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Abstract

Support vector quantile regression (SVQR) is capable of providing more complete
description of the linear and nonlinear relationships among random variables. To im-
prove the estimation performance of SVQR we propose to use SVQR ensemble with
bagging (bootstrap aggregating), in which SVQRs are trained independently using the
training data sets sampled randomly via a bootstrap method. Then, they are aggregated
to obtain the estimator of the quantile regression function using the penalized objective
function composed of check functions. Experimental results are then presented, which
illustrate the performance of SVQR ensemble with bagging.

Keywords: Bootstrap aggregating, check function, cross validation function, kernel func-
tion, support vector quantile regression.

1. Introduction

Since Koenker and Bassett (1978) introduced linear quantile regression, quantile regres-
sion has been a popular method for estimating the quantiles of a conditional distribution
given input variables. Just as classical linear regression methods based on minimizing sum
of squared residuals enable us to estimate a wide variety of models for conditional mean
functions, quantile regression methods offer a mechanism for estimating models for the full
range of conditional quantile functions, including the conditional median function. By sup-
plementing the estimation of conditional mean functions with techniques for estimating an
entire family of conditional quantile functions, quantile regression is capable of providing a
better statistical analysis of the stochastic relationships among random variables. An intro-
duction and look at current research areas of quantile regression can be found in Koenker
and Hallock (2001), Yu et al . (2003), Koenker (2005), Hwang (2010), Lee and Shim (2010),
and Shim and Hwang (2012, 2013).
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Support vector machine (SVM), firstly developed by Vapnik (1995), is being used as a new
technique for regression and classification problems. For applications of SVM see Hwang
and Shim (2012) and Shim and Hwang (2012, 2013). SVM is based on the structural risk
minimization (SRM) principle, which has been shown to be superior to traditional empirical
risk minimization (ERM) principle (Vapnik, 1995). SRM minimizes an upper bound on the
expected risk unlike ERM minimizing the error on the training data. Support vector quantile
regression (SVQR) can be obtained by applying SVM with a check function instead of an ε
-insensitive loss function into the quantile regression (Hwang and Shim, 2005; Takeuchi et
al ., 2006).

The bootstrap method is a computer based method for assigning measures of accuracy
to statistical estimates, which generates a large number of bootstrap samples by repeatedly
resampling the original data set in random manner to provide informations on the distribu-
tion of the statistic of interest. A good introduction can be found in Efron and Tibshirani
(1993). SVM ensemble has been proposed by Kim et al . (2003), in which the bagging (boot-
strap aggregating; Breiman, 1996) and the boosting (Schapire et al ., 1998) are used to train
individual SVM and combine several SVMs.

In this paper we propose to use the SVQR ensemble with bagging to obtain better estima-
tor of the quantile regression function. SVQRs are trained independently using the training
data sets sampled randomly from the original training data set via the bootstrap method.
They are aggregated to obtain the estimator of the quantile regression function given original
training data or test data in the form of the weighted sum of each estimator of the quantile
regression function obtained by using each bootstraped training data set.

The rest of this paper is organized as follows. In Section 2 the support vector quantile
regression is briefly introduced. In Section 3 the support vector quantile regression ensemble
with bagging is proposed. In Section 4 we perform the numerical studies through artificial
and real examples. In Section 5 we give the conclusions.

2. Support vector quantile regression

Let the training data set be denoted by (xi,yi)
n
i=1, with each input xi ∈ Rd and the

response yi ∈ R, where the response variable yi is nonlinearly related to the input vector
xi. Here the feature mapping function φ(·) : Rd → Rdf maps the input space to the higher
dimensional feature space where the dimension df is defined in an implicit way. An inner
product in feature space has an equivalent kernel in input space, φ(xi)

′φ(xj) = K(xi,xj)
(Mercer, 1909). Several choices of the kernel K(·, ·) are possible. We consider the nonlinear
regression case, in which the quantile regression function q(xt) of the response given xt can
be regarded as a nonlinear function of input vector xt.

