
tr = 0.

Contraction of s and p and the closedness of σj gives immediately

(25) (∇sσs)C
ki
tr = 0.

We have thus proved:

Theorem 3.7. Let M be a 4-dimensional non conformally flat (CR)4 Lorent-

zian manifold equipped with a proper conformal vector field. Then the diver-

gence of σj vanishes, that is, ∇jσj = 0.

Finally, from σmCjklm = 0 and σiRim = λσm a direct calculations brings

(see also Hall’s theorem in [20] and [31]) σmσjRjklm = (λ− R
6 )σkσl from which

it is σ[pRk]jlmσmσj = 0 and the Riemannian tensor is algebraically special.

Theorem 3.8. Let M be a 4-dimensional non conformally flat (CR)4 Lorent-

zian manifold with ∇jλk = ∇kλj and equipped with a proper conformal vector

field. Then σ[pRk]jlmσmσj = 0 holds.

Now, multiplying equation (22) by σj and recalling that σmCjklm = 0 in a
4-dimensional metric of any signature we get:

(26) σrC
ki
st + σtC

ki
rs + σsC

ki
tr = 0.
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Theorem 3.9. Let M be a 4-dimensional non conformally flat (CR)4 pseudo

Riemannian manifold admitting a proper conformal vector field. Then σrC
ki
st +

σtC
ki
rs + σsC

ki
tr = 0.

In geometric literature a deep study is devoted to n-dimensional pseudo
Riemannian manifolds satisfying the following condition (see for example [8],
[21])

(27) AiCjklm +AjCkilm +AkCijlm = 0,

being Aj a covector. Here we prove the following for sake of completeness (see
[8]):

Lemma 3.10. Let M be an n-dimensional non-conformally flat pseudo-Rie-

mannian manifold. If AiCjklm +AjCkilm +AkCijlm = 0 then:
1) AiAi = 0.
2) CjklmCjklm = 0.

3) Ck
lmjC

j
pqk = 0.

4) Cjklm = AjAmTkl − AjAlTmk − AkAmTjl + AkAlTjm being Tkl a sym-

metric (0, 2) tensor.

Proof. Multiplying (27) with gim we get AmCjklm = 0 and contracting with
Ai one obtains (AiAi)Cjklm = 0 from which we infer 1); on the other hand
contracting with Cjklm one obtains AiCjklmCjklm = 0 from which we infer 2).
Finally, contracting with Ckj

pq and using AmCm
jkl = 0 we get AiCjklmCkj

pq = 0

from which 3) follows immediately. Now let θi be a unit vector such that
θiAi = 1: then contracting the condition AiCjklm + AjCkilm + AkCijlm = 0
with θi a first time we infer:

(28) Cjklm = Aj(θ
iCiklm)−Ak(θ

iCijlm).

Contracting again the previous result with θm we get:

θmCmlkj = AjTkl −AkTjl,

being Tkl = θiθmCiklm a symmetric (0,2) tensor. Inserting back in equation
(28) we get the result 4). �

The third relation in Lemma 3.10 was recently obtained by one of the present
authors in [21]; it has some importance in the study of Pontryagin forms on a
pseudo Riemannian manifolds satisfying condition (27).

Consider the following 4k forms ωk on an orthonormal basis of tangent
vectors built with the Riemann tensor (see [10], [11], [19], [21] and [24]):

(29)

ω1(X1 · · ·X4) = Rb
ijaR

a
klb(X

i
1 ∧X

j
2)(X

k
3 ∧X l

4),

ω2(X1 · · ·X8) = Rb
ijaR

c
klbR

d
mncR

a
pqd(X

i
1 ∧X

j
2) · · · (X

p
7 ∧X

q
8 ),

· · · · · ·
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The Pontryagin forms (see [19], [21], [24] and also [26] pages 317-318) pk result
from total antisymmetrization of ωk: pk(X1 · · ·X4k) = Σp(−1)pωk(X1 · · ·X4k)
where P is the permutation taking (1 · · · 4k) to (i1 · · · i4k).

In ref [10] the authors considered compact manifolds admitting indefinite
metrics with∇iC

m
jkl = 0: they showed that in such case all the Pontryagin forms

vanish. Topological consequences originating from an n-dimensional pseudo
Riemannian manifold satisfying condition (27) were studied recently in [21]: we

reproduce them here for completeness. First from Lemma 3.10 it is Ck
lmjC

j
pqk =

0. Now as shown by Avez [2] (see also [10]) in the definition of the forms ωk one
may replace the Riemannian curvature tensor with the conformal curvature
tensor, i.e., for example:

(30) ω1(X1 · · ·X4) = Cb
ijaC

a
klb(X

i
1 ∧X

j
2)(X

k
3 ∧X l

4).

In the case of an n-dimensional pseudo Riemannian (CQR)n manifold which
fulfils (27) it is thus ω1 = 0. The following theorem was thus recently proven
in [21] by one of the present authors.

Theorem 3.11 ([21]). Let M be an n-dimensional pseudo-Riemannian manifo-

ld. If AiCjklm+AjCkilm+AkCijlm = 0, then the first Pontryagin form vanishes,

that is, p1 = 0.

In view of Theorem 3.9 (equation (26)), Lemma 3.10 we infer:

Corollary 3.12. Let M be a 4-dimensional non conformally flat (CR)4 pseudo

Riemannian manifold admitting a proper conformal vector field. Then Cjklm =
σjσmTkl − σjσlTmk − σkσmTjl + σkσlTjm being Tkl a symmetric tensor.

Moreover from Theorem 3.11 we are able to state also:

Corollary 3.13. Let M be a 4-dimensional non-conformally flat (CR)4 pseudo

Riemannian manifold admitting a proper conformal vector field. Then the first

Pontryagin form vanishes, that is, p1 = 0.

Let’s now consider a compact orientable 4-dimensional pseudo-Riemannian
manifold. The vanishing of the first Pontryagin form has a deep topological
consequence. In fact according to Hirzebruch’s signature theorem (see [13] and
[26] pages 229–230) the following holds:

(31) 3τ(M) =

∫
M

p1.

In the previous expression τ(M) is the Hirzebruch’s signature: it is a topological
invariant that is linked to the Euler’s index by the relation τ = χ mod 2 (see
[24] page 465). We conclude that:

Theorem 3.14. Let M be a 4-dimensional compact orientable (CR)4 pseudo-

Riemannian manifold admitting a proper conformal vector field. Then the

Hirzebruch’s signature is null.
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