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Abstract

Since the bifurcating autoregressive (BAR) model was developed by Cowan and
Staudte (1986) to analyze cell lineage data, a lot of research has been directed to BAR
and its generalizations. Based mainly on the author’s works, this paper is concerned
with a contemporary review on the BAR in terms of an overview and perspectives.
Specifically, bifurcating structure is extended to multi-cast tree and to branching tree
structure. The AR(1) time series model of Cowan and Staudte (1986) is generalized to
tree structured random processes. Branching correlations between individuals sharing
the same parent are introduced and discussed. Various methods for estimating param-
eters and related asymptotics are also reviewed. Consequently, the paper aims to give a
contemporary overview on the BAR model, providing some perspectives to the future
works in this area.

Keywords: Bifurcating autoregression, branching correlation, branching tree, estimating
function, multi-cast model.

1. Introduction

Cowan and Staudte (1986) suggested bifurcating autoregressive (BAR) models to analyze
binary splitting data where each individual (mother) gives rise to exactly two offspring
(daughters) in the next generation. Powell’s data, G15 + C data and cell lineage data are
typically of this kind (cf. Huggins and Basawa, 1999). Figure 1.1 shows a binary splitting
(that is, bifurcating) data consisting of 7 observations. See, for instance, Hwang and Basawa
(2009). Let Xi be an observation of individual i. For example, Xi may represent blood
pressure, cholesterol level, dose of a drug and protein content of a cell i, etc. In a bifurcating
model, i produces (2i, 2i+ 1). Cowan and Staudte (1986) introduced the first order BAR(1)
model recursively defined by, with the initial observation X1 = x1,

X2i = θXi + ε2i (1.1)

X2i+1 = θXi + ε2i+1

where |θ| < 1 and (ε2i, ε2i+1) is a sequence of iid bivariate random vectors with common
mean zero, common variance σ2 and Corr(ε2i, ε2i+1) = ρ. It is noted that the BAR(1) model
views each line of descendants as a standard AR(1) time series.
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Figure 1.1 A binary splitting (bifurcating) data consisting of 7 observations

Three issues are discussed to generalize BAR(1) time series (1.1). First issue is on the
nature of trees (as in Figure 1.1) indexing the data. Specification of the time series models
defined on the tree may be the second issue. The correlation (conditionally on their mother)
between sisters is referred to as the branching correlation (cf. Hwang, 2011). It is noted in
the BAR(1) formulation (1.1) that ρ represents a correlation between sisters, conditionally
on their mother. That is, the branching correlation of the BAR(1) models is given by

ρ = Corr(X2i, X2i+1|Xi). (1.2)

Mathematical modeling of the branching correlation is discussed as the third issue in gen-
eralizing BAR(1) time series. Details of the three issues will be provided next.

Regarding the parameter estimation for BAR(1) and its generalizations, it is resonable
to assume that the exact likelihood is not known. Equivalently, no specific distributional
assumptions are made on (ε2i, ε2i+1). Then, quasi-maximum likelihood (QML) estimator is
obtained by maximizing the pseudo-objective function which is taken as Gaussian bivariate
innovations (ε2i, ε2i+1). When BAR(1) process Xi is partially specified only through the first
and second order conditional moments, a systematic approach for a partially specified model
is via the so called quasilikelihood (QL). Due to the wideness of the generalized structures
discussed in this paper, it will be appropriate to use a QL estimation. We refer to, for
instance, Heyde (1997) and Hwang et al. (2014b) for a background on QL and QML in a
broader context of stochastic processes.

2. From the bifurcating tree to multicast and branching tree

Many applications require a multicast tree in which each node may have m branches where
m may be larger than 2. For instance, in an internet traffic data, a package (signal) may
be sent along m links and delay times X over each link may be of interest. One may then
extend bifurcating structure to a multicast tree where each individual splits exactly into
m-offspring (m ≥ 1). A tri-casting (m = 3) data is illustrated in Figure 2.1. See for instance,
Hwang and Choi (2009) and Hwang and Kang (2012).
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Figure 2.1 A multicast tree : Tri-casting tree (m=3)

We consider a multicast autoregressive (MAR, for short) model to accommodate this class
of multicast data. Consider the following zero mean process defined by the m-equations

Xmi−(m−2) = θXi + εmi−(m−2)

...