With a check function ρθ(·), the estimator of the θth quantile regression function can be
defined as any solution to the optimization problem,

min `(qθ|x) =

n∑
i=1

ρθ(yi − q(xi)) (2.1)

where ρθ(r) = θrI(r≥0) + (1− θ)rI(r<0).
We can express the regression problem by formulation for SVM as follows.

min L =
1

2
w′w + C

n∑
i=1

(θξi + (1− θ)ξ∗i ) (2.2)
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subject to

yi −w′φ(xi)− b ≤ ξi,w′φ(xi) + b− yi ≤ ξ∗i , ξi, ξ∗i ≥ 0,

where C is a positive penalty parameter penalizing the training errors.We construct a La-
grange function as follows:

L =
1

2
w′w + C

n∑
i=1

(θξi + (1− θ)ξ∗i )−
n∑
i=1

αi(ξi − yi +w′φ(xi) + b) (2.3)

−
n∑
i=1

α∗i (ξ
∗
i + yi −w′φ(xi)− b)−

n∑
i=1

(ηiξi + η∗i ξ
∗
i ).

We notice that the positivity constraints αi, α
∗
i , ηi, η

∗
i ≥ 0 should be satisfied. After taking

partial derivatives of equation (2.3) with regard to the primal variables (w, b, ξi, ξ
∗
i ) and

plugging them into equation (2.3), we have the optimization problem below.

max −
1

2

n∑
i,j=1

(αi − α∗i )(αj − α∗j )K(xi,xj) +

n∑
i=1

(αi − α∗i )yi (2.4)

with constraints

0 ≤ αi ≤ θC, 0 ≤ α∗i (1− θ)C and

n∑
i=1

(αi − α∗i ) = 0.

Solving the above equation with the constraints determines the optimal Lagrange multipliers,
αi, α

∗
i ,the estimator of the θth quantile regression function given the input vector xt are

obtained as follows:

q̂θ(xt) =

n∑
i=1

K(xt,xi)(α̂i − α̂∗i ) + b̂. (2.5)

Here b̂ is obtained via Kuhn-Tucker conditions (Kuhn and Tucker, 1951) such as,

b̂ =
1

ns

∑
i∈Is

(yi −K(xi,x)(α̂− α̂∗)), (2.6)

where x = {xi}ni=1, α̂ = (α̂1, · · · , α̂n)′, α̂∗ = (α̂∗1, · · · , α̂∗n)′ and ns is the size of the set
Is = {i = 1, · · · , n| 0 < α̂i < Cθ, 0 < α̂∗i < C(1− θ)}.

The functional structures of SVQR is characterized by the hyper-parameters, C and the
kernel parameters. To select the hyper-parameters of SVQR we consider the cross validation
(CV) function defined as follows:

CV (λ) =
1

n

n∑
i=1

ρθ(yi − q̂θ(xi)(−i)), (2.7)

where λ is the set of hyper-parameters and q̂θ(xi)
(−i) is the quantile regression function

estimated without ith observation. Since for each candidates of parameters, q̂θ(xi)
(−i) for
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i = 1, · · · , n, should be evaluated, selecting parameters using CV function is computationally
formidable. Yuan (2006) proposed the generalized approximate cross validation (GACV)
function to select the set of hyper-parameters λ for SVQR as follows:

GACV (λ) =

n∑
i=1

ρθ(yi − q̂θ(xi))

n− trace(H)
, (2.8)

where H is the hat matrix such that q̂(θ|x) = Hy with the (i, j)th element hij = ∂q̂θ(xi)
∂yj

.

From Li et al. (2007) we have that the trace of the hat matrix H equals to the size of set Is
used in (2.6).

3. Ensemble SVQR with bagging

We denote the jth bootstrapped training data set by (x
(j)
i , y

(j)
i )ni=1, which is randomly

sampled with replacement from the training data set (xi, yi)
n
i=1, and denote the estimator

of the θth quantile regression function given xi using the jth bootstrapped training data

set by q̂
(j)
θ (xi) for j = 1, · · · , nB . Using {q̂(j)θ (xi)}nBj=1 we want to find the estimator of the

θth quantile regression function given xi, q̂
B
θ (xi), which is the weighted sum of q̂

(j)
θ (xi)’s as

follows:

q̂Bθ (xi) =

nB∑
j=1

uj q̂
(j)
θ (xi), (3.1)

where uj is weight to be estimated.
To obtain the estimate of weight uj , j = 1, · · · , nB , we first consider the objective function

as follows:

` =

n∑
i=1

ρθ(yi − q̂Bθ (xi)) =

n∑
i=1

ρθ(yi − u′Q̂θ(xi))

where Q̂θ(xi) is the ith column of Q̂θ(x) = {q̂(j)θ (xi)}nBj=1
n
i=1.

