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Modelling and measurements of normal and lateral stiffness for atomic force microscopy 
(AFM) are presented in this work. Important issues, such as element discretisation, stiffness 
calibration, and deflection angle are explored using the finite element (FE) model. Elements 
with various dimension ratios are investigated and comparisons with several mathematical 
models are reported to verify the accuracy of the model. Investigation of the deflection angle 
of a cantilever is also shown. Moreover, AFM force measurement experiments with conical 
and colloid probe tips are demonstrated. The relationships between force and displacement, 
required for stiffness measurement, in normal and lateral directions are acquired for the conical 
tip and the limitations of the colloid probe tip are highlighted.
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I. Introduction

Atomic force microscopy (AFM) is a technology that 

is widely employed to measure nanoscale structures 

and materials. AFM can function both as an imaging 

device for topographical studies and as a force sensor 

for measurement of mechanical properties with 

nanometer resolution [1,2]. AFM operations involve 

capturing the deflection of a cantilever by admitting 

laser light reflected from the back of the cantilever to 

a position sensitive photodiode (PSPD) that can 

measure changes in position of the incident laser as 

small as 1 nm. The deflection of a cantilever sub-

jected to force in the normal and lateral directions is 

captured by the PSPD detector; then, it can be 

analysed. From the acquired data, in voltage, the 

normal and lateral force characteristics of the mate-

rial can be calculated by utilization of a conversion 

factor. This highlights the importance of the stiffness 

calibration of the AFM cantilever. Acquisition of de-

tailed information about the interaction between an 

AFM tip and a surface is a crucial issue for producing 

accurate force measurements. There is considerable 

interest in measuring lateral forces of surfaces, on 

which the overall force involves both deflection of the 

cantilever in the lateral direction and the torsional 

spring constant of the cantilever [3-5]. To account 

for the bending and torsion of the cantilever, the lat-

eral force microscope (LFM) employs a four segment 

photo-diode. Further variants include replacement of 

the conventional cantilever tip with a particle, i.e. a 

colloid probe [6], to investigate interaction between 

different materials. 

In this work, the AFM operation is numerically 
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Figure 1. SEM image of colloid probe cantilever.

Figure 2. Schematic diagrams of the modelled cantilever with dimensions.

modelled to allow an exploration of the normal and 

lateral stiffness; an investigation of several key is-

sues, such as element discretisation, stiffness cali-

bration, and deflection angle is presented. Also, to 

observe the relationship between force and displace-

ment in both the normal and lateral directions, AFM 

force measurement experiments are conducted with 

the conical and colloid probe tip. 

II. AFM Modelling

A colloid probe model, in which the usual silicon 

tip is replaced with a particle, can be used for AFM 

experiments to explore frictional interactions, as 

shown in Fig. 1. Although many AFM experiments are 

performed with a set stiffness value provided by the 

manufacturer of the cantilever and a set sensitivity 

of the detector, considerable discrepancies still exist. 

Therefore, in order to model the AFM operation, 

stiffness calibrations in both the normal and lateral 

directions are required for estimation of forces. 

1. Element Discretisation

Prior to construction of the colloid probe model, 

the discretization issue was explored. To explore the 

differences that may arise from discretisation, a sim-

ulation for a simple beam with the geometry shown in 

Fig. 2 was undertaken using ELFEN; the results are 

itemized in Table 1.

From mathematical model 1 [7], the normal stiff-

ness for small deflection of the rectangular beam 

cantilever can be calculated and found to be kn= 

0.312×10-6 N/μm.

The finer meshes tend towards a stiffness of 

0.353×10-6 N/μm; a structured mesh comprising near 

cubic elements yields the best results. The un-

structured mesh produced a slightly higher stiffness 
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Table 2. Material properties of colloid probe cantilever model.

Part Material Young’s Modulus (Nμm-2) Poisson’s Ratio

Cantilever Silicon Nitride 0.28 0.2

Colloid Probe
Stainless Steel 0.2 0.3

Copper 0.115 0.35

Target Surface Steel 0.2 0.3

Table 3. Comparison of stiffness calibration with mathematical and FE models.