Xmi = θXi + εmi

Xmi+1 = θXi + εmi+1 (2.1)

where (εmi−(m−2), · · · , εmi, εmi+1), i = 1, 2, · · · is a sequence of iid m−variate random vec-
tors with mean zero vector and variance-covariance matrix Ψ given by

Ψ =


1 ρ · · · ρ
ρ 1 · · · ρ
...

...
. . .

...
ρ ρ · · · 1

σ2. (2.2)

We shall refer to the first-order process defined in (2.1) as the multicast AR(1) ; MAR(1).
In particular when m = 2, MAR(1) reduces to the BAR(1). To view MAR(1) as a time
series along with the generation, we will rewrite {Xi} in (2.1) in terms of {Xt(j)} for
which Xt(j) stands for the j-th observation on the t-th generation. Here, t = 0, 1, 2, · · · and
j = 1, · · · ,mt. A tri-casting structure (m = 3) is illustrated in Figure 2.1. The subscript
t in Xt(j) is used for denoting ‘t-th generation’. To clarify ancestral path of the particular
observation Xt(j), let Xt−1(t(j)) denote the observation on the immediate parent of Xt(j).
In Figure 2.2, note that x2(4) is the 4-th observation on the second generation (t = 2) and
in turn gives x1(2(4)) = x1(2). The MAR(1) process (2.1) can then be written in terms of
{Xt(j), t = 0, 1, 2, · · · , j = 1, · · · ,mt} as

Xt(j) = θXt−1(t(j)) + εt(j) (2.3)

where{
(εt(1 + sm), εt(2 + sm), · · · , εt(m+ sm)) ; t = 1, 2, · · · , s = 0, · · · ,mt−1 − 1

}
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are iid m-variate error vectors with mean zero and variance-covariance matrix Ψ specified
in (2.2).

We now consider the branching tree which was investigated by Hwang and Basawa (2009,
2011). In many situations dealing with population biology, epidemiology, physics and chem-
istry, one may be interested in measuring some characteristics of interest on each individual
of a Galton-Watson (G-W) branching process such as life-time of a cell, presence (or ab-
sence) of a certain chemical of a protein, radio-activity level and severity of an epidemic,
etc. A Branching Markov process (BMP) is a tree-indexed process where the tree-index is a
branching process Zt, t = 0, 1, 2, · · · with Zt denoting the t−th generation size.

Let Xt(j), j = 1, 2, · · · , Zt and t = 0, 1, 2. · · · , denote observation on the j−th individual
in the t−th generation. Figure 2.2 illustrates a branching tree and a sample path of BMP
(see Hwang and Basawa, 2009, 2014). We assume that Zt follows a standard super-critical
Galton-Watson (G-W) branching process for which E(Z1) = m > 1 and V ar(Z1) = σ2

Z > 0
where m and σ2

Z are the offspring mean and variance respectively. It is well known that
there exists a random variable W to which Zn/m

n converges almost surely as n→∞, and
P (W > 0) = 1. Similar to (2.3), we use the notation Xt−1(t(j)) to denote the observation on
the immediate mother of the Xt(j). Here, the subscript t− 1 is used for denoting (t− 1)-th
generation. A simple BMP is a branching-AR model defined by

Xt(j) = θ0 + θ1Xt−1(t(j)) + εt(j) (2.4)

where εt(j), t = 1, 2, · · · and j = 1, 2, · · · are iid random variables with mean zero and
variance σ2. The data for the BMP is given as

(zt, xt(j)); t = 1, 2, · · · , n; j = 1, 2, · · · , zn)

with initial observation x0(1) on Z0 = 1.

Figure 2.2 A branching tree and a path of the BMP model

It is worth noting that the branching tree reduces to the multicast tree when Zt is deter-
ministic and is given by Zt = mt for all t.

