
1. INTRODUCTION

In recent year, the isogeometric analysis (IGA) concept has 
been proposed (Hughes et al, 2005). In fact, isogeometric 
analysis technique is similar to the existing finite element 
(FE) technolog y except that  NURBS (De B o or,  1978) is 
consistently used to represent both structural geometry and 
the displacement field. As well-known fact, the NURBS can 
provide higher continuity of derivatives than that of Lagrange 
interpolation function which has been widely used in FE 
formulation. The NURBS basis functions can be also efficiently 
refined without changing the geometry (Cottrell et al., 2009) 
and the order of the basis function can be naturally elevated. So 
far, several applications of isogeometric concept into specific 
structural engineering problem appear in open literatures 
(Hughes and Evans, 2010). Notably, the introduction of the 
isogeometric concept into the analysis of bar, beam, plate can 
be found in References (Lee and Park, 2011, 2013; Lee and Kim, 
2012; Thai et al, 2012). We here introduce the isogeometric 
concept to develop a new plate element based on Reissner-
Mindlin plate theor y to determine natural frequencies of 
laminated plates. The performance and efficiency of the new 
plate element is tested with numerical examples. 

2. B-SPLINES

2.1 Knot vector
A knot vector  is a set of non-decreasing real values that 

constitutes a set of coordinates in the parametric space:

where n  is the number of basis functions and p  is the order of 
the B-spline. A knot vector is said to be uniform if its knots are 
uniformly spaced and non-uniform otherwise. Moreover, a knot 
vector is said to be open if its first and last knots are repeated 

  times. Basis functions formed from open knot vectors are 
interpolatory at the ends of the parametric interval  
but are not, in general, interpolatory at interior knots. It should be 
noted that we would employ open knot vectors throughout the 
analysis of laminated plate.

2.2 Basis functions
  B-spline basis function (De Boor, 1978) is defined recursively 

starting with p = 0  as:

For  
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2.3 B-spline curves
We construct n basis functions with the order of a B-spline and 

an appropriately defined knot vector. The piecewise polynomial 
B-spline curve  of order p  can be obtained by taking a linear 
combination of basis function and control points: 

where  is the  control point. The piecewise linear interpolation 
of the control points defines the control net.   

2.4 B-spline surface
  We construct a B-spline surface using tensor product of spline 

curve in the direction of    

2.5 NURBS
NURBS can be defined as 

where    can be written as 

and     is the weight associated with the control point.

3. REISSNER-MINDLIN PLATE THEORY

3.1 Displacement definition
The total domain (Ω) of plate consists of the mid-surface and the 

thickness as shown in Figure 1 and it can be defined as 

where   is the xy-plane and  is denoted as thickness of plate. 

Figure 1. Geometry and sign convention of laminated plate

With transverse shear deformation (Reissner, 1945; Mindlin, 
1951), the displacement fields can be defined as

where  is the transverse displacement of a point on the mid-
surface,  is the normal rotation in  plane and  is the 
normal rotation in   plane.

3.2 Strain definition 
The strains in the plate are defined by linear strain-displacement 

relationship as follows

Substituting (8) into (9) yields

in which   is the in-plane strain term,  denotes the transverse 
shear strain term respectively.

3.3 Constitutive equation 
In this study, each layer of laminate plate is assumed as 

orthotropic material and the normal transverse stress is  
assumed to be negligible. Therefore, the constitutive equation 
for the  layer with respect to the material coordinate system 

  can be written as
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in which  are the components of rigidity matrix for the  layer 
as follows

where  are  t he Young’s  mo dulus in  direction 
respectively,   are the shear modulus and  are 
the Poisson ratios. 

If the angle  between the material coordinate system  
and the global coordinate system  is once determined as 
shown in Figure 2, the transformation can be possible between two 
coordinate systems. 

Therefore, stresses and strains   in global coordinate system 
can be obtained by using the transformation matrix  and stresses 
and strains   in material coordinate system:

where the transformation matrix  between material coordinate 
system and global coordinate system can be written as

where  and  in which  is the fiber’s angle as 
shown in Figure 1. 

The stress-strain relationship in the global coordinate system can 
be written by using (11) and (13) as follows

3.4 Stress resultants
The stress resultants are calculated by integration of the stresses 

through thickness direction of laminated plate and stress resultant 
terms such as    can be obtained as follows

where   is the number of layers in laminated plate. 
The above stress resultant terms can be rewritten in the matrix 

form:

where the components of the rigidity matrices  can be 
written as follows

and the above equation can be explicitly rewritten in the following 
form:

4. ISOGEOMETRIC FORMULATION

4.1 Kinematics and displacement field
The geometry and displacement field of the present isogeometric 

element can be defined in the following form:

where  is the NURBS basis function associate with control 
point   is the position vector of the plate and the displacement 
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vector   associated with control point    has three components 
such as

Note that the one-dimensional index  as a pointer can be 
expressed as  associated with two-dimensional 
expression and therefore the   of (20) can be interpreted as  
of (6).