Mathematical Model 2 [8] Mathematical Model 3 [9] Finite Element Model

Normal Stiffness (N/μm) 1.453×10-6 0.574×10-6 1.031×10-6

Lateral Stiffness (N/μm) 0.143×10-3 0.133×10-3 0.123×10-3

Ratio of Lateral/

Normal Stiffness (kl/kn)
98.42 231.71 119.30

Table 1. Investigation of division of dimension ratio in structured and unstructured mesh for simple beam tipless 
cantilever.

Mesh Generation Method Dimension Ratio (μm) (Width : Length : Thickness) Normal Stiffness (N/μm)

Structured

2 : 2 : 2.2 0.466×10-6

1 : 2 : 2.2 0.457×10-6

2 : 2 : 0.7 0.430×10-6

1.3 : 2 : 0.7 0.427×10-6

1 : 1.1 : 1.1 0.353×10-6

Unstructured 0.512×10-6

value compared to that of the structured counterpart.

2. Stiffness Calibration

In order to calibrate the stiffness, definitions of 

both the normal and lateral stiffness are needed. The 

normal stiffness is simply the ratio of the force to the 

deflection in the normal direction. However, in order 

to acquire the lateral stiffness a combination of the 

deflection in the lateral direction and the slope due to 

torsion are needed. In order to incorporate both the 

bending and the twisting of the cantilever, load was 

assumed to be in the form of applied displacement at 

the end of the tip.

The contact mode of AFM operation was considered 

for the analysis, in which the target surface was 

brought into contact with the probe tip. Reflecting 

this, loading was in the form of applied displacement 

of the target surface. For the boundary conditions, 

the mounting ends of the cantilevers were fixed in 

terms of displacement in all directions. The material 

properties utilized in the experiment are itemized in 

Table 2.

To calibrate the stiffness of the finite element 

model, two mathematical models [8,9] were utilized 

for the calculation of the stiffness in the normal and 

lateral direction.

Table 3 provides a comparison of stiffness values 

obtained using the mathematical models and the fi-

nite element model. 

As can be observed in Table 3, the stiffness as de-

rived from the finite element model s in good agree-

ment with the approximations from mathematical 

model 2. Since the mathematical models involve nu-
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Figure 3. (a) Nodal interrogation with deflection in normal direction. (b) Schematic diagram of the deflection angle.

Figure 4. (a) Image of the conical tip. (b) Graph of displacement against deflection in normal direction for force
curve experiment with conical tip.

merous assumptions, this highlights the possibility of 

using the FE model to acquire the normal and lateral 

stiffness data.

3. Deflection Angle

Due to the uncertainty of the location of the laser 

reflection point in AFM, nodal interrogation was per-

formed on the numerical simulation data. A number 

of nodes in different locations were selected to calcu-

late the slope. 

The resulting slope angle in the normal direction 

for nodes 1-3, as can be seen in Fig. 3(a), were found 

to be β1=5.48o, β2=5.43o and β3=5.46o, respectively, 

for an applied displacement of 0.01 μm. Although 

differences between these angles may increase as the 

applied force increases, any difference is minimal.

III. AFM Experiments

1. Conical Tip

First, experimental results for a standard, com-

mercially available cantilever tip were determined for 

verification purposes.
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Figure 5. Graphs from lateral force experiment with (a) normal and (b) lateral deflection against lateral displace-
ment with conical tip.

The results of the force curve experiment are 

shown in Fig. 4, in which a linear increase in the 

normal deflection can be observed. The adhesion 

force can be seen in the retraction stage. The behav-

iour shown in Fig. 4 agrees very well with the behav-

iour reported in the adhesion study [6]. From the 

slope of the linear increase, the relationship between 

the voltage output and the displacement can be de-

duced, leading to a sensitivity of 0.0125 V/nm.