3. The branching correlation between individuals

It is noted both in the BAR(1) model (1.1) and in the MAR(1) formulation (2.1) that ρ
represents a correlation between sisters, conditionally on their mother. We refer to such a
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conditional correlation ρ between sisters as a branching correlation. In (2.2) for MAR(1), Ψ
corresponds to an equi-correlation model between sisters. It can be verified that for fixed m ≥
3, the matrix Ψ in (2.2) associated with the equi-correlation model is positive-definite if and
only if −(m− 1)−1 < ρ < 1 (cf. Hwang and Kang, 2012; Hwang, 2011). For instance, a tri-
casting case (m = 3) requires −1/2 < ρ < 1 for a proper covariance matrix. As m increases,
one has to essentially excludes negative values of ρ. This is an obvious drawback inherent in Ψ
associated with the MAR(1). To circumvent, one needs to propose another useful covariance
matrix which does not require any restrictions on ρ. For illustration, consider the case when
there is a natural ordering between m -sisters. It will then be useful to consider

Ψ1 =


1 ρ · · · ρm−1

ρ 1 · · · ρm−2

...
...

. . .
...

ρm−1 ρm−2 · · · 1

σ2. (3.1)

It is noted in Ψ1 that the branching correlation between two sisters k-position apart
is given by ρk (k = 1, 2, · · · ,m − 1) which is exponentially decaying as k increases. The
formulation of Ψ1 is well motivated by standard first order autoregression AR(1) in time
series. Another useful formulation is

Ψ2 =


1 ρ · · · 0
ρ 1 ρ · · · 0
...

...
. . .

...
0 0 · · · 1

σ2. (3.2)

Note that Ψ2 shows no branching correlation beyond 1-position apart and only adjacent
sisters assume ρ for branching correlation. The correlation structure specified in Ψ2 is
closely related to that of a first-order moving average MA(1) time series model. In gen-
eral, instead of the equi-correlation model (2.2), the correlation matrix of the error vectors
(εmi−(m−2), · · · , εmi, εmi+1) in the MAR(1) formulation (2.1) is denoted by R(ρ) where R(ρ),
as a function of ρ, denotes an appropriate form of m×m correlation matrix. Accordingly,

Ψ = R(ρ) · σ2. (3.3)

A rich class of R(ρ) can be obtained from the diverse autocorrelation functions of the
ARMA (autoregressive moving average) time series models. It is noted that the branching
correlation discussed above for the MAR(1) is homoscedastic. To see this, note that there
are exactly m -sisters Xmi−(m−2), · · · , Xmi, Xmi+1 sharing the same mother Xi, i = 1, 2, · · · ,
in (2.1) of MAR(1). Define sister vector Si as

Si = (Xmi−(m−2), · · · , Xmi, Xmi+1)T : m× 1. (3.4)

Here ‘T ’ indicates transpose of a matrix (or a vector). It is noted that the conditional mean
vector of Si is given by E(Si|Xi) = (θXi)1m for MAR(1) model in (2.1). Here 1m is a m× 1
vector of ones. In addition, the conditional variances of each m sister are the same and are
given by

V ar(Xmi+k|Xi) = σ2, k = −(m− 2),−(m− 1), · · · , 1. (3.5)
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Thus, the MAR model (2.1) provides a homoscedastic conditional variance σ2. Alterna-
tively, one can develop heteroscedastic branching correlation as follows. We will consider the
following heteroscedastic conditional variance ht which is a quadratic function of the mother
observation Xi and such an hi is called a heteroscedastic branching correlation (HBC). We
refer to, for instance, Hwang and Choi (2011) for various HBC. In particular, a quadratic
HBC is defined below.

Definition 3.1 Quadratic HBC ht is defined as, for some non-negative constants β0, β1 and
β2

hi = V ar(Xmi+k|Xi) = β0 + β1Xi + β2X
2
i , k = −(m− 2), − (m− 1), · · · , 1. (3.6)

Examples are illustrated below.

Example 3.1 Random coefficient MAR(1)

Consider the process Xi, i ≥ 1 such that

Si = [θ0 + (θ + θi)Xi]1m + ei (3.7)

where ei = (εmi−(m−2), · · · , εmi, εmi+1)T and θi denotes random coefficient of the autoregres-
sive coefficient θ, and θi is a sequence of iid random variables with mean zero and variance
σ2
θ , independently with ei, i ≥ 1. It is easy to see that the quadratic HBC is given by

hi = σ2
θX

2
i + σ2. (3.8)

Example 3.2 Binomial thinning MAR(1)

