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Abstract

The ROC analysis is considered for multiple class diagnosis. There exist many cri-
teria to find optimal thresholds and measure the accuracy of diagnostic tests for k
dimensional ROC analysis. In this paper, we proposed a diagnostic accuracy measure
called the correct classification simple rate, which is defined as the summation of true
rates for each classification distribution and expressed as a function of summation of
sequential true rates for two consecutive distributions. This measure does not weight
accuracy across categories by the category prevalence and is comparable across popula-
tions for multiple class diagnosis. It is found that this accuracy measure does not only
have a relationship with Kolmogorov - Smirnov statistics, but also can be represented
as a linear function of some optimal threshold criteria. With these facts, the suggested
measure could be applied to test for comparing multiple distributions.
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1. Introduction

The ROC measures are compared to the correct classification rate, which depends heavily
on class prevalence. The ROC curve has proven to be remarkably versatile in medical decision
making in binary classification settings (Pepe, 2003). The accuracy of a single diagnostic
test for binary outcome can be summarized by the area under the ROC curve (AUC). The
AUC had been widely used in clinical practice to summarize the accuracy of diagnostic tests.
It is conceptually appealing and can be visually assessed from a ROC plot. There are a lot
of research literature concerning properties of the ROC curve and information for the ROC
analysis. Recent works since the year 2000 are Provost and Fawcett (2001), Sobehart and
Keenan (2001), Zhou et al. (2002), Engelmann et al. (2003), Fawcett (2003), Pepe (2003),
Tasche (2006), Hong (2009), Hong and Joo (2010), Hong et al. (2010), Hong and Yoo (2010),
and others.

Whereas the ROC curve is for binary classification, the ROC surface and manifold is for
three and more than three classification settings, which are extensions to multiple class di-
agnosis. The volume under the ROC surface (VUS) and the hypervolume under the ROC
manifold (HUM) have been proposed by Scurfield (1996, 1998) and Mossman (1999). Some
statistical inferences for VUS and HUM have been developed by Dreiseitl et al. (2000) and
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Nakas and Yiannoutsous (2004). Li and Fine (2008) proposed a measure of diagnostic accu-
racy called the correct classification rate (CCR), which weights accuracy across categories
by the category prevalence and may be highly dependent on the prevalence. Also, the CCR
is not comparable across populations, whereas HUM is independent of prevalence.

In this work, we proposed new methodology based on these ROC analysis for multiple
classes: the correct classification simple rate (CCSR). The CCSR is an alternative measure
of diagnostic accuracy and does not weight accuracy across categories by the category preva-
lence. Furthermore the CCSR is easy to define and interpret. It is found that the CCSR has
a linear relationship with the summations of Kolmogorov - Smirnov (KS) test statistics. It
is known that some optimal threshold criteria such as Youden index, the amended closet to
(0,1) criterion, the maximum vertical distance, the sum of sensitivity and specificity, and the
true rate are extended to multiple class diagnosis. Hong and Jung (2013) showed that these
five optimal threshold criteria could be represented as a linear function of KS statistics. It
is obtained that these five criteria can be expressed as a linear function of CCSR. Hence the
CCSR might have appropriate critical values by using KS statistics.

In Section 2, some optimal threshold criteria such as Youden index, the amended closet
to (0,1) criterion, the maximum vertical distance, the sum of sensitivity and specificity,
and the true rate for 2 dimensions are explained briefly and the definitions of these five
criteria for k dimensions are derived. Their estimates for k dimensions are obtained based
on the k × k confusion matrix, and they explained that these criteria have a linear relation
with KS statistics. In Section 3, the CCSR is suggested and compared with CCR. The
definition and estimate of CCSR are derived and explained. It is found that the CCSR has
a relationship with KS statistics. Moreover, the CCSR could be represented as functions of
these five optimal threshold criteria which have a linear relation with KS statistics. Hence,
some applications with the CCSR are discussed and explored in Section 4. Section 5 provides
the conclusion.

