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Abstract

In this paper we propose the iteratively reweighted least squares procedure to solve
the quadratic programming problem of support vector expectile regression with an
asymmetrically weighted squares loss function. The proposed procedure enables us to
select the appropriate hyperparameters easily by using the generalized cross validation
function. Through numerical studies on the artificial and the real data sets we show
the effectiveness of the proposed method on the estimation performances.
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1. Introduction

Quantile regression introduced by Koenker and Bassett (1978) is gradually involving into
an ensemble of practical statistical methods for estimating and conducting inference about
models for conditional quantile functions. Quantile regression is an increasingly popular
method for estimating the quantiles of a distribution conditional on the values of covariates,
which allows both the location and the spread of the response to be studied by obtaining not
only medians but also lower and higher quantiles. Quantiles are robust against the influence
of outliers and, taken several at a time, they give a more complete picture of the conditional
distribution than a single estimate of the center. Just as classical linear regression methods
based on minimizing sum of squared residuals enable one to estimate a wide variety of models
for conditional mean functions, quantile regression methods offer a mechanism for estimating
models for the conditional median function, and the full range of other conditional quantile
functions. By supplementing the estimation of conditional mean functions with techniques
for estimating an entire family of conditional quantile functions, quantile regression is capa-
ble of providing a more complete statistical analysis of the stochastic relationships among
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random variables. The introductions and current research areas of the quantile regression
can be found in Koenker and Hallock (2001), Yu et al . (2003) and Hwang (2010).

In general, quantile regression is based on an asymmetric L1 norm, but the L2 norm also
can be made asymmetric in the same way. Newey and Powell (1987) proposed an asymmetric
L2 norm in a regression setting. In their paper they define the asymmetric least squares esti-
mation for expectile and show that expectile is monotonically increasing and is location and
scale equivariant. Schnabel and Eilers (2009) proposed the least asymmetrically weighted
squares regression combined with P-splines (PsExR) to estimate expectile regression func-
tions. Wang et al . (2011) proposed the support vector machine (SVM) approach for the
nonlinear estimation of expectile regression function.

The SVM, firstly developed by Vapnik (1995, 1998), is being used as a new technique for
regression and classification problems. SVM is gaining popularity due to many attractive
features, and promising empirical performance. SVM was initially developed to solve classi-
fication problems but recently it has been extended to the domain of regression problems.
SVM is based on the structural risk minimization (SRM) principle, which minimizes an
upper bound on the expected risk unlike ERM minimizing the error on the training data.
By minimizing this bound, high generalization performance can be achieved. In particular,
for the SVM regression case SRM results in the regularized ERM with the ε -insensitive loss
function. The introductions and overviews of recent developments of SVM regression can
be found in Vapnik (1995, 1998), Smola and Schölkopf (1998), Wang (2005) and Shim and
Hwang (2013). Training an SVM requires the solution to a quadratic programming (QP)
optimization problem. But QP problem presents some inherent limitations which results in
computational difficulty especially for the large data sets. Platt (1999), Flake and Lawrence
(2002) developed the sequential minimal optimization algorithm which divides the QP prob-
lem into a series of small QP problems to avoid such computational difficulty. Perez-Cruz
et al . (2000) proposed iteratively reweighted least squares (IRWLS) algorithm for SVR by
transforming the Lagrangian function into sum of quadratic terms by defining associated
weights of predicted errors.

In this paper we propose an IRWLS procedure to solve the QP problem of support vector
expectile regression (SVExR) with an asymmetrically weighted squares loss function. The
asymmetrically weighted squares loss function can provide the differentiability at 0, which
enables to solve QP problem by IRWLS procedure. To select appropriate parameters for the
achievement of high generalization performance, a commonly used method is minimizing
the cross validation (CV) function. But selecting parameters using CV function is computa-
tionally formidable. In SVExR using QP, GCV function cannot be obtained by solving QP
directly. But by using IRWLS procedure GCV function can be easily obtained.

The rest of this paper is organized as follows. In Section 2 and 3 we give brief reviews of
quantiles, expectiles and SVExR proposed by Wang et al . (2011). In Section 4 we propose an
IRWLS procedure for SVExR and present the model selection method using GCV function.
In Section 5 we perform the numerical studies through examples. In Section 6 we give the
conclusions.

2. Quantiles and expectiles

A more complete picture of the conditional distribution can be characterized by expectiles
similar to its characterization by quantiles than a single estimate of the center. Expectiles
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are similar to quantile but they are determined by tail expectation rather than tail proba-
bility. Quantiles are intuitively appealing, but expectiles are easier to compute. The ease of
computation will become clear in Section 4.