Consider the following integer-valued process Xi, i ≥ 1 defined by

Si = (θ ◦Xi)1m + ei (3.9)

where ◦ denotes the binomial thinning operator defined by θ ◦Xi =
∑Xi

j=1Bj where Bj is
a sequence of iid Bernoulli random variables with success probability θ, 0 < θ < 1. Two
processes Bj and ei are assumed to be independent. Here, m -tuple error process ei is a
sequence of iid integer-valued random vectors (e.g., multivariate Poisson vectors (c.f. Hwang
and Basawa, 2011) with mean vector λ1m, λ > 0 and variance-covariance matrix Ψ in (2.2).
See, e.g., Grunwald et al. (2000) and Baek et al. (2012). Notice that E(Si|Xi) = (θXi+λ)1m
and the HBC can be verified to be

hi = σ2 + θ(1− θ)Xi. (3.10)

Consequently, two examples belong to our quadratic class HBC (see (3.8) and (3.10)). For
the case of HBC, the heteroscedastic conditional variance covariance matrix V ar(Si|Xi) = Vi
is given by, as a function of mother Xi

Vi =


1 ρi · · · ρi
ρi 1 · · · ρi
...

...
. . .

...
ρi ρi · · · 1

σ2
i . (3.11)

For more examples belonging to the quadratic HBC class, refer to Hwang and Kang (2012),
Baek et al. (2012) and Basawa and Zhou (2004).
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4. Various models on the multicast tree and branching tree

It would be useful to illustrate various models defined on the multicast tree. First, recall
(2.1) and (2.2). To clarify ancestral path of the particular individual i, let i(1) denote the
first ancestor (i.e., mother) of the individual i. It can be shown that

i(1) =

[
i+ (m− 2)

m

]
, m ≥ 2 (4.1)

and i(1) = i − 1 for m = 1 (cf. Hwang and Choi, 2009; Hwang and Kang, 2012). Here [·]
denotes the greatest integer function. For the bifurcating case of m = 2, i(1) reduces to [i/2].
We reformulate the MAR(1) model defined in (2.1) in terms of a single equation as

Xi = θXi(1) + εi, i ≥ 2. (4.2)

Example 4.1 MAR(1) with an intercept

A MAR(1) model with an intercept θ0 is defined by

Xi = θ0 + θ1Xi(1) + εi, |θ1| < 1. (4.3)

Example 4.2 Nonlinear MAR(1)

Consider the model

Xi = µ(Xi(1)) + εi (4.4)

where µ(·) denotes the conditional mean function, viz.,

µ(Xi(1)) = E(Xi|Xi(1)). (4.5)

In particular, a threshold model is given by

µ(x) = θ0 + θ1(x− ψ)+ + θ2(x− ψ)−. (4.6)

where ψ stands for a “threshold” constant.

Example 4.3 Conditional exponential family on the multicast tree

Consider the following conditional exponential family defined by

p(xi|xi(1)) = c(xi(1)) exp[xiζi − k(ζi)] (4.7)

where the “natural parameter” ζi is specified by, with appropriate link function g(·),

ζi = g(µi) and k(ζi) = log

∫
c(xi(1)) exp(xiζi)dxi <∞ (4.8)

where µi denote the conditional mean defined in (4.5). Multicast conditional exponential
family includes conditional gamma, conditional exponential, conditional Poisson, conditional
normal and conditional binomial models as special cases. Refer to, for instance, Hwang and
Kang (2012) for more treatment of conditional exponential family on the multicast tree.
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Conditional moments of Xi given Xi(1) can be obtained via successive differentiations of
k(ζi) with respect to the natural parameter ζi. In particular, the conditional mean µi and
conditional variance vi are given by

µi = dk(ζi)/dζi and vi = d2k(ζi)/dζ
2
i .

Example 4.4 Partially specified MAR(1)

We postulate that MAR(1) is specified only by the first two moments, viz., the conditional
mean and covariance without requiring the likelihood and/or defining recursive equations.
Partially specified MAR(1) model Xi, i ≥ 1 is such that the conditional distribution of Xi

given ancestors depends only on their mother (Xi(1)), satisfying E(Xi|Xi(1)) = (θXi(1))1m,
|θ| < 1. This class is motivated by the non-Gaussian conditionally linear AR(1) time series
of Grunwald et al. (2000). This partially specified class is rich enough to include random
coefficient MAR, conditionally heteroscedastic MAR and binomial-thinning MAR. See Baek
et al. (2012) for diverse partially specified models. Details are omitted.

