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Abstract – This paper describes a technique for complete identification of a two-dimensional 
scattering object and multiple objects immersed in air using microwaves where the scatterers are 
assumed to be a homogenous dielectric medium. The employed technique consists of initially 
retrieving the shape and position of the scattering object using a linear sampling method and then 
determining the electric permittivity and conductivity of the scatterer using adjoint sensitivity analysis. 
Incident waves are assumed to be TM (Transverse Magnetic) plane waves. This inversion algorithm 
results in high computational speed and efficiency, and it can be generalized for any scatterer structure. 
Also, this method is robust with respect to noise. The numerical results clearly show that this hybrid 
approach provides accurate reconstructions of various objects. 
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1. Introduction 
 
The imaging of scattering objects using microwaves is 

a major problem which is intensely investigated in the 
field of science and technology. This kind of imaging is 
implemented using an electromagnetic inverse scattering 
technique which involves the determination of geometrical 
and physical properties of a scatterer, such as position, size, 
shape, permittivity, conductivity, and permeability, from 
the measurements of the scattered EM fields resulting from 
the interaction of known incident waves with the unknown 
object [1-3]. This technique has many applications ranging 
from nondestructive testing and evaluation to medical 
imaging and from civil engineering to target identification 
[4, 5]. 

Numerical methods employed for solving inverse 
scattering problems can be grouped into two categories, i.e. 
qualitative and quantitative approaches [6, 7]. The singular 
source method [8], the factorization method (FM) [9] and 
the sampling method (SM) or the linear sampling method 
(LSM), are examples of qualitative methods. The LSM, 
introduced by Colton & Kirsch (1996), is an effective 
method to tackle the problem of reconstructing the shape 
of the unknown scatterer. This method does not require a 
priori knowledge on the scatterer’s profile; however the 
physical properties, such as electrical permittivity value, 
of a penetrable scatterer cannot be calculated by using it 
[10-14]. There are also various quantitative methods used 

to reconstruct the scatterer, i.e. the nonlinear and linear 
approximation methods. Although these methods are 
capable of reconstructing the scatterer with high precision 
unfortunately they require a great deal of iterations to 
improve the initial guess [7, 11] and thus are very time 
consuming. Hence this makes the two quantitative methods 
undesirable.  

In the last few years, there has been a concerted effort in 
developing hybrid strategies aimed at combining the 
positive features of two or more methods [15-18]. The 
basic idea involves combining the sampling methods with 
quantitative methods [15, 16]. In this paper, the complete 
identification of various scattering objects in free space is 
investigated. The imaging process is composed of two 
principle stages. In the first stage, the shape and the 
position of scatterers are reconstructed from the measured 
scattered field by using Linear Sampling Method (LSM). 
In the second stage, the Adjoint Sensitivity Analysis (ASA) 
is applied to determine the dielectric properties of the 
scatterers. This approach is an intelligent (not a stochastic 
optimization) method and it is technically correct and well 
organized. Previous theoretical investigations of such 
hybrid techniques have focused on combining the sampling 
methods with stochastic optimization methods [15, 18]. 
But these methods are rather slow in terms of computation 
and require a long time to reach the approximate solution. 
It should be mentioned that developing hybrid strategies 
for non-homogenous models is complex and practically 
impossible.  

The paper is organized as follows. In Section 2 and 3, 
the mathematical details of the two-stage approach are 
discussed. The numerical examples are given in Section 4, 
followed by the complete reconstruction of scattering 
objects. Finally, Section 5 draws some conclusions. 
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2. Linear Sampling Method 
 
Our primary purpose is to reconstruct the shape of the 

scatterer by assuming a known far-field pattern u¥  for 
every ˆˆ ,x dÎW  and constant wave number k . In the 
range of the resonance frequency the problem is solved 
using a sampling method. The principle of this technique is 
based on solving the Fredholm integral equation of the first 
kind ( Fg j= ), as follow: [10, 11] 

 

 ( ) ( ) ( ) ( ) ˆˆ.ˆ ˆ ˆˆ ˆ ˆF x , ,jkx dg u x d g d d d e x¥

W

= G = ÎWò   (1) 

 
in which F  is known as the far-field operator and u¥  is 
the far-field pattern for the incident wave ˆˆ.i jkx du e-= . A 
question raised is why and how the integral equation 
Fg j=  will help to reconstruct the shape and the position 
of the scatterer D . Actually, Colton [10] has provided 
answers to this question. 