For a probability density function f(y), the θth theoretical quantile qθ of y is defined as a
solution to

min
q

(
(1− θ)

∫ q

−∞
|y − q|f(y)dy + θ

∫ ∞
q

|y − q|f(y)dy

)
.

And the θth theoretical expectile eθ(y) of y is defined as a solution to

min
e

(
(1− θ)

∫ e

−∞
(y − e)2f(y)dy + θ

∫ ∞
e

(y − e)2f(y)dy

)
,

which is equivalent to a solution to

(1− θ)
∫ e

−∞
(y − e)f(y)dy + θ

∫ ∞
e

(y − e)f(y)dy = 0.

Using the cumulative distribution function F (x) and the partial moment function G(x) =∫ x
−∞ yf(y)dy, expectile of y, eθ(y), can be obtained from the following implicit equation,

eθ(y) =
(1− θ)G(eθ(y)) + θ(E(y)−G(eθ(y)))

(1− θ)F (eθ(y)) + θ(1− F (eθ(y)))
,

and

θ =
G(eθ(y))− eθ(y)F (eθ(y))

2(G(eθ(y))− eθ(y)F (eθ(y))) + (eθ(y)− E(y))
.

The θth sample expectile of y is obtained by minimizing the objective function consists of
asymmetric weighted squares loss functions such as,

ρθ(r) = θr2I(r ≥ 0) + (1− θ)r2I(r < 0),

which is obtained if the observations are assumed to be independently drawn from an asym-
metric normal distribution whose probability density function is given as follows;

f(y|θ, µ, σ) =

√
θ +
√

1− θ
4σ
√
πθ(1− θ)

exp(−
1

σ2
ρθ(y − µ)).

Analogous to the well-known QQ (quantile-quantile) plot, EE (expectile-expectile) plot
can be one of methods to compare a sample distribution with a theoretical distribution for
various values of θ (Schnabel and Eilers, 2009).

3. Support vector expectile regression

Assume that the θth expectile regression function of the response given xi ∈ Rp, eθ(xi),
is linearly related to input vector xi as

eθ(xi) = βtxi + b for i = 1, · · · , n,
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where β and b depend on θ implicitly. β and b are estimated from

min

n∑
i=1

ui(yi − βtxi − b)2 for θ ∈ (0, 1),

where ui =

{
θ, yi − βtxi − b > 0

1− θ, yi − βtxi − b < 0
.

Now we assume that the θth expectile regression function eθ(xi) is nonlinearly related to
input vector xi as

eθ(y|xi) = ωtφ(xi) + b for i = 1, · · · , n,
where w depends on θ and φ(xi) is a nonlinear feature mapping function, which is used to
allow for the case of nonlinear expectile regression, input vectors are nonlinearly transformed
into a potentially higher dimensional feature space by a nonlinear mapping function φ and
then a linear expectile regression is performed there. For this nonlinear quantile regression,
solution requires the computations of dot products φ(xk)tφ(xl), k, l = 1, · · · , n, in a poten-
tially higher dimensional feature space. Under Mercer (1909)’s conditions, these demanding
computations can be reduced significantly by introducing a kernel function K such that
K(xk,xl) = φ(xk)tφ(xl). Several choices of kernel functions are possible. Gaussian function
is the most frequently used kernel function. The kernel function includes some parameters
that characterize its structure. The linear expectile regression can be regarded as special
case of nonlinear expectile regression with an identity feature mapping function in nonlinear
regression, that is, K(xk,xl) = xtkxl, it reduces to linear expectile regression.

Support vector approach for the nonlinear estimation of the θth expectile regression func-
tion eθ(xi) leads to the optimization problem defined as follows,

min
1

2
||ω||2 + C

n∑
i=1

ui(yi − ωtφ(xi)− b)2 for θ ∈ (0, 1), (3.1)

where C > 0 is a regularization parameter.
By introducing slack variables ξi and ξ∗i , we can rewrite (3.1) by following optimization

problem,

min
1

2
||ω||2 + Cθ

n∑
i=1

ξ2i + C(1− θ)
n∑
i=1

ξ∗
2

i (3.2)

subject to


yi − ωtφ(xi)− b ≤ ξi,
−yi + ωtφ(xi) + b ≤ ξ∗i ,
ξi ≥ 0, ξ∗i ≥ 0, i = 1, · · · , n.