We consider models defined on a branching tree. Recall (2.3) and Figure 2.2. We are willing
to investigate the (k -variate) vector process Xt(j).

Example 4.5 Multivariate BMP

Consider the k-variate process Xt(j) defined by

Xt(j) = φ0 + ΦXt−1(t(j)) + εt(j) (4.9)

where εt(j), t = 1, 2, · · · and j = 1, 2, · · · , Zt are iid k variate normal random vectors with
mean zero and covariance matrix given by Σε of dimension k × k. Here φ0 is a constant
vector of size k and Φ denotes k × k matrix of constants. To illustrate, consider k = 2 case
with φ0 = 0. Denoting the i−th component of the vector Xt(j) by Xt,i(j), (4.9) reduces to(

Xt,1(j)
Xt,2(j)

)
=

(
φ11 φ12
φ21 φ22

)(
Xt−1,1(t(j))
Xt−1,2(t(j))

)
+

(
εt,1(j)
εt,2(j)

)
.

It is noted that there is no interaction (i.e., feedback) between the two components (or,
traits) Xt,1(j) and Xt,2(j) in Xt(j) if and only if φ12 = φ21 = 0.

Example 4.6 Multivariate conditionally heteroscedastic BMP

Let Xt(j) be generated by the equation

Xt(j) = Ht(j)
1/2 · et(j) (4.10)

where et(j), t = 1, 2, · · · and j = 1, 2, · · · , Zt denote iid random vectors (k variate) with zero
mean vector and identity matrix as a covariance matrix. Also, Ht(j) represents conditional
covariance matrix, that is, Ht(j) = V ar(Xt(j)|Xt−1(t(j)) : k × k, and Ht(j) = Ht(j)

1/2 ·
Ht(j)

1/2 where Ht(j)
1/2 denotes the (symmetric) half matrix of Ht(j).

Example 4.7 Multivariate partially specified BMP

Consider the multivariate MAR(1) in (4.9) for which εt(j) is not necessarily Gaussian. It
is noted that

E(Xt(j)|Ft−1) = φ0 + ΦXt−1(t(j)) (4.11)
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where Ft−1 denote the information up to and including (t − 1)-th generation. Here, we do
not require the autoregression-specification (4.9) and this class of models is defined only
through conditionally-linear-mean specification (4.11), enlarging the class of models under
consideration.

Example 4.8 Multivariate thinning BMP

Let Xti(j) denote the i−th component of the vector Xt(j), i = 1, 2, · · · , k. Consider the
standard binomial-thinning branching integer-valued AR(1) model defined by, for each i =
1, 2, · · · , k

Xti(j) =

X(t−1)i(t(j))∑
u=1

ξui(j) + Zti(j) (4.12)

where ξui(j) is an iid Bernoulli random variables with success probability φi. One can intro-
duce dependence between the k components of Xt(j) via dependence among the innovations
Zti(j). Let innovation vectors Zti(j) = (Zt1(j), ...., Ztk(j))T be iid k variate Poisson random
vectors which are independent of the Bernoulli random variables ξui(j). Details are omitted.
We refer to Hwang and Basawa (2011) for more details on multivariate BMPs defined on
the branching trees.

5. Inferential issues

To estimate parameters involved in BAR(1) and its generalized models, we assume that
the exact likelihood is not known. Equivalently, no specific distributional assumptions are
made on the innovations. Then, quasi-maximum likelihood (QML) estimator seems to be
reasonable to employ and is obtained by maximizing the pseudo-objective function which
is taken as Gaussian bivariate innovations (ε2i, ε2i+1). In particular when BAR(1) process
Xt is partially specified only through the first and second order conditional moments, a
systematic approach for a partially specified model is via the so called quasilikelihood (QL).
Due to the wideness of the generalized structures, it will be appropriate to discuss further
QL estimation. We refer to, for instance, Heyde (1997), Hwang et al. (2014b) and Lee (2012)
for a background on QL and QML in a broader context.