 
 

3. Adjoint Sensitivity Analysis 
 
In the previous subsection, the reconstruction method for 

the shape and the position of the scatterer was described. In 
many of the practical applications there is need to identify 
target material including electric permittivity and electric 
conductivity. Even by assuming that these parameters are 
constant or in other words the scatterer is homogenous, the 
ill-posedness and non-linearity of the problem will not 
change, and finding the material of scatterer has its own 
complications and difficulties. This problem is due to the 
errors that exist in reconstructing the shape and the position 
of the scatterer. These errors cause an inaccurate shape 
reconstruction of the scatterer. Therefore, by using a shape 
like D%  similar to the actual shape of the scatterer D , its 
material properties are reconstructed. One of the methods 
to find the physical properties of the scatterer is by means 
of optimization stochastic algorithms, which takes up a 
long time to solve. In this section a logical and an 
appropriate solution is presented which is referred to as the 
Adjoint Sensitivity Analysis (ASA) [17, 19]. The ASA 
needs far less computational time in comparison to the 
stochastic methods. It presents an approximation solution 
based on the variations applied on the physical properties 
of the scatterer. 

Since the scatterer is lossy, the relative complex 
permittivity is determined as r rjz e e ¢= - , in which the 
imaginary section of z  is calculated from: 0re s we¢ = , 
where s  is the electric conductivity, and 0e  is the 
electric permittivity of free space. If a variation dz  is 
applied to parameter z , the electric fields inside and 
outside of the scatterer, will change and these variations 
will be correspondent to the equations below (these 
equations are obtained from Maxwell equations, the 

discontinuity conditions and the Sommerfeld radiation 
condition): 

 
 2 2 20 on \ext extu k u R Dd dÑ + =   (2a) 
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where intud  and extud  are the changes created in electric 
fields intu  and extu , respectively, and the term intudz d  is 
ignored. 

Assume that L  is the direct scattering operator, and in 
(3) it takes the space of the incident field to the space of the 
scattered field:  

 

 ( )i sL u u=   (3) 
 
It is proven in [11] that the scattered field su  can be 

calculated uniquely from the far-field pattern u¥ . Therefore, 
the far-field operator ( L¥ ) is defined as:  

 

 ( )iL u u¥
¥ =   (4) 

 
Considering this definition and (3), the variations in the 

scattered fields may be written as:  
 

 int

1
L u udz d

z
¥

¥

æ ö
=ç ÷-è ø

  (5)  

 
This equation basically shows the variations of the 

scattered field in relation to the variations of the electric 
permittivity. In order to decrease the difference between the 
actual value and the measured value of the far-field pattern, 
we use the least square method. For this reason, cost 
function J  is defined as:  

 

 
( )2

21:
2

meas

L
J u u¥

W
= -   (6) 

 

where squared norm is defined as: ( )2

2 2:
L

f f d
W

W

= Gò . By  

derivation from (6), we have: 
 

 
( ){ }2

Re , meas

L
dJ u u ud ¥ ¥

W
= -   (7) 

 

where inner product is defined as: ( )2, : .
L

f g f gd
W

W

= Gò .  

By placing ud ¥  from (5) into (7), we have: 
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for which *L  is the adjoint of the field operator L . In 
order to have negative variations for function J , dz  is 
chosen to be: 

 

 ( )
( )2

int
* ,

1
meas

L D

uL u udz b
z

¥
¥= -

-  (9) 

 
where b  is an arbitrary positive factor that affects the 
convergence speed of ASA. The smallness of b  value 
has slowed down the convergence speed of ASA. Thus, it 
is better that b  is chosen as the highest possible value so 
that ASA converges. By considering this point, the 
variations of b , will not have a tangible effect in z . 
However, by this choice of dz  in (9), dJ becomes a 
negative value and J decreases. If these stages are repeated 
consecutively, the parameter z  will converge to an 
optimum value.  