2. Some optimal threshold criteria

2.1. Some criteria for 2 dimensions

The following 2× 2 confusion matrix in Table 2.1 could be obtained based on the binary
diagnostic test outcome in decision making for binary classification models.

Table 2.1 2 × 2 confusion matrix

Rate
State of Nature

E1 E2

Decision
D1 F1(x) (TPR) F2(x) (FPR)
D2 1 − F1(x) (FNR) 1 − F2(x) (TNR)

There are many optimal threshold criteria defined with rates in the confusion matrix in
Table 2.1. Among them, we introduced the following five criteria which will be discussed
throughout this paper: Youden index, the maximum vertical distance, the amended closest
to (0,1) criterion, the sum of sensitivity and specificity, and the true rate.

The Youden index (J; Youden, 1950) is derived as the simple average of TPR-FNR and
TNR-FPR such as
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J2 = max{1

2
[F1(x)− (1− F1(x))] +

1

2
[(1− F2(x))− F2(x)]}

= max{F1(x)− F2(x)}. (2.1)

The maximum vertical distance (MVD; Krzanowski and Hand, 2009), the amended closest
to (0,1) criterion (AC; Perkins and Schisterman, 2006), and the true rate (TR; Velez et al.,
2007; Hong and Joo, 2010) are defined as follows:

MVD2 = max{F1(x)− F2(x)}, (2.2)

AC2 = min{1− F1(x) + F2(x)}, (2.3)

TR2 = max{1

2
(F1(x) + 1− F2(x))}. (2.4)

The sum of sensitivity and specificity (SSS; Connell and Koepsell, 1985) will be denoted
as STR (sum of true rates), since the sensitivity and specificity are true positive rate and
true negative rate respectively.

SSS2 ≡ STR2 = max{F1(x) + (1− F2(x))}. (2.5)

The superscript ‘2’ over the five criteria in (2.1)− (2.5) means that these criteria are in the
situation of binary outcomes. Note that these five criteria in (2.1)− (2.5) are represented as
a function of max{F1(x)− F2(x)} which is the KS statistic.

2.2. Definition and estimates of five criteia for k dimensions

Let us consider multiple classification outcomes. Suppose that there exist k diagnosis
distributions F1(·), . . . , Fk(·). Suppose that F1(x) ≥ F2(x) ≥ · · · ≥ Fk(x) for all x and
x1 ≤ x2 ≤ · · · ≤ xk−1. Then, the k × k confusion matrix is obtained as shown in Table 2.2.

Table 2.2 k × k confusion matrix

Rate State of Nature
Estimate E1 E2 · · · Ei · · · Ek

Decision

D1
F1(x1) F2(x1)
n11 n12

D2
F1(x2) − F1(x1) F2(x2) − F2(x1)

n21 n22

..

.
. . .

Di
Fi(xi) − Fi(xi−1)

nii

...
. . .

Dk
1 − Fk(xk−1)

nkk

Total N1 N2 · · · Ni · · · Nk
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Hong and Jung (2013) defined these five criteria in (2.1)-(2.5) for three dimensional ROC
surface. In this paper, these criteria could be extended and generalized to k dimensions.

Jk = max{1

k
[(F1(x1)− (1− F1(x1)))] +

1

k
[(F2(x2)− F2(x1))− (1− F2(x2) + F2(x1))]

+ · · ·+ 1

k
[(1− Fk(xk−1))− (1− 1 + Fk(xk−1))]}

=
2

k
{max(F1(x1)− F2(x1)) + · · ·+ max(Fk−1(xk−1)− Fk(xk−1))} − k − 2

k

≡2

k
(J1,2 + J2,3 + · · ·+ Jk−1,k)− k − 2

k
, (2.6)

where Jj−1,j is Youden index for two consecutive j − 1th and jth distributions, and the
superscript ‘k’ denotes the situation for k classification outcomes.

ACk = min{2− [F1(x1) + (F2(x2)− F2(x1)) + · · ·+ (1− Fk(xk−1))]}
= min{1− (F1(x1)− F2(x1))}+ · · ·+ min{1− (Fk−1(xk−1)− Fk(xk−1))} − (k − 2)

≡AC1,2 +AC2,3 + · · ·+ACk−1,k − (k − 2), (2.7)

where ACj−1,j is the AC for two consecutive distributions.

