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HOMOLOGY OF CONTACT CR-WARPED PRODUCT

SUBMANIFOLDS OF AN ODD-DIMENSIONAL

UNIT SPHERE

Bayram Şahin and Fulya Şahin

Abstract. We show that homology group on a contact CR-warped prod-
uct submanifold in odd dimensional sphere is zero under certain condi-
tions in terms of warping function and the dimension of the submanifold.

1. Introduction

The homology groups of a manifold are important topological invariants
that provide an algebraic summary of the manifold. Among other things, these
groups contain rich topological information about the connected components,
holes, tunnels and dimension of the manifold and this theory has many appli-
cations. Indeed, homology theory has its applications in gene expression data,
protein docking, image segmentation and root architecture [8].

There is a close relationship between homology theory and submanifold the-
ory. In this direction we note that Federer and Fleming [9] showed that any
non-trivial integral homology class in Hp(M,Z)) corresponds to a stable cur-
rent. Later Lawson and Simons [15] showed that there are no stable integral
currents in the sphere Sn, and there is no integral current in a submanifold Mm

of Sn when the second fundamental form of Mm satisfies a pinching condition.
The result on submanifolds of Sn has been extended to Euclidean space by
Leung [16] and Xin [19]. It has been also extended to Sn1 ×Sn2 by Zhang [21].
Recently Liu and Zhang obtain the non-existence theorems of stable integral
currents for certain classes of hypersurfaces or higher codimensional submani-
folds in the Euclidean spaces [17].

On the other hand, Chen defined CR-warped product submanifolds of almost
Hermitian manifolds by using the notion of CR-submanifolds [1] and warped
product manifolds [2] in his series papers [4], [5], [6]. The notion of contact CR-
warped product submanifolds of a Sasakian manifold was defined by Hasegawa
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and Mihai in [10] and they showed that the only warped products with non-
constant warping function which are contact CR-submanifolds in a Sasakian
manifold M̄ have the form M = MT ×f M⊥ with MT an invariant submanifold
tangent to the characteristic vector field ξ and M⊥ a C-totally real submanifold
of M̄ . They simply called such submanifolds contact CR-warped products. CR-
warped product submanifolds have been studied by many authors in different
ambient spaces, see a survey paper [7] and references therein.

Contact CR-submanifolds of an odd dimensional sphere have nice geometric
properties and such submanifolds have been studied widely (see [11], [12], [13],
[14], [18]). In this paper, we obtain an inequality in terms of second funda-
mental form of the submanifold and warping function which gives information
on the homology group of contact CR-warped product submanifolds in an odd
dimensional sphere.

2. Preliminaries

An odd dimensional Riemannian manifold (M̄, g) is called a contact met-

ric manifold [3] if there is a (1, 1) tensor field φ, a vector field ξ, called the
characteristic vector field and its 1-form η such that

g(φX, φY ) = g(X,Y )− η(X)η(Y ), η(ξ = 1,

φ2 (X) = −X + η (X) ξ, g(X, ξ) = η(X),

d η(X, Y ) = g(X, φY ), ∀X,Y ∈ Γ(TM).

It follows that φξ = 0, η ◦ φ = 0. Then (φ, ξ, η, g) is called contact metric

structure of M̄ . M̄ has a normal contact structure if Nφ + d η ⊗ ξ = 0, where
Nφ is the Nijenhuis tensor field of φ [20]. A normal contact metric manifold is
called a Sasakian manifold [3] for which we have

∇̄Xξ = φX,(1)

(∇̄Xφ)Y = −g(X,Y )ξ + η(Y )X.(2)

A plane section P in TxM̄ of a Sasakian manifold M̄ is called a φ-section if it
is spanned by a unit vector X orthogonal to ξ and φX , where X is a non-null
vector field on M̄ . The sectional curvature K(P ) with respect to P determined
by X is called a φ-sectional curvature. If M̄ has a φ-sectional curvature c

which does not depend on the φ-section at each point, then M is constant in
M̄ . Then, M̄ is called a Sasakian space form, denoted by M̄(c). The curvature
tensor R̄ of a Sasakian space form M̄(c) is given by [3]