 
 

4. Simulation Results 
 
In this section the numerical results of three different 

structures will be presented. In all of the results presented 
the physical dimensions and distances have been 
normalized. As mentioned before the algorithm applied 
includes two stages: first, by the means of LSM the shape 
and the position of the scatterer are determined, and in the 
second stage the relative complex permittivity is calculated 
using ASA. In LSM, there is no need to solve the direct 
problem, but in the second stage it is considered as an 
optimization method. Therefore the direct problem has to 
be solved according to the number of incident waves. To 
decrease the amount of computations in this stage one 
incident wave is used. 

In the simulations, g  is a characteristic function of 
the target and the boundary of the shape can be 
reconstructed by drawing an appropriate level. Also by 
choosing a specification function like ( ) ( ). log .f = - , the 
image of g  ( ( )f g  ) can be drawn so that the shape of 
the scatterer could be clearer.  

In the simulations, sampling has been done uniformly on 
the far-field pattern. The far-field pattern is computed for 
the case where the number of the incident angles is equal to 
n, and their incident direction and measured direction are 
the same. Therefore: 

 
 ( ) ( )cos ,sin , 0,  1,  2,...,i sk k i n i n i np pé ù= = =ë û   (10) 

 
Forward scattering data is produced by using an integral 

equation on the scatterer (D region). This integral equation 

is referred to in [19]. The produced fields from this integral 
equation are used both in the LSM approach and in the 
iteration stages of the ASA method. In solving the 
mentioned integral equation, the moment method is used 
for discretization of the D region [19, 20]. The basic 
functions in our simulations are chosen to be a rectangular 
pulse. In all examples, the discretization is rectangular and 
the maximum value of the elements length is chosen to 
be 10l . 

 
4.1 Dielectric objects 

 
The second example is relative to a U-shaped scattering 

object, as shown in Fig. 2. This is a homogeneous dielectric 
scatterer which has a relative complex permittivity equal to 

10 5jz = -  ( 10re = , 5re ¢ = ). Also, it is assumed that the 
wavelength of the incident field is equal to 2p ( 2l p= or 
k=1). The Tikhonov regularization parameter ( a ) is 
calculated by Morozov’s discrepancy principle [21] and 
it is equal to 86.17 10-´ . Fig. 2 shows the result of the 
reconstructed shape of this scatterer qualitatively. 

 

 
Fig. 2. Shape and Position Reconstruction of U-shaped 

homogeneous dielectric scatterer by LSM 
 
Fig. 3 shows the detection of the material of the scatterer 

by using ASA. This figure shows the reconstruction of 
the real and imaginary parts of the relative complex 
permittivity in 180 iterations, which converges to 9.16 and 
4.83, respectively.  

 
4.2 Dielectric object with the presence of noise 

 
The most important problem in solving ill-posed 

problems including the inverse scattering of electro-
magnetic waves is the instability of the results due to the 
presence of noise. For this reason, in order to investigate 
the effect of noise on the far-field pattern and to evaluate 
the stability of the used method for detection of the 
scatterer, we use a uniform distribution function for noise 
with a 0.05 amplitude and a zero average, shown as 
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N(0,0.05). The signal-to-noise power ratio (SNR) is 

defined as: 10log signal

noise

E
SNR

E
æ ö

= ç ÷
è ø

, where signalE  and 

noiseE  are respectively the signal energy and the noise 
energy. The signal in this expression implies the values of 
the scattered field. With the above assumption for the noise, 
the SNR is calculated to be 30dB.  

Figs. 4 and Fig. 5 show the results of this effect in 
reconstructing the scatterer. The topology of the actual 
scatterer is heart shaped with a relative complex 
permittivity equal to 10 5jz = - . Without the effect of 
noise, the shape and the position of scatterer have been 
constructed in Fig. 4(a). The appropriate level of log g-  
is chosen to be -0.398. The relative complex permittivity 
converges to 9.89 4.94j-  as depicted in Figs. 5(a) and (b). 
With the presence of noise ( 30SNR dB@ ), the shape and 
the position of scatterer have been constructed in Fig. 4(b), 
where z  converges to 9.37 4.62j-  as depicted in Figs. 
5(c) and (d). In Fig. 4(b), an appropriate level of log g-  
is chosen to be -0.176. In this example, the Tikhonov 
regularization parameter (a ) that have been calculated, are 
equal to 81.21 10-´  and 21.236 10-´  for Figs. 4(a) and (b), 
respectively. Also, the b  parameter that has been chosen 
is equal to 210.  