TRk = max{1

k
[F1(x1) + (F2(x2)− F2(x1)) + · · ·+ (1− Fk(xk−1))]}

= max{2

k
{1

2
[F1(x1)− F2(x1)] + · · ·+ 1

2
[Fk−1(xk−1)− Fk(xk−1)] +

1

2
}}

=
2

k
{max{1

2
[F1(x1)+1−F2(x1)]}+· · ·+ max{1

2
[Fk−1(xk−1)+1−Fk(xk−1)]}}− k − 2

k

≡2

k
(TR1,2 + TR2,3 + · · ·+ TRk−1,k)− k − 2

k
, (2.8)

where TRj−1,j is the TR for two consecutive distributions.

MVDk = max{F1(x1) + F2(x2)− F2(x1) + · · ·+ 1− Fk(xk−1)− 1}
= max{F1(x1)− F2(x1)}+ · · ·+ max{Fk−1(xk−1)− Fk(xk−1)}
≡MVD1,2 +MVD2,3 + · · ·+MVDk−1,k, (2.9)

where MVDj−1,j is the MVD for two consecutive distributions.

STRk = max{F1(x1) + F2(x2)− F2(x1) + · · ·+ 1− Fk(xk−1)}
= max{F1(x1) + 1− F2(x1)}+ · · ·+ max{Fk−1(xk−1) + 1− Fk(xk−1)}+ (2− k)

≡STR1,2 + STR2,3 + · · ·+ STRk−1,k + (2− k), (2.10)

where STRj−1,j is the STR for two consecutive distributions.
The estimates of Jk, ACk, TRk, MVDk, STRk in (2.6) − (2.10) could be denoted as

follows. Since F̂1(x1) = n11/N1, F̂i(xi)− F̂i(xi−1) = nii/Ni, i = 2, . . . , k− 1, 1− F̂k(xk−1) =
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nkk/Nk, it is obtained that

Ĵk = max{2

k
{F̂1(x1)− F̂2(x1) + · · ·+ F̂k−1(xk−1)− F̂k(xk−1)}} − k − 2

k

=
2

k
{max{F̂1(x1) + (F̂2(x2)− F̂2(x1)) + · · ·+ (1− F̂k(xk−1))}} − 1

=
2

k

k∑
i=1

nii
Ni
− 1,

ÂC
k

= min{2− [F̂1(x1) + F̂2(x2)− F̂2(x1) + · · ·+ 1− F̂k(xk−1)]}
= 2−max{F̂1(x1) + (F̂2(x2)− F̂2(x1)) + · · ·+ (1− F̂k(xk−1))]}

= 2−
k∑

i=1

nii
Ni
,

T̂R
k

=
1

k
{max{F̂1(x1) + (F̂2(x2)− F̂2(x1)) + · · ·+ (1− F̂k(xk−1))}} (2.11)

=
1

k

k∑
i=1

nii
Ni
,

ˆMVD
k

= max{F̂1(x1) + (F̂2(x2)− F̂2(x1)) + · · ·+ (1− F̂k(xk−1))} − 1

=

k∑
i=1

nii
Ni
− 1,

ˆSTR
k

= max{F̂1(x1) + (F̂2(x2)− F̂2(x1)) + · · ·+ (1− F̂k(xk−1))}

=

k∑
i=1

nii
Ni
.

2.3. Relations among five criteria

After David (1958) applied Kolmogorov-Smirnov (KS) test statistics in order to compare
three CDFs, there have been many literatures about nonparametric test methods to compare
more than three CDFs. Recently, Yoo and Hong (2011) and Hong and Jung (2013) found
the relationship between these five Jk, ACk, TRk, MVDk and STRk in (2.6)-(2.10) criteria
and KS statistics for k = 3 dimensions. By extending these criteria to k (≥ 4) dimensions,
we could obtain (2.12).