R̄(X,Y )Z =
(c+ 3)

4
{g(Y, Z)X − g(X,Z)Y }+

(c− 1)

4
{η(X)η(Z)Y(3)

− η(Y )η(Z)X + g(X,Z)η(Y ) ξ − g(Y, Z)η(X) ξ

+ g(φY, Z)φX + g(φZ,X)φY − 2g(φX, Y )φZ}

for any X , Y and Z vector fields on M̄.
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Let M be a Riemannian manifold isometrically immersed in M̄ and denote
by the same symbol g for the Riemannian metric induced on M . Let Γ(TM)
be the Lie algebra of vector fields in M and Γ(TM⊥) the set of all vector fields
normal to M , same notation for smooth sections of any other vector bundle E.
Denote by∇ the Levi-Civita connection ofM . Then the Gauss and Weingarten
formulas are given by

(4) ∇̄XY = ∇XY + h(X,Y )

and

(5) ∇̄XN = −ANX +∇⊥
XN

for any X,Y ∈ Γ(TM) and any N ∈ Γ(TM⊥), where ∇⊥ is the connection
in the normal bundle TM⊥, h is the second fundamental form of M and AN

is the Weingarten endomorphism associated with N . The second fundamental
form h and the shape operator A are related by

(6) g(ANX,Y ) = g(h(X,Y ), N).

Let R be the Riemann curvature tensor of M . Then the equation of Gauss is
given by

g(R̄(X,Y )Z,W ) = g(R(X,Y )Z,W )− g(h(X,W ), h(Y, Z))(7)

+ g(h(Y,W ), h(X,Z))

for X,Y, Z,W ∈ Γ(TM).
Let (B, g1) and (F, g2) be two Riemannian manifolds, f : B → (0,∞) and

π : B × F → B, η : B × F → F the projection maps given by π(p, q) = p and
η(p, q) = q for every (p, q) ∈ B × F . The warped product ([2]) M = B ×f F is
the manifold B × F equipped with the Riemannian structure such that

g(X,Y ) = g1(π∗X, π∗Y ) + (f ◦ π)2g2(η∗X, η∗Y )

for every X and Y of M , where ∗ denotes the differential map. The function f

is called the warping function of the warped product manifold. In particular, if
the warping function is constant, then the warped product manifold M is said
to be trivial. Let X,Y be vector fields on B and V,W vector fields on F , then
from Lemma 7.3 of [2], we have

(8) ∇XV = ∇V X = (
Xf

f
)V,

where ∇ is the Levi-Civita connection on M . Since [X,V ] =, by using (8) we
have

(9) R(X,V )Y =
Hf (X,Y )

f
V

for X,Y ∈ Γ(TB1) and V ∈ Γ(TF ), where Hf is the Hessian of f .
A submanifold M normal to ξ in a Sasakian manifold is said to be C-totally

real submanifold. In this case φ maps any tangent space of M into the normal
space, that is, φ(TxM) ⊂ TxM

⊥ for every x ∈ M . For submanifolds tangent to
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the structure vector field ξ, there are different classes of submanifolds. A sub-
manifold M tangent to ξ is called an invariant submanifold if φ(TxM) ⊂ TxM ,
for every x ∈ M , where TxM denotes the tangent space of M at the point x.
M is called an anti-invariant submanifold if φ(TxM) ⊂ TxM

⊥ for every x ∈ M,

where TxM
⊥ denotes the normal space of M at the point x. The submanifold

M is called a contact CR-submanifold if there exists a differentiable distribu-
tion D : x → Dx ⊂ TxM such that D is invariant with respect to φ and the
complementary distribution D⊥ is anti-invariant with respect to φ. A subman-
ifold M of a Sasakian manifold M̄ is called contact CR-warped product [10] if
it is the warped product MT ×f M⊥ of an invariant submanifold MT tangent
to ξ and a C-totally real submanifold M⊥ of M̄ . For a contact CR-warped
product submanifold of a Sasakian manifold, Hasegawa and Mihai proved the
following formula.