4.2 Strain-displacement relationship matrix
Using (20), the strains of (10) can be rewritten in the form of the 

strain-displacement relation matrix   as follows

where the sub-matrices of   are

         
4.3 Free vibration analysis

In the absence of external load and damping effects, the dynamic 
equilibrium equation based on principle of virtual work can be 
written as 

where  is the displacement,  is the acceleration,  is the density of 
material and the notation  denotes that the terms are virtual. 

The relevant derivation takes place in finite-dimensional subspace 
to turn the above virtual statement of the problem into a system 
of algebraic equations. In this study, the subspaces are defined by 
using the NURBS basis:

where  is the total number of the control point in the 
discretized domain and the virtual terms associated with the 
displacement and acceleration are 

Substituting (25) and (26) into (24) yields

Since the virtual displacement  is arbitrary, the above equation 
may be written as

A general solution of (24) may be written

Substituting (29) into (28) yields

where  is a set of displacement-type amplitude at the control 
points otherwise known as the model vector.  is the natural 
frequency associated with the  mode and  and  are global 
stiffness and mass matrices which contain contributions from 
element stiffness and mass matrices. 

The structural stiffness and mass matrices in (30) can be written 
as 

 

Let the span is assumed to be as an isogeometric element and then 
the above equation can be written in the knot coordinate system as 
follows

where  is the number of element,  
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is knot interval for integration in the  and ,  is Jacobian matrix 
between   is the basis function number associated 
with the target element,  is the order of basis function and the 
matrix  is

5. NUMERICAL EXAMPLES

In this section, the efficiency and capability of the present 
isogeometric plate element is tested by three numerical examples. 
The lowest frequencies of plates are calculated and the results 
are compared to the existing reference solutions. Note that 
all calculations of the element stiffness and mass matrices are 
performed by using Gauss integration and Lobatto integration 
respectively.

5.1 Four-layer cross-ply laminated square plate
A four-layer laminated square plate  is 

analyzed. The four side of the plate are simply supported. The 
following material properties are used in this test:  

   
. A fixed thickness-span ratio  is used in the analysis. 
The entire plate is used to examine the free vibration behaviour of 
the plate. The plate is discretized with a mesh of 256 isogeometric 
elements. Four orders of basis function  are used. The 
location of control points according to the order of basis function 
are illustrated in Figure 2.

Figure 2. Element mesh of square plate for different isogeometric elements: 
(a) quadratic (p=2), (b) cubic (p=3), (c) quartic

 (p=4) and (d) quintic (p=5)

The resulting frequencies are presented in the dimensionless form 

where  is the width of square plate,  is the density of material and   
 is the elastic modulus in -direction. 
 From numerical result, the present isogeometric element produces 

accurate results close to the exact solution and numerical reference 
solutions. The fundamental frequency is provided in Table 1.

Table 1. The non-dimensionalized fundamental frequency                                               
of   square plate with simply supported boundary.

Method
10 20 30 40

P=2 8.3057 9.5754 10.3346 10.8631

P=3 8.2999 9.5691 10.3278 10.8561

P=4 8.2989 9.5679 10.3267 10.8548

P=5 8.2985 9.5675 10.3263 10.8544

Ref1 8.2924 9.5613 10.320 10.849

Ref2 8.3101 9.5801 10.349 10.864

Ref3 8.2982 9.5671 10.326 10.854

Note: Ref1: moving least squares differential quadrature method 
(Liew et al. 2003); Ref2: Ferreira et al. (2011); Ref3: Reddy J.N. (1997).

The same square plate is analyzed with four thickness-span ratios  
 0.25, 0.1, 0.05, 0.01. The following material properties are 

u s e d :            
In this test, we mainly investigate the effect of the thickness-span 
ratio to vibrational characteristic of square plate. From numerical 
results, the present solutions have good agreements with other 
reference solutions for thin and thick situations. Fundamental 
natural frequencies are described in Table 2. 

Table 2. The non-dimensionalized fundamental frequency                                                      
of  square plate with simply supported boundary.