The dual of this problem can be computed straightforwardly using Lagrange multipliers.
The dual constraints for ξi and ξ∗i can be combined into one variable. This yields the following
quadratic programming problem,

max−
1

2

n∑
i,j=1

(αi − α∗i )(αj − α∗j )K(xi,xj) +

n∑
i=1

(αi − α∗i )yi

−
1

2Cθ

n∑
i=1

α2
i −

1

2C(1− θ)

n∑
i=1

α∗2i
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subject to
∑n
i=1(αi − α∗i ) = 0, αi ≥ Cθ and α∗i ≥ C(1 − θ). From Karush-Kuhn-Tucker

conditions (Kuhn and Tucker, 1951) we can see that yi = Ki(α−α∗)+b +
αi

Cθ
for i ∈ Is1 =

{i = 1, · · · , n|αi > 0} and yi = Ki(α−α∗)+b−
α∗i

C(1− θ)
for i ∈ Is2 = {i = 1, · · · , n|α∗i > 0}

where Ki = (K(x1,xi), · · · ,K(xn,xi)) and α(∗) = (α
(∗)
1 , · · · , α(∗)

n )t. Thus, the optimal
value of b is obtained as follows,

b̂ =
1

ns1

∑
i∈Is1

(yi −Ki(α̂− α̂∗)−
α̂i

Cθ
) +

1

ns2

∑
i∈Is2

(yi −Ki(α̂− α̂∗) +
α̂∗i

C(1− θ)
),

where ns1 and ns2 are sizes of Is1 and Is2 , respectively.
For given input vector xt, the estimator of the θth expectile regression function is obtained

as

êθ(xt) = Kt(α̂− α̂∗) + b̂,

where Kt = (K(x1,xt), · · · ,K(xn,xt)).

4. Support vector expectile regression using IRWLS procedure

Using IRWLS procedure, we can get a good approximate solution to the optimal problem
(3.2). Now (3.2) becomes the optimal problem of obtaining β and b to minimize

L(β, b) =
1

2
βtKβ +

C

2

∑
i

ui(yi −Kiβ − b)2, (4.1)

where K is an n× n matrix with (i, j)th entities K(xi,xj) and

ui =

{
θ, yi −Kiβ − b > 0

1− θ, yi −Kiβ − b < 0
.

Taking partial derivatives of (4.1) with regard to β and b, respectively, leads to the optimal
values of β and b to be the solution to,

0 = Kβ − CKUy + CKUKβ + CKU1b (4.2)

0 = 1tUy − 1tUKβ − 1tU1b.

Here U is the diagonal matrix with entities ui’s, y = (y1, · · · , yn)t and 1t = (1, · · · 1)1×n.
The solutions to (4.2) cannot be obtained in a single step since U contain β and btherein.

Thus, we need to apply IRWLS procedure which starts with initialized values of β̂ and b̂ as
follows,

(i) Calculate U using ri = yi −Kiβ̂
(l)
− b̂(l).

(ii) Obtain β̂
(l+1)

and b̂(l+1) from

(
β̂
(l+1)

b̂(l+1)

)
=

(
UK + I/CU1
1tUK1tU1

)−1(
U
1tU

)
y.

(iii) Iterate steps until convergence.
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For given input vector xt, the estimator of the θth expectile regression function eθ(xt) is
obtained as

êθ(xt) = Ktβ̂ + b̂

where Kt = (K(x1,xt), · · · ,K(xn,xt)).
The problem of choosing the hyperparameters is ubiquitous in function estimation. Thus,

we now illustrate the model selection method which chooses the appropriate hyperparam-
eters of SVExR. The functional structure of SVExR is characterized by the regularization
parameter C and the kernel parameter. To choose the hyperparameters of SVExR we first
define the cross validation (CV) function as follows,

CV (τ ) =
1

n

n∑
i=1

ûi(yi − ê(−i)θ (xi))
2,

where τ is the set of parameters, ûi is the final estimate of ui from full data, ê
(−i)
θ (xi) is the

estimate of eθ(xi) from data without ith observation, while êi = êθ(xi) is the estimate of

eθ(xi) from full data. Since for each candidate of hyperparameter set, n of ê
(−i)
θ (xi)’s should

be computed, selecting parameters using CV function is computationally formidable when
we use SVQR using QP explained in Section 3. But for SVQR using IRWLS procedure we
can find a GCV function which enables much faster model selection than CV function.