Since Q̂θ(x) is a n × nB matrix and nB is usually greater than n, the weight vector
u = {uj}Kj=1 can not be obtained by minimizing `. Thus we consider the penalized objective
function motivated by ridge regression (Saunders et al., 1998) as follows:

` =
1

2
||u||2 + C0

n∑
i=1

ρθ(yi − u′Q̂θ(xi)),

subject to

uj ≥ 0 for j = 1, · · · , nB ,

where C0 > 0 is a penalty parameter.
We can express the above optimization problem by formulation of SVQR as follows:

min
1

2
||u||2 + C0

n∑
i=1

(θξi + (1− θ)ξ∗i ) (3.2)
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subject to

yi − u′Q̂θ(xi) ≤ ξi u′Q̂θ(xi)− yi ≤ ξ∗i , ξ
(∗)
i ≥ 0, uj ≥ 0.

We construct a Lagrange function as follows:

L =
1

2
||u||2 + C0

n∑
i=1

(θξi + (1− θ)ξ∗i )−
n∑
i=1

αi(ξi − yi + u′Q̂θ(xi)) (3.3)

−
n∑
i=1

α∗i (ξ
∗
i − u′Q̂θ(xi) + yi)−

n∑
i=1

ηiξi −
n∑
i=1

η∗i ξ
∗
i −

nB∑
j=1

vjuj .

We notice that the non-negative constraints α
(∗)
i , η

(∗)
i , vj ≥ 0 should be satisfied. After taking

partial derivatives of the equation (3.3) with respect to the primal variables (u, ξi, ξ
∗
i ) and

plugging them into the equation (3.3), we have the optimization problem below.

min L=
1

2
(α−α∗)′Q̂θ(x)Q̂θ(x)′(α−α∗)−v′Q̂θ(x)′(α−α∗) +

1

2
v′v+y′(α−α∗) (3.4)

subject to

0 ≤ αi ≤ θC0 and 0 ≤ α∗i ≤ (1− θ)C0,

where α(∗) = (α
(∗)
1 , · · · , α(∗)

n )′, y = (y1, · · · , yn)′ and v = (v1, · · · , vnB )′.
Solving the above problem with the constraints determines the optimal Lagrange multi-

pliers α̂i and α̂∗i . Thus, the estimated u is obtained as

û = Q̂θ(xi)(α̂− α̂∗) + v̂. (3.5)

Thus the estimator of the θth quantile regression function given xt is obtained as follows;

q̂Bθ (xt) =

nB∑
j=1

ûj q̂
(j)
θ (xt), (3.6)

where q̂
(j)
θ (xt) is the estimator of the θth quantile regression function given xt using the jth

the bootstrapped training data set (x
(j)
i , y

(j)
i )ni=1.

The functional structures of SVQR ensemble with bagging is characterized by the hyper-
parameters, C0, C and the kernel parameters. To select the hyper-parameters of SVQR
ensemble with bagging we consider the leave- one-out cross validation (CV) function as
follows:

CV (C) =
1

n

n∑
i=1

ρθ(yi − q̂Bθ (xi)
(−i)), (3.7)

where q̂Bθ (xi)
(−i) is the estimator of the θth quantile regression function given xi obtained

without ith observation (xi, yi). For fast computation we use k-fold cross validation (kCV)
function as follows:

kCV (C) =

k∑
l=1

1

nl

∑
i∈Fl

ρθ(yi − q̂Bθ (xi)
(−l)), (3.8)

where q̂Bθ (xi)
(−l) is estimator of the θth quantile regression function give xi obtained without

data in the lth subset, Fl is the lth subset such that
⋃k
l=1 Fl = {1, 2, · · · , n} and Fi∩Fj = {}

for i 6= j, nl is the size of Fl such that n =
∑k
l=1 nl.
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4. Numerical studies

In this section, we illustrate the performance of SVQR ensemble with bagging through
the simulated examples on the nonlinear quantile regression case. In the single SVQR the
optimal values of C and σ2 are chosen by GACV function (2.8), in SVQR ensemble with
bagging (SVQR ensemble) the optimal values of C0, C and σ2 are chosen by 5-fold CV
function (3.8). We generate 100 training data sets and use 200 bootstrapped training data
sets sampled from each training data set. Gaussian kernel function is utilized in examples,
which is

K(x1, x2) = exp(−
1

σ2
||x1 − x2||2).