Lemma 2.1 ([10]). For a contact CR-warped product M = MT ×f M⊥ in any

Sasakian manifold M̄ , we have

(10) g(h(φX,Z), φV ) = X(ln f)g(Z, V )

and

(11) h(ξ, Z) = φZ

for X ∈ Γ(D) and Z, V ∈ Γ(D⊥).

3. Homology of contact CR-warped submanifolds

In this section, we are going to show that there are no stable currents on
contact CR-warped product submanifolds under certain conditions. We first
recall the following result which combines the results of Lawson-Simons, Leung
and Xin.

Lemma 3.1 ([9], [16], [19]). Let Mn be a compact, n-dimensional submanifold

of the space form M̄(c) of curvature c ≥ 0 with second fundamental form h,

and let p, q be positive integers such that p+ q = n. If for any x ∈ Mn and any

orthonormal basis {e1, . . . , en} of the tangent space TxM
n, the inequality

(12)

p∑

i=1

n∑

s=p+1

(2 | h(ei, es) |
2 −g(h(ei, ei), h(es, es))) < pqc

is satisfied, then there are no stable p currents in Mn. Moreover, Hp(M
n,Z) =

0, Hq(M
n,Z) = 0, where Hi(M,Z) is the i-th homology group of M with integer

coefficients.

Let S2m+1 be a (2m+ 1)-sphere. For any point z ∈ S2m+1, we put Jz = ξ,
where J denotes the complex structure of the complex m + 1 space Cm+1.
We consider the orthogonal projection π : TzC

m+1 −→ TzS
2m+1. Putting

φ = π ◦ J , one can see that (φ, ξ, η, g) is a Sasakian structure on S2m+1,
where η is a 1-form dual to ξ and g the standard metric tensor field on S2m+1.
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Thus S2m+1 can be considered as a Sasakian manifold of constant φ sectional
curvature 1, that is, of constant curvature 1 (cf. [20]).

Theorem 3.1. Let Mp+q+1 = M
p+1
T ×f M

q
⊥ be a compact contact CR-warped

product submanifold of S2(p

2
+q)+1. If

∆f >
1

f
‖ ∇f ‖2D−sp{ξ} +f −

q

f
‖ ∇f ‖2,

then there are no stable p+1 currents in Mp+1+q. Moreover, Hp+1(M
n,Z) = 0,

Hq(M
n,Z) = 0, where Hi(M,Z) is the i-th homology group of M with integer

coefficients and ∇f is the gradient of f .

Proof. Let {ξ, e1, . . . , ep, n1, . . . , nq} be a local orthonormal frame of M such
that {ξ, e1, . . . , ep} is an orthonormal frame of MT and {n1, . . . , nq} is an or-

thonormal frame of M⊥. Then (7) and the Sasakian manifold S2(p

2
+q)+1 of

constant curvature 1 imply that

p+1∑

i=1

q∑

k=1

g(R(ei, nk)ei, nk)(13)

= − (p+ 1)q +

p+1∑

i=1

q∑

k=1

−g(h(nk, nk), h(ei, ei))+ ‖ h(ei, nk) ‖
2 .

Hence we get

p+1∑

i=1

q∑

k=1

g(R(ei, nk)ei, nk)+ ‖ h(ei, nk) ‖
2(14)

= − (p+ 1)q +

p+1∑

i=1

q∑

k=1

−g(h(nk, nk), h(ei, ei)) + 2 ‖ h(ei, nk) ‖
2 .

On the other hand, from (9), we have

(15) R(ei, nk)ei =
Hf (ei, ei)

f
nk,

where Hf is the Hessian form of f . Thus we derive

(16)

p+1∑

i=1

q∑

k=1

g(R(ei, nk)ei, nk) =
q

f

p+1∑

i=1

g(∇ei∇f, ei).