Method
0.25 0.1 0.05 0.01

P=2 9.4029 15.1548 17.6736 18.8556

P=3 9.3968 15.1453 17.6626 18.8394

P=4 9.3957 15.1437 17.6609 18.8375

P=5 9.3953 15.1432 17.6603 18.8369

Ref1 9.3949 15.1426 17.6596 18.8362

Ref2 9.3235 15.1073 17.6434 18.8356

Ref3 9.2870 15.1048 17.6470 18.8357

Ref4 - 15.1658 17.7192 18.9189

Ref5 9.3320 15.1030 17.6410 18.8350

Note: Ref1: First order shear deformation theory (Whitney and Pagano, 1970); Ref2: 
Higher order shear deformation theory (Reddy and Phan, 1985); Ref3: Higher order 
shear deformation theory (Kant and Swaminathan, 2001); Ref4: Smoothed quadrilateral 
shell element (Nguyen et al., 2011); Ref5: Spline finite strip (Akhras and Li, 2005)
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We also produce new isogeometric solutions for very thin plate 
with the thickness-span ratio  and described in Table 3 and the 
mode shapes are illustrated in Figure 3.

Figure 3. Figure 3: Mode shapes of simply supported square plate              
(p=5 and h/a=0.001)

Table 3. The non-dimensionalized natural frequencies                                                           
of  a simply supported square plate with h/a=0.001.

  Mode
Present : order of basis function

p=2 p=3 p=4 p=5

1 18.8556 18.8394 18.8375 18.8369

2 33.8825 33.7416 33.7328 33.7299

3 66.5494 65.8022 65.7617 65.7488

4 67.953 67.8104 67.7934 67.7875

5 74.998 74.75 74.7199 74.7094

6 96.2446 95.4985 95.4296 95.4059

7 115.2573 112.7351 112.5846 112.5433

8 136.4482 134.0601 133.8749 133.8189

9 154.0007 148.8654 148.7841 148.7552

10 149.4952 153.2322 153.1261 153.0883

11 167.1865 166.0138 165.8511 165.7924

12 180.1542 173.4717 173.0072 172.9112

13 196.0348 189.6177 189.1153 189.0013

14 195.2683 192.806 192.5098 192.4094

15 242.8536 236.9011 236.2843 236.1193

5.2 Four-layer angle-ply laminated circular plate
  A four-layer angle-ply  circular 

clamped plate illustrated in Figure 4 is analyzed. The thickness-
diameter ratio of the plate is . In the analysis, the 
following material properties are used:   

  .

Figure 4. Mesh for a clamped circular plate (p=5) 

As illustrated in Figure 4, entire plate is discretized with meshes 
of 64 and 256 isogeometric elements and four orders of basis 
function p = 2, 3, 4, 5  are used. From numerical test, we illustrated 
the first fifteen mode shapes in Figure 5. The natural frequencies 
are calculated in the dimensionless form of (36) and provided in 
Tables 4 and 5. For comparisons, two reference solutions (Liew et al. 
2003, Nguyen-Van et al., 2008) are used. The present isogeometric 
solution has a good agreement with reference solutions even with 
rather coarse mesh of 64 isogeometric elements.

Figure 5. Mode shapes of clamped circular plate (p=5 and h/a=0.01)
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Table 4. The non-dimensionalized fundamental frequency                                              
of  circular plate  with 64 elements

Mode
Present : order of basis function

Ref1 Ref2
p=2 p=3 p=4 p=5

1 25.426 25.128 24.983 24.897 24.766 24.752

2 40.326 44.226 39.548 43.829 39.441 39.181

3 44.709 39.813 43.970 39.395 43.817 43.607

4 58.535 57.939 57.620 57.434 57.907 56.759

5 59.421 58.404 57.935 57.667 57.945 56.967

6 67.065 66.331 65.996 65.814 66.297 65.571

7 76.873 75.785 75.007 74.633 - 73.525

8 76.649 75.557 75.342 75.097 - 74.208

9 84.109 82.675 82.173 81.756 - -

10 89.287 88.274 87.894 87.624 - -

11 94.284 93.049 92.140 91.649 - -

12 94.646 92.733 92.446 92.063 - -

13 104.527 102.873 102.388 101.872 - -

14 107.344 104.653 103.897 103.044 - -

15 112.219 109.860 109.169 108.500 - -

Note: Ref1: FE solution (Nguyen-Van et al., 2008); Ref2: moving least 
squares differential quadrature method (Liew et al. 2003).