Quasi likelihood (QL)

Let the conditional variance of Xi given the past information Fi−1 be denoted by hi(θ) =
V ar(Xi|Fi−1). Note that µi(θ) and hi(θ) are Fi−1-measurable and the parameter vector θ
will be suppressed in µi(θ) and hi(θ) for notational simplicity. A quasilikelihood (QL) score
(see, e.g., Godambe, 1985) is defined by

ui(θ) =

(
∂µi

∂θ

)
· h−1i · (Xi − µi) (5.1)

and the QL estimator is obtained by the estimating equation
∑n
i=1 ui(θ) = 0

Example 5.1 QL estimation for BAR(1) model

This example is taken and modified from Hwang and Basawa (2014). Recall the BAR(1)
formulation (4.2) given by

Xi = θXi(1) + εi, i ≥ 2. (5.2)
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We generalize (5.2) to the following nonlinear version of BAR(1) defined by

Xi = µi +
√
hi · ei (5.3)

where the variance of ei is set to be unity and µi = µ(Xi(1)) and hi = h(Xi(1)) stand
respectively for the conditional mean and variance function defined by

µi = E(Xi|Xi(1)) and hi = V ar(Xi|Xi(1)). (5.4)

It is noted that µi and hi are Xi(1)-measurable. Suppose that the distribution of ei is not
known and then we rely on a quasilikelihood score. Let

ai(θ) =

(
Xi − µi(θ)

(Xi − µi(θ))2 − hi(θ)

)
. (5.5)

Denote the (2 × 2) conditional variance-covariance matrix of ai(θ) given the first ancestor
Xi(1) by Vi(θ), viz.,

Vi(θ) = E[ai(θ)a
T
i (θ)|Xi(1)] =

(
hi(θ) µ3i(θ)
µ3i(θ) µ4i(θ)− h2i (θ)

)
(5.6)

where µ3i(θ) = E[Xi − µi(θ))3|Xi(1)] and µ4i(θ) = E[(Xi − µi(θ))4|Xi(1)] (cf. Hwang et al.,
2014a). The conditional expectation of the derivative matrix of ai(θ) is given by

E[∂ai(θ)/∂θ
T |Xi(1)] =

(
−(∂µi(θ)/∂θ)

T

−(∂hi(θ)/∂θ)
T

)
: (2× k). (5.7)

We now have a quasilikelihood score which is optimum within the Godambe class (cf.
Hwang and Basawa, 2011a) is

QL(θ) =

n∑
i=1

wOi−1(θ)ai(θ) =

n∑
i=1

(Ei−1[∂ai(θ)/∂θ
T ])T (Ei−1[ai(θ)a

T
i (θ)])−1ai(θ)

= −
n∑
i=1

(
∂µi(θ)

∂θ
,
∂hi(θ)

∂θ

)
V −1i (θ)ai(θ) (5.8)

where Vi(θ) is given in (5.6). We then have

√
n(θ̂QL − θ)

d−→ N(0,K−1) (5.9)

where

K = E

(∂µi(θ)
∂θ

,
∂hi(θ)

∂θ

)
V −1i (θ)

(
∂µi(θ)

∂θ
,
∂hi(θ)

∂θ

)T . (5.10)

Quasi maximum likelihood (QML)

It is usually the case that the true likelihood is unknown to researchers, and thus we need
to presume a tractable likelihood for the data which is called a pseudo-likelihood (PL). A PL
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may be a falsely specified likelihood. A pseudo-maximum likelihood estimator is obtained by
maximizing the objective function of pseudo-likelihood score. Often, the pseudo-likelihood is
taken via Gaussian errors, standardized t−distributions with unknown degrees of freedom,
and generalized error distributions. In particular when Gaussian errors are chosen as the
pseudo-likelihood, the resulting estimator is referred to as the quasi maximum likelihood
(QML) estimator. It is obvious that the QML-estimator reduces to the maximum likelihood
(ML) estimator provided the (unknown) true likelihood is indeed Gaussian. It is interesting
to note that even when the true likelihood is different from the Gaussian-likelihood, the
QML-estimator continues to be consistent and asymptotically normal under some regularity
conditions (cf., Straumann and Mikosch, 2006; Francq and Zakoian, 2013; Hwang et al.,
2014b).

Alternative methods of estimation such as conditional least squares, weighted least squares,
maximum likelihood, pseudo-likelihood, and quasilikelihood can also be employed. Readers
may refer to recent reference of Hwang and Basawa (2014) for unifying various estimation
methods via martingale estimating functions. For conditional least squares estimation for
higher order MAR processes, see Mao (2014) and references therein.