To illustrate the estimation performance of the SVQR ensemble, we compare it with the
single SVQR via 100 training data sets, where the root mean squared error (RMSE) is used
as the estimation performance measure defined by

RMSE =

(
1

n

n∑
i=1

(q̂θ(xi)− qθ(xi))2
)1/2

for θ = 0.1, 0.5, 0.9.

Example 4.1 We generate training data which include the homoscedastic structure of
error terms: xi ∼ U(0, 1), yi = µ(xi) + 0.15εi with µ(xi) = sin(πxi) and εi ∼ N(0, 1) for
i = 1, · · · , 100. Figure 4.1 shows a family of true quantile regression functions (solid lines)
and quantile regression functions estimated by the single SVQR (left, dotted lines) and
the SVQR ensemble (right, dotted lines) for one training data set. The quantile regression
functions for θ = 0.1, 0.5, 0.9 are superimposed on the scatter plots of x and y. As seen from
Figure 4.1, in both procedures three estimators of quantile regression functions reflect well
the homoscedastic structure of the error term.

Figure 4.1 An illustration of the true and estimated quantile regression functions by the single SVQR
(left) and the SVQR ensemble (right) for a training data set in Example 4.1

Example 4.2 We generate training data which include the heteroscedastic structure of error
terms in a similar manner to Shim et al. (2009): xi ∼ U(0, 2) and yi = µ(xi) + σ(xi)ε with
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µ(xi) = sin(2πxi), σ(xi) =
√

2.1−xi
4 and ε ∼ χ

(2)
2 − 2 for i = 1, · · · , 100. Here χ

(2)
2 is the

chi-squared distribution with degree of freedom 2. Figure 4.2 shows a family of true quantile
regression functions (solid lines) and quantile regression functions estimated by the single
SVQR (left, dotted lines) and the SVQR ensemble (right, dotted lines) for one training data
set. The quantile regression functions for θ = 0.1, 0.5, 0.9 are superimposed on the scatter
plots of x and y. As seen from Figure 4.2, in both procedures three estimators of quantile
regression functions reflect well the heteroscedastic structure of the error term but for θ =0.9
the SVQR ensemble looks to reflect better at x values near 0. They have their (local) minima
and (local) maxima at different x values. For example, the 0.1th, 0.5th and 0.9th quantile
regression functions have minima at x =0.74, 0.74 and 1.78, respectively, and maxima at
1.25, 1.25 and 0.24, respectively.

Figure 4.2 An illustration of the true and estimated quantile regression functions by the single SVQR
(left) and the SVQR ensemble (right) for a training data set in Example 4.2

Table 4.1 shows the averages of 100 RMSEs from the single SVQR and the SVQR ensemble
in Example 4.1 (left) and 4.2 (right). From table we can see that the SVQR ensemble shows
smaller RMSE’s than the single SVQR, which implies that the SVQR ensemble provides
better estimation performance.

Table 4.1 Average of RMSEs of the quantile model using the single SVQR and the SVQR
ensemble in Example 4.1 (left) and Example 4.2 (right) (standard error in parenthesis)

θ SVQR SVQR ensemble SVQR SVQR ensemble
0.1 0.1298 (0.0033) 0.0837 (0.0019) 0.3903 (0.0039) 0.3190 (0.0047)
0.5 0.0692 (0.0013 0.0621 (0.0012) 0.3545 (0.0072) 0.2795 (0.0089)
0.9 0.1307 (0.0031) 0.0827 (0.0018) 0.6962 (0.0186) 0.6748 (0.0215)
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5. Conclusions

In this paper, we dealt with estimating the quantile regression function by SVQR ensem-
ble with bagging, where the weights used in aggregating are estimated by minimizing the
proposed penalized objective function. Through the example we found that the proposed
method derives the good estimation ability. We also found that the model selection of SVQR
ensemble with bagging should be improved by incorporating an alternative to the quadratic
programming problem in SVQR, which will be studied in future work.
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