 

 
(a)              (b) 

Fig. 4. Shape reconstruction results of the heart shaped 
scatterer with absence and presence of noise: (a) 
without the effect of noise, (b) with the presence of 
noise (SNR=30dB). 

 

 
(a)               (b) 

 
(c)               (d) 

Fig. 5. Reconstruction results of the relative complex 
permittivity related of the heart shaped scatterer: 
(a) reconstruction of the real part of the relative 
complex permittivity which converges to 9.89 
without the effect of noise; (b) reconstruction of the 
imaginary part of the relative complex permittivity 
which converges to 4.94 without the effect of noise; 
(c) reconstruction of the real part of the relative 
complex permittivity which converges to 9.37 
with the presence of noise (SNR=30dB), and (d) 
reconstruction of the imaginary part of the relative 
complex permittivity which converges to 4.62 with 
the presence of noise (SNR=30dB). 

 
4.3. Dielectric multiple objects 
 

The third example is relative to two separate scattering 
objects with different permittivity and conductivity in 
free space, as shown in Fig. 6. In fact, the shapes of the 
actual scatterers have been shown by two closed lines 
(green and blue). These objects are homogeneous dielectric 
scatterers which have relative complex permittivity equal 
to 1 6 2 jx = -  and 2 8 3 jx = -  for green and blue closed 
lines, respectively. Fig. 6 shows the result of the 
reconstructed shape of these scatterers qualitatively. Also, 
it is assumed that the wavelength of the incident field is 
equal to 2 ( 2 or kl p= = ). Figs. 7 and Fig. 8 show the 
detection of the materials of the scatterers by using ASA. 
Fig. 7 shows the reconstruction of the real and imaginary 
parts of the relative complex permittivity of the green 
line scaterrer in 180 iterations, which converges to 5.77 
and 2.07, respectively. Fig. 8 shows the reconstruction of 
the real and imaginary parts of the relative complex 
permittivity of the blue line scaterrer in 180 iterations, 
which converges to 7.73 and 2.72, respectively. 

 

 
(a)              (b) 

Fig. 3. Reconstruction of the relative complex permittivity 
related to a U-shaped homogeneous dielectric 
scatterer by using ASA: (a) reconstruction of the 
real part; (b) reconstruction of the imaginary part 
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Fig. 6. Shape reconstruction of two separate scattering 

objects with different permittivity and conductivity 
in free space by using LSM ( k p= ). 

 

 
 (a)               (b) 

Fig. 7. Relative complex permittivity reconstruction of 
the scatterer (green closed line) by using ASA: (a) 
reconstruction of the real part of z  which 
converges to 5.77; (b) reconstruction of the 
imaginary part of z  which converges to 2.07. 

 

 
 (a)              (b) 

Fig. 8. Relative complex permittivity reconstruction of 
the scatterer (blue closed line) by using ASA: (a) 
reconstruction of the real part of z  which 
converges to 7.73; (b) reconstruction of the 
imaginary part of z  which converges to 2.72 

 
 

5. Conclusion 
 
A complete reconstruction of 2D various scattering 

objects at microwave frequency was described using an 
algorithm combining linear sampling method with 
sensitivity analysis. The LSM was proposed because it can 

be applied to an extremely wide class of scatterers without 
any a priori information. The ASA was used to measure 
the sensitivity rate of the adjoint field operator versus 
the relative complex permittivity of the scatterer. The 
advantage of this hybrid approach is its high computational 
speed, efficiency, and stability. Furthermore, the inversion 
algorithm described can be generalized for other scatterer 
structures. Numerical results are used to validate the 
described technique. This approach can be expanded to 
be used for 3D scatterers, and it is suitable for practical 
implementation.  
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