Semi-parametric approach will also be useful to estimate parameters of interest. Various
estimating equations may involve nuisance parameters. For instance, the QL estimating func-
tion QL(θ) may involve nuisance parameter, say η which needs to be estimated. Innovation
distribution can be treated as a (infinite dimensional) nuisance parameter η. Then innova-
tion distribution may be estimated via suitable kernel density estimation (KDE) based on
residuals. Under some regularity conditions, asymptotic optimality of the QL(θ) continues
to hold when replacing innovation density by KDE.

Regarding tests, consider the problem of testing a null hypothesis specified by H : θ = θ0.
When the likelihood function is known, one can use classical tests, viz., the Rao’s score test,
Wald test and likelihood ratio test. When the likelihood is not available however, we rely
on an appropriate estimating function, for instance, a quasilikelihood score Un(θ) and QL

estimator θ̂n obtained from Un(θ) = 0. The QL score test Q1n for testing H : θ = θ0 is
defined by

Q1n = UTn (θ0)ξ−1n (θ0)Un(θ0)

where Un(θ) is the QL score and ξn(θ) is a norming matrix. The Wald-type test statistic

based on QL estimator θ̂n is defined as

Q2n = (θ̂n − θ0)T [I(θ0)]−1(θ̂n − θ0) (5.11)

where I(θ) is the QL-information matrix. Unlike the classical three tests, it is not obvious
that QL based tests are asymptotically efficient. Readers refer to Hwang et al. (2014a) and
Hwang and Basawa (2011) for a rigorous discussion on the certain asymptotic optimality of
QL based tests Q1n and Q2n.

6. Non-stationary cases

Revisit the BAR(1) formulation

Xi = θXi(1) + εi, i ≥ 2. (6.1)
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For |θ| < 1, it is (path-wise) stationary. Consider the non-stationary case of |θ| > 1. Based

on the data X1, · · · , Xn, the conditional least squares estimator θ̂n of θ is given by

θ̂n =

n∑
t=1

Xt(1)Xt/

n∑
t=1

X2
t(1). (6.2)

Hwang and Choi (2009) derived the limiting distribution of θ̂n for MAR(1) model. Due to
Theorem 4.1 of Hwang and Choi (2009), we have as n tends to infinity

cn(θ̂n − θ)
d−→ U−1V

where the norming constant cn is given by cn = 2(2θ2 − 1)−1(
√

2θ)n and U and V are
random variables as described in Lemmas 4.1 and 4.2 of Hwang and Choi (2009). The unit
root case of |θ| = 1 is now under investigation. One may well expect the limit distribution

of θ̂n (when |θ| = 1) is given by a functional on the standard Brownian motion. However,
preliminary investigation reveals a different result on |θ| = 1 for the MAR(1) model. This
result will be addressed elsewhere.

7. Concluding remarks

This paper provides contemporary reviews on the bifurcating autoregression (BAR) mod-
els which has been useful to analyze cell lineage data. Three issues are discussed to general-
ize the BAR model to the “future” models. Specifically, multi-cast trees and branching tree
structures are introduced in place of the bifurcating tree. In stead of the AR(1) time series
structure, we accommodate diverse random processes defined on the extended tree struc-
tures. Branching correlations between individuals sharing the same parent are highlighted
and discussed in details. Focusing on the quasi-likelihood (QL) approach in order to deal
with the unspecified likelihood of the data, various methods for estimating parameters and
related asymptotics are also reviewed in the context of the estimating function approach.
Accordingly, the current paper is able to give a contemporary overview on the BAR model,
bringing some perspectives to the future works in this area. The results presented in the
paper are mostly adapted from the author’s works in the reference and recent literature on
the BAR models.

We have not discussed testing problems, non-parametric issues and the Baysian ap-
proaches. In addition, computing related issues needs to be addressed in this field since
the number of data grows exponentially. For instance, the number of observations ng for the
MAR(1) model up to the gth generation is given by

ng = 1 +m+ · · ·+mg = (mg+1 − 1)/(m− 1), m 6= 1.

Consequently, many of the BAR-related problems are still to be resolved. Hoping that
this review paper is useful to the future works, we encourage researchers and practitioners
to pursue the open problems in this field.
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