Let KSj−1,j be KS statistic for two consecutive j − 1th and jth distributions. Then
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Jk =
2

k

k∑
j=2

Jj−1,j −
k − 2

k
=

2

k

k∑
j=2

KSj−1,j −
k − 2

k
,

ACk =

k∑
j=2

ACj−1,j + 2− k = 1−
k∑

j=2

KSj−1,j ,

TRk =
2

k

k∑
j=2

TRj−1,j −
k − 2

k
=

1

k

k∑
j=2

KSj−1,j +
1

k
, (2.12)

MVDk =

k∑
j=2

MVDj−1,j =

k∑
j=2

KSj−1,j ,

STRk =

k∑
j=2

STRj−1,j + 2− k =

k∑
j=2

KSj−1,j + 1,

since KSj−1,j = Jj−1,j = 1 − ACj−1,j = 2TRj−1,j − 1 = MVDj−1,j = STRj−1,j − 1 (See
Hong and Jung (2013) for more detail).

3. Correct classification simple rate

Li and Fine (2008) defined the correct classification rate (CCR) which weights accuracy
across categories by the category prevalence. It is denoted that CCRk for k dimensions in
this paper are as follows:

CCRk =
Number of correct classifications

Total number of subjects

=
∑

wiCCRi, (3.1)

where wi is a weight such as the prevalence of the category whose estimate is Ni/N , and
CCRi is the true rate (correct rate) for ith distribution defined as

CCRi =


F1(x1), i = 1,

Fi(xi)− Fi(xi−1), i = 2, . . . , k − 1,

1− Fk(xk−1), i = k.

Since the CCR is highly dependent on the prevalences as well as sizes of populations,
we proposed an alternative measure of diagnostic accuracy which does not weight accuracy
across categories by the category prevalence for k dimensions; this method is called the
correct classification simple rate (CCSR).

Definition 3.1 The correct classification simple rate denoted as CCSRk for k dimensions
is defined as

CCSRk =

k∑
i=1

CCRi. (3.2)
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Whereas the CCR is the weighted average of CCRi, the CCSR is defined as the simple
summation of CCRi.

Let CCSRj−1,j be the CCR for just two consecutive j − 1th and jth distributions. Then
CCSRk could be represented as the function of the summation of sequential CCSRj−1,j .

Lemma 3.1 The CCSR has a relation with the summation of CCSR for two consecutive
j − 1th and jth distributions.

CCSRk =

k∑
i=2

CCSRj−1,j + (2− k). (3.3)

Proof :

CCSRk =

k∑
i=1

CCRi

= max{F1(x1) + [F2(x2)− F2(x1)] + · · · + [1− Fk(xk−1)]}
= max{F1(x1)− F2(x1)}+ · · · + max{Fk−1(xk−1)− Fk(xk−1)}+ 1

= max{F1(x1) + 1− F2(x1)}+ · · · + max{Fk−1(xk−1) + 1− Fk(xk−1)}+ (2− k)

=CCSR1,2 + CCSR2,3 + · · ·+ CCSRk−1,k + (2− k).

�

The estimator of CCSR could be represented as the sum of the true rates for each category:

ˆCCSR
k

= max{F̂1(x1) + [F̂2(x2)− F̂2(x1)] + · · ·+ [1− F̂k(xk−1)]}

=
n11
N1

+
n22
N2

+ · · ·+ nkk
Nk

=

k∑
i=1

nii
Ni
.

Furthermore, it is found that the relationship between CCSR and KS statistic exists as
follows.

Lemma 3.2 The CCSR is represented as a function of KS statistics.

CCSRk =

k∑
j=2

KSj−1,j + 1. (3.4)

Proof : Since CCSRj−1,j=KSj−1,j + 1, equation (3.4) is obtained from (3.3) with ease. �

Since Jk, ACk, TRk, MVDk and STRk are expressed as the function of KS as shown in
(2.12), CCSRk could be represented as functions of these criteria.