Putting (16) in (14) we get

p+1∑

i=1

(
q

f
g(∇ei∇f, ei) +

q∑

k=1

‖ h(ei, nk) ‖
2)(17)

= − (p+ 1)q +

p+1∑

i=1

q∑

k=1

2 ‖ h(ei, nk) ‖
2 −g(h(nk, nk), h(ei, ei)).
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Since

∆f = −div∇f = −

p+1∑

i=1

g(∇ei∇f, ei)−

q∑

k=1

g(∇nk
∇f, nk),

using (8) we derive

(18) ∆f = −

p+1∑

i=1

g(∇ei∇f, ei)−
q

f
‖ ∇f ‖2 .

Using (17) in (18) we arrive at

∆f −
f

q

p+1∑

i=1

q∑

k=1

‖ h(ei, nk) ‖
2

(19)

= f(p+ 1)−
f

q

p+1∑

i=1

q∑

k=1

{2 ‖ h(ei, nk) ‖
2 −g(h(nk, nk), h(ei, ei))} −

q

f
‖ ∇f ‖2 .

Moreover, if {n1, . . . , nk} is an orthonormal frame of M⊥, then {φn1, . . . , φnk}
is the orthonormal frame of TM⊥ since φ(D⊥) = TM⊥. Thus we write

‖ h(ei, nk) ‖
2=

p+1∑

i=1

q∑

k=1

g(h(ei, nk), φnk)
2.

Then using (10) and (11) we obtain

‖ h(ei, nk) ‖
2=‖ ∇(ln f) ‖2D−sp{ξ} q + q.

Hence we have

(20) ‖ h(ei, nk) ‖
2=

q

f2
‖ ∇f ‖2D−sp{ξ} +q.

Using (20) in (19) we derive

−
q

f
∆f +

q

f2
‖ ∇f ‖2D−sp{ξ} +q(p+ 2)−

q2

f2
‖ ∇f ‖2(21)

=

p+1∑

i=1

q∑

k=1

{2 ‖ h(ei, nk) ‖
2 −g(h(nk, nk), h(ei, ei))}.

Then proof follows from (21) and Lemma 3.1. �

We also have the following result.

Corollary 3.1. Let M2p+q+1 = M
2p+1
T ×fM

q
⊥ be a compact contact CR-warped

product submanifold of S2(p+q)+1. If

‖ ∇f ‖2D−sp{ξ}<
f2(2p− 1)

2
,
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then there are no stable 2p+1 currents in M2p+1+q. Moreover, H2p+1(M
n,Z) =

0, Hq(M
n,Z) = 0, where Hi(M,Z) is the i-th homology group of M with integer

coefficients and ∇f is the gradient of f .

Proof. We first show that g(h(X,Y ), φZ) = 0 forX,Y ∈ Γ(D) and Z ∈ Γ(D⊥).
Indeed, from (4) we get

g(h(X,Y ), φZ) = g(−φ∇̄XY, Z).

Hence we have

g(h(X,Y ), φZ) = g(−∇̄XφY + (∇̄Xφ)Y, Z).

Then from (2) and (4) we obtain

g(h(X,Y ), φZ) = g(−∇XφY, Z) = g(φY,∇XZ).

Using (8) we derive

g(h(X,Y ), φZ) = X(ln f)g(φY, Z) = 0.

From this, we have

2p+1∑

i=1

q∑

k=1

{2 ‖ h(ei, nk) ‖
2 −g(h(nk, nk), h(ei, ei))} =

2p+1∑

i=1

q∑

k=1

2 ‖ h(ei, nk) ‖
2 .

Using (20) we obtain

2p+1∑

i=1

q∑

k=1

{2 ‖ h(ei, nk) ‖
2 −g(h(nk, nk), h(ei, ei))} =

2q

f2
‖ ∇f ‖2D−sp{ξ} +2q.

Then proof follows from Lemma 3.1. �

References

[1] A. Bejancu, Geometry of CR-Submanifolds, Kluwer Academic Publishers, Dortrecht,
1986.

[2] R. L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc.
145 (1969), 1–49.

[3] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, Progress in
Mathematics, 203. Birkhäuser, 2002.
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