Using the leave-one-out lemma (Craven and Wahba, 1979) and the first order Taylor
expansion,

(yi − ê(−i)θ (xi))− (yi − êθ(xi)) = êθ(xi)− ê(−i)θ (xi) ≈
∂êθ(xi)

∂yi
(yi − ê(−i)θ (xi)),

we have

(yi − ê(−i)θ (xi)) ≈
yi − êθ(xi)

1−
∂êθ(xi)

∂yi

. (4.3)

Using (4.3) the ordinary cross validation (OCV) function is obtained as

OCV (τ ) =
1

n

n∑
i=1

ûi

(
yi − êθ(xi)

1− hii

)2

,

where hii is the diagonal element of the hat matrix H such that

H = (K,1)

(
ÛK + I/CÛ1

1tÛK1tÛ1

)−1(
Û

1tÛ

)
and eθ(y|x) = Hy.

By replacing hii with trace(H)/n, we have the GCV function as follows,

GCV (τ ) =

n
n∑
i=1

ûi(yi − êθ(xi))2

(n− trace(H))2
.
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5. Numerical studies

We illustrate the performance of proposed SVExR using IRWLS procedure through the
simulated data under different expectile levels. We use θ = 0.1, 0.5, 0.9 for expectile levels.
We compare the proposed SVExR with the nonlinear expectile regression PsExR of Schnabel
and Eilers (2009). For comparison we calculate the average and standard error of root mean
squared errors (RMSEs) for each estimated expectile regression function as follows:

RMSE e =

√√√√ 1

n

n∑
i=1

(êθ(yi)− eθ(yi))2.

Example 5.1 Here x’s are generated from a uniform distribution U(0, 1) and y’s are gen-
erated from a normal distribution N(sin(2πx), 1). The true θth expectile regression function
is given as

e0.1(x) = −0.8616 + sin(2πx), e0.5(x) = sin(2πx), e0.9(x) = 0.8616 + sin(2πx).

Figure 5.1 shows true expectile regression functions (solid lines), the estimated expectile
regression functions êθ(xi)’s by the proposed SVExR (left; dashed lines) and PsExR (right;
dashed lines), respectively, which are superimposed on the scatter plots of x versus y. We can
see that both methods provide the estimators of expectile regression functions close to the
true expectile regression functions. Table 5.1 shows the average and standard error of 100
RMSEs for each expectile level, where the standard error of RMSEs is given in parentheses.
As seen from Table 5.1, the proposed SVExR yields the smaller averages of RMSEs for 3
expectile levels but larger standard errors.
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Figure 5.1 True expectile regression functions (solid lines) and their estimates (dashed lines) by the
proposed SVExR (left) and PsExR (right) for θ =0.1, 0.5 and 0.9 in one of 100 data sets

Table 5.1 The average of 100 RMSEs of estimated expectile regression functions for
θ = 0.1, 0.5 and 0.9 (standard error is in parenthesis)

θ 0.1 0.5 0.9
SVExR 0.2734 (0.0084) 0.2257(0.0067) 0.2591 (0.0077)
PsExR 0.2816 (0.0080) 0.2423(0.0064) 0.2616 (0.0075)
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Example 5.2 In this example expectile regression functions are used to identify girls whose
triceps values lie in the tail of underlying distribution (Cole and Green, 1992), where the
expectile regression functions are dependent on the age which are standardized for estima-
tion of expectile regression functions. Figure 5.2 shows three expectile regression functions
superimposed on the scatter plots. Three expectile regression functions show high triceps
values in age 3 followed by a decrease until age 8 and then a second rise. For θ = 0.1 and 0.5
both methods show the similar expectile regression functions but for θ =0.9 the proposed
SVExR show more wiggly patterns. As we know from the data points, the 0.9th expectile
regression function by the proposed SVExR beyond age 10 is less smoothed than the other
two expectile regression functions, indicating that the variation of data is greater for girls
with higher triceps values beyond age 10.
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Figure 5.2 The estimated expectile regression functions of triceps skinfold in Gambian girls from
age 2 to 18 years by the proposed SVExR (left) and PsExR (right) for θ =0.1, 0.5 and 0.9

6. Conclusions

In this paper, we dealt with estimating nonlinear expectile regression function based on
SVM formulation using IRWLS procedure. We found that the proposed SVExR provides
satisfying results in estimating expectile regression functions in the given examples. The
proposed SVExR is very applicable for the high dimensional input vectors, which is an
advantage to Schnabel and Eilers (2009) with P-splines.
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