Lemma 3.3 The CCSR has a relationship with the following criteria:

CCSRk =
k

2
(Jk + 1)

= 2−ACk

= k TRk

= MVDk + 1

= STRk.
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Proof : From (2.12), it is obtained that

Jk =
2

k

k∑
j=2

KSj−1,j −
k − 2

k
=

2

k
CCSRk − 1,

ACk = 1−
k∑

j=2

KSj−1,j = 2− CCSRk,

TRk =
1

k
(

k∑
j=2

KSj−1,j + 1) =
1

k
CCSRk,

MV Dk =

k∑
j=2

KSj−1,j = CCSRk − 1,

STRk =

k∑
j=2

KSj−1,j + 1 = CCSRk.

�

4. Application of CCSR

Since CCRk in (3.1) is the weighted average of CCRi, value of CCRk belongs to (0, 1).
However, CCSRk in (3.2) is the summation of CCRi, so that CCSRk has a value from 0 to
k. Even though value of CCSRk increases as number of distributions k increases, one might
use CCSRk/k instead of CCSRk to standardize the value of CCSRk.

Moreover, it is not easy to decide the critical value of CCR. But a critical value of CCSR
could be obtained by using the relation with KS statistic. For the hypothesis H0:F1(x) =
F2(x) vs H1:F1(x) > F2(x), an asymptotic critical value of KS statistic is known as
c(α)

√
(N1 +N2)/N1N2, where c(α) corresponding to significant level α is obtained in Table

4.1 which is explored by Pearson and Hartley (1972, pp. 117-123).

Table 4.1 Critical value of KS statistic

α 0.10 0.05 0.025 0.01 0.005 0.001
c(α) 1.22 1.36 1.48 1.63 1.73 1.95

Since CCSR2 =1+KS12 in (3.3), H0 is rejected when CCSR2>1+1.36
√

(N1+N2)/N1N2

with the significant level α = 0.05 , then it can be concluded that F1(x) > F2(x). In other
words, it is evaluated that two models are well classified with α = 0.05.

It is found that asymptotic critical values of CCSR which consists of k − 1 KS statistics
could be decided by using the k− 1 asymptotic critical values of KS statistics. For example,
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with the significant level α = 0.05, a critical value of CCSR for k dimensions may be

CCSRk =1 + 1.36

(√
N1 +N2

N1N2
+ · · ·+

√
Ni−1 +Ni

Ni−1Ni
+ · · ·+

√
Nk−1 +Nk

Nk−1Nk

)

=1 + 1.36

k∑
j=2

√
Nj−1 +Nj

Nj−1Nj
.

If N1 = N2 = · · · = Ni = · · · = Nk = N0, then an critical value of CCSR is

CCSRk = 1 + 1.36(k − 1)

√
2

N0
= 1 +

1.92(k − 1)√
N0

.

When CCSRk is greater than 1 + 1.92(k− 1)/
√
N0, one might conclude that F1(x)

> F2(x) > · · · > Fk(x) and models are well classified with the significant level α = 0.05.

5. Conclusion

In this paper, an alternative measure of diagnostic accuracy, which is the correct classifica-
tion simple rate (CCSR) for multiple classes, is proposed based on the correct classification
rate (CCR) of Li and Fine (2008). The CCSR does not weight accuracy across categories by
the category prevalence, but the CCR does weight accuracy and may be highly dependent
on the prevalence. Moreover, it is found that the CCSR has a linear relationship with the
summations of Kolmogorov - Smirnov test statistics. It is known that some optimal thresh-
old criteria such as Youden index, the maximum vertical distance, the amended closet to
(0,1) criterion, the sum of sensitivity and specificity and the true rate have a linear relation
with Kolmogorov - Smirnov statistics.

We derived that CCSR can not be only represented as functions of such optimal threshold
criteria, but also have a relationship with Kolmogorov - Smirnov statistics. Even though it
is impossible to decide the critical value of CCR, the CCSR may have appropriate critical
values by using Kolmogorov - Smirnov statistics. Therefore, the CCSR will play an important
role to apply on ROC curve analysis for multiple distributions.
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