Table 5. The non-dimensionalized fundamental frequency                                                       
of circular plate  with 256 elements

Mode
Present : order of basis function

Ref1 Ref2
p=2 p=3 p=4 p=5

1 25.012 24.873 24.803 24.763 24.766 24.752

2 39.594 39.354 39.233 39.162 39.441 39.181

3 44.010 43.790 43.679 43.615 43.817 43.607

4 57.656 57.390 57.253 57.174 57.907 56.759

5 58.008 57.594 57.379 57.254 57.945 56.967

6 66.045 65.764 65.618 65.533 66.297 65.571

7 75.032 74.542 74.281 74.129 - 73.525

8 75.385 75.043 74.861 74.756 - 74.208

9 82.121 81.632 81.371 81.220 - -

10 87.872 87.542 87.366 87.266 - -

11 92.080 91.555 91.268 91.102 - -

12 92.459 91.968 91.704 91.552 - -

13 102.188 101.728 101.478 101.334 - -

14 103.506 102.810 102.438 102.225 - -

15 108.974 108.364 108.029 107.836 - -

Note: Ref1: FE solution (Nguyen-Van et al., 2008); Ref2: moving least 
squares differential quadrature method (Liew et al. 2003).

5.3 Three-layer cross-ply triangular plate
   A three-layer cross-ply  triangular plate is analyzed 

with two thickness-span ratios (  and 0.1). Three sides of 
the plate are clamped. Entire plate is discretized with a mesh of 256 
isogeometric elements as illustrated in Figure 6. Four orders of basis 
function p = 2,3,4,5  are used in the analysis.

Figure 6. Mesh for a clamped triangular plate 

From numerical test, we produce the first fifteen mode shapes 
and provide it in Figure 7. 

Figure 7. Mode shapes of triangular plate with p=5 and a/h=0.01

The natural frequencies are calculated in the dimensionless 
form of (36) and provided in Tables 6 and 7. For comparisons, two 
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reference solutions are used and the present isogeometric solutions 
with a/h=0.01 have a good agreement with reference solutions. 
The new isogeometric solution with h/a=0.1 is also produced and 
summarized in Table 7.

Table 6. The non-dimensionalized natural frequencies                                                     
of triangular plate (h/a=0.01).

Mode
Present : order of basis function

Ref1 Ref2
p=2 p=3 p=4 p=5

1 70.117 69.598 69.596 69.595 70.00 69.252

2 109.365 107.475 107.448 107.445 109.088 106.73

3 147.423 145.183 145.135 145.130 148.223 143.88

4 161.143 156.517 156.399 156.386 160.771 155.06

5 202.279 196.133 195.892 195.875 203.320 193.84

6 223.598 212.796 212.350 212.321 221.969 210.11

7 253.214 247.675 247.395 247.367 - -

8 272.226 259.195 258.300 258.231 - -

9 324.150 278.745 277.469 277.389 - -

10 300.339 311.601 310.604 310.528 - -

11 354.422 328.977 326.151 325.894 - -

12 384.920 353.711 350.347 350.069 - -

13 394.744 374.424 373.557 373.454 - -

14 412.380 389.027 385.838 385.439 - -

15 452.341 410.432 403.757 402.864 - -

Note: Ref1: moving least squares differential quadrature method (Liew et 
al. 2003); Ref2: FE solution (Haldar and Sengupta, 2003).

Table 7. The non-dimensionalized natural frequencies                                                     
of triangular plate (h/a=0.1).

Mode
Present : order of basis function

p=2 P=3 P=4 P=5

1 34.725 34.724 34.724 34.724

2 49.625 49.619 49.618 49.617

3 58.983 58.975 58.973 58.972

4 67.005 66.984 66.980 66.979

5 75.343 75.311 75.306 75.304

6 85.868 85.153 85.143 85.140

7 85.206 85.835 85.825 85.823

8 93.485 93.420 93.408 93.406

9 101.955 101.842 101.821 101.816

10 105.303 105.169 105.147 105.149

11 112.225 112.117 112.091 112.087

12 112.943 112.891 112.867 112.867

13 119.954 119.753 119.713 119.709

14 125.476 125.195 125.152 125.160

15 129.234 129.020 128.964 128.951

6. CONCULSIONS

A plate element is developed by using isogeometric concept and 
used to investigate the behaviours of laminated plate structures 
under free vibration. The efficiency and accuracy of the present 
isogeometric plate element is demonstrated by using numerical 
examples. From numerical tests, the present isogeometric plate 
element can produce reliable natural frequencies of laminated 
plate structures with enough accuracy. The present plate element 
can also apply to the analysis of laminated plates having arbitrary 
boundary shapes since it consistently uses NURBS basis function 
for structural geometric and displacement definitions. Finally, 
the present isogeometric solutions described in this paper are 
provided as future reference solutions on the structural vibrations 
of laminated plates.
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