Fig. 5 shows the results from the use of a standard 

conical tip. The figures show the deflection in the 

normal and lateral directions for the lateral AFM ex-

periment in which the probe was moved laterally over 

the target surface; a clear friction loop can be ob-

served in (b). From the slope section of the friction 

loop, the sensitivity of the detector can be de-

termined at approximately 0.0294 V/nm. However, 

calculation using these sensitivities and using the 

data derived from the lateral force experiments sug-

gests that the lateral deflection was significantly 

greater than the normal deflection. Additionally, the 

normal deflection exhibited fluctuation during scan-

ning in the lateral direction; this fluctuation showed 

similar magnitude but in the opposite direction. This 

similarity seems to be due to the very low normal load 

being applied, as the normal deflection level was very 

low compared to the that of the lateral counterpart.

2. Colloid Probe

For the colloid probe experiments, a tipless canti-

lever was used to enable a particle to be attached 

separately, shown in Fig. 6. Two ductile stainless 

steel and copper powders were chosen for use as the 

colloid probe. The experiments involved colloid probe 

scanning over surfaces of Ra=0.25 and 1.0 μm in the 

transverse direction. The diameters of the particles 

chosen for the experiment were in the range of 7.5- 

50 μm.

Fig. 7 shows the contours of the topographical 

(height) and lateral deflection (friction) data. It can 

be seen that the frictional response reflects the pat-

tern of the topography.

For the topography above (Fig. 7), the LFM results 

are shown below, in Fig. 8.

By comparing the graphs with the topographical im-

age in Fig. 7, the normal deflection (shown inverted) 

can be seen to capture the surface topography. 
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Figure 6. (a) Image of the colloid probe selection process. (b) SEM image of colloid probe.

Figure 7. Contours of height and lateral force for copper probe (9 μm diameter) against Ra=0.25 μm surface (left
to right, respectively).

Although the deflection signals seem to reflect the 

topographical effects, difficulties were encountered in 

obtaining a friction loop. This may be due to diffi-

culties in preparation of the colloid probe tip. These 

difficulties included exact determination of the amount 

of adhesive to be applied, problems in positioning of 

the particle, cases in which particle was not perfectly 

spherical, cases in which particle was a cluster, and 

problems with the size of the particle. Each of these 

issues is likely to significantly affect the outcome, 

with the potential of producing inaccurate results. 

These issues highlight the difficulties associated with 

attaching a particle to a cantilever tip; it is unlikely 

that a “perfect colloid probe” can be easily manu-

factured.
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Figure 8. Graphs from the lateral force experiment with (a) normal and (b) lateral deflection against lateral dis-
placement with colloid probe tip (copper probe (9 μm diameter) against Ra=0.25 μm surface).

IV. Conclusions

The normal and lateral direction stiffness values 

for AFM have been investigated via modelling and 

experiments. 

FE analysis was implemented to construct a valid 

model for AFM operation. Discretisation issues in 

modelling have been investigated, and it was found 

that near cubical elements led to the best results. 

Stiffness calibration was conducted and data were 

compared to results from several mathematical 

models. It was shown that the results from the FE 

model, which involves less simplification than do the 

mathematical models, confirmed satisfactory agree-

ment, justifying the accuracy of the FE model. In ad-

dition, deflection angle was explored through nodal 

interrogation.

For the AFM experiments, first, a conventional con-

ical tip cantilever was utilized to generate the normal 

and lateral force measurements. The linear relation-

ship between force and displacement, and the clear 

friction loop, were identified for the normal and lateral 

force measurements, respectively, in which the stiff-

ness can be deduced from the slope of the force-dis-

placement curve. Finally, a colloid probe was selected 

from stainless steel and copper particles and attached 

to the tipless cantilever for normal and lateral force 

measurements while an object is undergoing lateral 

displacement. Although it was apparent that topo-

graphical effects were reflected in the force measure-

ment data, difficulties were encountered in generating 

a friction loop. This could be due to imperfections of 

the colloid probe cantilever, including incorrect 

amount of adhesive applied, poor positioning of the 

particle, particle not being perfectly spherical, particle 

being a cluster, and incorrect size of the particle. 
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